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Preface

The study of all �uids in static and dynamic situations is the domain of �uid mechanics.

Fluid mechanics is a branch of continuum mechanics that studies the interaction of forces,

motions and static situations in a continuous medium. Kinematic, stress, conservation,

regulating, and constitutive relationships are the �ve most bene�cial relationships in �uid

mechanics issues. The simpli�cation of vector quantities is governed by the choice of the

system of interest and the volume of interest, which regulate the analysis of �uid mechan-

ics issues. In �uid mechanics research, combustion and engineering physics encompasses

a broad spectrum of problems in multi-phase and particulate �ow hydrodynamics, re-

acting �ows, aerodynamics, turbulence and ocean-related �ows. The signi�cance of �uid

mechanics in civil infrastructure, food production, transportation, materials processing

and manufacturing, power generation and conversion cannot be overstated. The study is

applicable to a wide range of engineering and industrial �elds, including �ow across mag-

netic tapes and disks, bio-�uid dynamics, global climate prediction, aeronautical guidance

and control, aircraft and automotive design.

A boundary layer is a thin �ow area next to a surface where the �ow is impacted by

friction between the solid surface and the liquid. Prandtl proposed the essential notion

of the boundary layer, which describes the boundary layer as a layer of �uid developing

in�ows with extremely high Reynolds numbers, that is, with comparatively low viscos-
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ity compared to inertial forces. Boundary layer solutions, which are often applicable to

shock-free, attached, and subsonic �ows, have always been vital for understanding liquid

behaviour and have o�ered extremely signi�cant qualitative information. These con-

cepts are used in the nonstop cooling of �bre, crystallization process techniques, pulling

of �laments through a static liquid, vaporization of liquid coatings, and production of

rubber and plastic �lms. Sakiadis (1961) examined the boundary-layer behavior for two-

dimensional, axisymmetric �ow on continuous solid surfaces. The traditional issue of

two-dimensional motion produced by a non-linearly expanding surface was proposed by

Vajravelu (2001). Sajid and Hayat (2008) looked into the in�uence of radiation on the

boundary layer �ow due to an exponentially stretching sheet. In the presence of nano

liquid. Khan et al. (2015) examined the solar energy uses on a 3D �ow in a non-linear

stretching surface. Recently, Gireesha et al. (2020) , Fatunmbi and Okoya (2020), Dawar

et al (2021), Puneeth et al. (2021), Raja et al. (2022) carried out e�ective studies on 3D

boundary layer �ow of �uid over a stretching sheet.

Non-Newtonian liquid �ow in �uid mechanics have piqued the attention of a numerous

researchers because of their widespread use in industries and technologies. Paints, emul-

sions, lubricating oils, suspensions, and various biological liquids are all examples of �uids

exhibiting non-Newtonian behaviour. Non-Newtonian liquids are so complicated, that

single constitutive equation cannot account for all of their properties. As a result, many

non-Newtonian liquid models have been proposed. The explicit solutions for the �ow of a

non-Newtonian liquid across a stretched sheet were reported by Chang et al. (1991). Abel

et al. (2004) investigated the MHD �ow owing to a stretched surface with non-Newtonian

liquid heat and mass transport. In the presence of free stream velocity, Mustafa et al.

(2011) examined the unsteady boundary layer heat transport characteristics of a Casson
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liquid generated by a rapidly shifted plate. Recently, Almakki et al. (2019), Irfan et al.

(2020), Dahab et al. (2021), Pandey et al(2022) worked on the non-Newtonian behaviour

of the �uid in di�erent geometries.

The study of dust particle suspension in a �uid known as the dusty liquid has piqued

the interest of various researchers due to its two-phase �ow features. Dusty liquid is also

associated with a number of practical concerns, such as chemical reactions in raindrops

and dusty air, which need mathematical modelling and investigation of the dusty �uid

�ow. Sa�man (1961) initiated the study on in�uence of dust particles in viscous and

laminar �ow and computed stability analysis. Vajravelu and Nayfeh (1992) examined

the magneto dusty liquid �ow past a stretching surface. Chamkha (2000) investigated the

Stokes issue in the presence of a magnetic �eld, heat production, and wall suction impacts

for a dusty liquid. Gireesha et al. (2018), Souayeh et al (2019), Reddy et al (2021), Khan

et al (2022) gave away the results for the �ow of dusty �uid under various e�ects.

Nanoparticle research has become a hot topic of debate owing to its several uses in

minerals, oil, solar energy and microelectronics. When compared to bigger particles,

nanoparticles with diameters less than or equal to 100 nm may remain suspended in a

�uid for a longer duration. The heat-mass transmission capacity of basic liquids is greatly

improved as a result of this saturation, and such a liquid is referred to as a nano�uid.

Nanoliquids are cutting-edge coolants that outperform traditional liquids like water and

oil in terms of cooling e�ciency. Unfortunately, the nano�uid has a greater viscosity than

the basic �uid. As a result, viscosity has a direct impact on the system's pressure drop and

pumping usage. Many studies have noted greater thermal conductivity, superior stability,

and low rising pressure loss as essential qualities of nano�uids. On an upright plate,

Rana and Bhargava (2011) investigated the heat conveyance improvement in a convective
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stream of Ag/CuO/Cu/TiO2�water-based nanoliquid �ow. Sheikholeslami et al. (2014)

swotted the MHD impact on the free convective transfer of heat of Cu�water nano liquid

past an elliptic cylinder. Hashmi et al. (2017), Nayak et al. (2019), Ashraf et al. (2020),

Uddin et al. (2021), Sharif et al. (2022) conferred the MHD stagnation point stream and

thermal distribution on a nano�uid in an expanding sheet.

In the era of engineering, biotechnology, and environmental systems, bioconvection

has been metalized as a key process. Convection is created by the density of uneven

strati�cation induced by microorganisms moving upstream. Because of their usefulness in

ecological fuels, fuel cells, fertilizers, and ethanol, microorganisms' swimming behaviours

have been examined in water and a variety of denser materials. The incorporation of

microbes in nanomaterials may explain why microscale intermixing, mass transportation,

and nanoparticle stability are all being studied. In light of this, many researchers explored

the bio convective stream over diverse surfaces. Uddin et al. (2016), Hosseinzadeh et

al. (2020), Rana et al. (2021), Imran et al (2022), studied the impact of gyrotactic

microorganisms on nanoliquid streams under di�erent circumstances.

Here, we have considered the �ows of Newtonian/ non-Newtonian �uids, dusty, nano�uid

and hybrid nano�uid upon various geometries in two and three dimensions. The �ow

governed equations are reduced by using suitable similarity transformation from partial

di�erential equations into ordinary di�erential equations. Later, these reduced equa-

tions have been solved numerically by using Runge-Kutta-Fehlberg's fourth �fth-order

approach along with the shooting technique. The numerical extractions are then used

to plot graphs and tables. A detailed discussion has been produced of the results ob-

tained in each chapter. Our humble endeavour to examine two and three-dimensional

Newtonian/non-Newtonian �uids model is successful. The present thesis work comprises
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with the following organized EIGHT chapters:

The First chapter considers the magnetic e�ect, Stefan blowing, bioconvection, Cattaneo-

Christov theory, and the Buongiorno model in the analysis of heat and mass transfer on

the radiative �ow of Maxwell nanoliquid across a stretching cylinder. The Runge-Kutta-

Fehlberg fourth-�fth order technique (RKF-45) is used to solve the reduced equations,

combined with a shooting strategy. Variations in involved pro�les as a result of many

dimensionless characteristics are also discussed using graphs. The large variability in

Brownian factor improves the thermal pro�le but decreases the concentration pro�le in

this case. The concentration of microorganisms decreases when the microorganism di�er-

ence parameter and Peclet number increase.

The Second chapter focuses on the e�ect of heat source/sink on �ow of nano�uid over

an exponentially stretchable sheet containing TiO2 nanoparticle suspension in base liquid

water. The modelling takes into consideration of activation energy, Newtonian heating

and the porous medium. The in�uence of essential aspects on �ow �elds, heat and mass

transfer rates is studied and addressed using graphical representations. The results of this

chapter show that when the porosity and suction parameters increase, the velocity �eld

decreases, and as the heat source/sink parameter increases, the heat transfer decreases.

The Third chapter focuses on analysing �ow, heat and mass transfer characteristics

in the context of their applications. The use of non-Newtonian liquids in biological and

technological areas has sparked a lot of curiosity. Having such substantial interest in

non-Newtonian �uids, our objective was to investigate the �ow of Oldroyd-B liquid on a

stretched sheet using Cattaneo-Christov double di�usion and a heat source/sink. In addi-

tion, the modelling takes into account of relaxation chemical reactions and thermophoretic

particle deposition. To o�er a clear understanding of the behaviour of dimensionless pa-
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rameters on dimensionless velocity, concentration and temperature pro�les, physical de-

scriptions are strategized and argued using graphical representations. Here in the chap-

ter, it is concluded that the rise in values of relaxation times parameter of concentration,

thermophoretic and chemical reaction rate parameters declines the concentration pro�le.

Similar behaviour is observed in the thermal pro�le for increasing values of relaxation

times parameter of temperature.

The in�uence of Darcy-Forchheimer �ow and Cattaneo-Christov heat transfer of dusty

tangent hyperbolic liquid across a stretching sheet is investigated in the Fourth chapter.

The e�ects of di�erent factors on velocity and thermal pro�les were shown using graphs,

and the key characteristics were addressed in depth. Graphs and tables are also used to

display the numerical values of the skin friction coe�cient and the local Nusselt number.

The temperature pro�le for both the �uid and dust phases is reduced as the Prandtl

number is increased. Furthermore, higher values of the radiation parameter generate

more heat for the working �uid, resulting in an increase in the temperature pro�le.

The Fifth chapter focuses on the incompressible, laminar 3D �ow of a Casson nano

liquid when TPD occurs across a non-linearly stretching sheet. The governing equations

are framed with enough assumptions in this case, and suitable similarity transformations

are used. The numerical �ndings for linear and non-linear instances are derived, and

graphs for di�erent dimensionless restrictions are generated. The results reveal that higher

Casson parameter values lower axial velocities but enhance thermal distribution, while

higher thermophoretic parameter values lower the concentration pro�le.

In the Sixth chapter, the characteristics of magnetohydrodynamics (MHD) �ow and

melting heat transfer of dusty Casson �uid across a stretched sheet using a modi�ed

version of Fourier's equation and CCHF are studied. The coe�cients of the Runge-Kutta

vi



Preface

scheme are required to provide precision and re�nement in the results. The in�uence of

�ow regulating factors on relevant pro�les is analyzed quantitatively and qualitatively

to have a thorough understanding of the present situation. The graphical and tabular

representations of the wall friction factor and heat transfer coe�cient calculations are

provided. Because of the melting e�ect, the temperature and thickness of the thermal

boundary layer are larger for the relaxation time parameter.

The Seventh chapter interrogates the outcome of Alumina (Al2O3) nanoparticles

shapes (platelet, brick and cylinder) on magnetohydrodynamic (MHD) steady �ow of

Maxwell liquid past a wedge existing with nonlinear thermal radiation, variable mag-

netic �eld and Cattaneo-Christov heat �ux impact. Equations administering the �ow

are formulated by making use of a top mentioned e�ects and assumptions. To support

the research, a diagrammatic depiction of the �ow's streamlines has been provided. For

increases in the values of the thermal relaxation time parameter, the copy of the output

declares that platelet-shaped nanoparticles have greater heat transfer enhancement and

that the rate of decline in heat transport is quicker for the brick scenario.

The Eighth chapter focuses on the impact of the uniform horizontal magnetic �eld,

heat source/sink and thermal radiation on Zinc Oxide-Society of Automotive Engineers 50

nano lubricant �ow (ZnO-SAE50 nano lubricant) over a porous rotating disk. This study

utilizes the RKF-45 method with the shooting process to simulate �uid �ow, temperature,

and mass transfer with the uniform horizontal magnetic �eld. The outcome reveals that,

the radiation plays an important role in increasing the heat transfer for the ZnO-SAE50

nano lubricant �ow over the disk surface.
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Chapter 1

Combined impact of Cattaneo-Christov

double di�usion and radiative heat �ux

on bio-convective �ow of Maxwell

liquid con�gured by a stretched

nano-material surface

1.1 Prelude:

The current chapter explores the magnetic e�ect, Stefan blowing, and bioconvection in

the radiative �ow of Maxwell nanoliquid on a stretching cylinder. The equations that rep-

resent the indicated �ow are transformed to ordinary di�erential equations by choosing

relevant similarity variables. The reduced equations are solved using a Runge-Kutta-

Fehlberg fourth-�fth order approach (RKF − 45) and a shooting system. Physical de-

scriptions are strategized and discussed using graphical representations to provide a clear

understanding of the behaviour of dimensionless parameters on dimensionless velocity,

concentration, and temperature pro�les. The considerable �ndings obtained using the

1



Chapter-1: Combined impact of Cattaneo-Christov double . . .

presented model persuaded of a decreasing velocity change owing to the curvature con-

stant. As a result of changing the thermal and mass relaxation times parameters, the

thermal and concentration trends are both reduced.

1.2 Mathematical Elucidation:

This model considers the bio-convection impact on Maxwell nano-material containing

swimming gyrotactic microorganisms over a stretching cylinder. In Maxwell �uid phe-

nomenon also examined the Brownian motion and thermophoresis di�usion. E�ect of

magnetic �eld and Cattaneo-Christov double di�usion are discussed in this nano�uid

model. The cylinder attaining the radius R1 compensate the uw(t, z) = az
1−γ1t as shown

in Fig.(1.1). Before we go any further, we'll assume that all body forces other than those

listed above are ignored. The Joule and viscous dissipation, as well as Hall e�ects are not

taken into account. The governing equations by considering the above stated situations

of the �ows are as follows (see refs. [36], [37] and [38]):

Figure 1.1: Flow Geometry.
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Now the suitable boundary constraints for the present �ow model are as follows:

r = R1, u(t, z, r) =
az

1−γ1t , w(t, z, r) = vw, T = Tw, C = Cw, N = Nw,

r → ∞, u→ 0, T → T∞, C → C∞, N → N∞.

 (1.2.6)
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The required similarity transformations to reduce the system of partial di�erential equa-

tions into ordinary ones are given by:
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After employing the similarity transformation Eq. 1.2.7 the governing Eq.1.2.1 is satis�ed
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′2 − Pr βt

(
3
4
S1

2ηθ
′ − 3

2
S1fθ

′ − S1

2
ηθ

′
f

′)
−Pr βt

(
1
4
S1

2η2θ
′′ − S1ηfθ

′′
+ θ

′′
f 2 + θ

′
ff

′)
= 0


(1.2.9)

(1 + 2αη)χ
′′
+ 2αχ

′
+ LePr fχ

′ − LePr S1

2
ηχ

′
+ (1 + 2αη) Pr Nt

Nb
θ
′′

+2αNt

Nb
θ
′ − LePr βC

(
3
4
S1

2ηχ
′ − 3

2
S1fχ

′ − S1

2
ηχ

′
f

′
+ 1

4
S1

2η2χ
′′)

−LePr βC
(
−S1ηfχ

′′
+ χ

′′
f 2 + χ

′
ff

′)
= 0


(1.2.10)

(1 + 2αη)ϑ
′′
+ 2αϑ

′
+ Lb Pr fϑ

′ − Lb Pr
S1

2
ηϑ

′ − Pe
(
χ

′′
(ϑ+ϖ) + ϑ

′
χ

′
)
= 0.

(1.2.11)

The corresponding reduced boundary condition acquires its shape in the following form:

f(0) = κχ
′
(0), f

′
(0) = 1, θ(0) = 1, χ(0) = 1, ϑ(0) = 1,

f
′
(∞) → 0, θ(∞) → 0 , χ(∞) → 0 , ϑ(∞) → 0.

 (1.2.12)
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Here, κ(≥ 0) be blowing constant against mass transfer. Moreover, βc = λca
1−γ1t , Nt =

τDB(Tw−T∞)
T∞νf

, S1 = γ1
a
, ϖ = N∞

Nw−n0
, M =

√
σ∗lB2

0

U0ρf
, Lb =

νf
Dm

, R = 4σ∗∗T 3
∞

kk∗∗
, Le = α1

DB
,

Pe = bWc

Dm
, Nb =

τDB(Cw−C∞)
νf

, Pr =
νf
α1

, β∗ = λ1a
1−γ1t , α = 1

R1

√
νf (1−γ1t)

a
, βt =

λta
1−γ1t .

The dimensionless form of engineering quantities of interest the Nusselt number(Nu),

Sherwood number (Sh) and microorganism's density number (Sn) are given as:

NuRex
1
2 = −(1− 4

3
R)θ′(0), (1.2.13)

ShRex
− 1

2 = −χ′
(0), (1.2.14)

SnRex
− 1

2 = −ϑ′
(0) (1.2.15)

1.3 Method of Numerical Extraction:

The dimensionless equations expressed in 1.2.8-1.2.11 with 1.2.12 are solved numerically

with the implementation of shooting technique. This numerical scheme is preferable due

to good accuracy. Since this scheme is famous so the detail of this method has not been

presented here [39-41]. The solution con�rmation of obtained numerical data is done by

performing the comparison with Wang [42], Khan and Pop [43] and Acharya et al. [44]

in Table 1.1. A �ne agreement is noticed between these investigations.

1.4 Deliberation of Results:

The radiative �ow of Maxwell nano�uid on a stretching cylinder is investigated numeri-

cally by considering magnetic e�ect, Stefan blowing and bioconvection. By selecting ap-

propriate similarity variables, the equations that re�ect the stated �ow are transformed to

5
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Table 1.1: Comparision of numerical results for −θ′(0) against Pr

.

−θ′(0)

Pr Wang [42] Khan and Pop [43] Acharya et al. [44] Present results

0.2 0.1691 0.1691 0.16918852 0.169185

0.7 0.4539 0.4539 0.45392176 0.4539315

2.0 0.9114 0.9114 0.91142210 0.9114225

7.0 1.8954 1.8954 1.89541203 1.8954190

20 3.3539 3.3539 3.35397421 3.353986

ordinary di�erential equations. A numerical scheme is used to give a clear knowledge of

the behaviour of �ow �elds, which have been followed for the graphical frame work. The

e�ect of dimensionless parameters on involved pro�les is studied using graphs in this sec-

tion. The impact of α on f
′
(η) is exposed in Fig.1.2. The increasing values of α upsurges

the f
′
(η). Here, the radius of the cylinder increases as the α increases. Hence, �uid �ow

improves. Fig. 1.3 demonstrates the variation of f
′
(η) for varied β∗. The plot explains

that the inclining values of β∗ declines the f
′
(η). Physically, the increasing value of β∗

increases the stress relaxation phenomena, which reduces the �ow properties of nano�uid.

Fig. 1.4 demonstrates the variation of f
′
(η) for varied κ. The plot explains that the

inclining values of κ declines f
′
(η). The aspects of M for f

′
(η) is expressed via Fig.1.5.

The f
′
(η) decreases as the value of M rises. The physical aspect of this behaviour is due

to a resistive force produced by magnetic �eld acting in the axial direction, which causes

the �uid velocity to decrease. When a magnetic �eld is present in the �ow �eld region,

the �uid moves more slowly. The Lorentz force, which forces the liquid motion to struggle

harder. The Lorentz force is produced by the magnetic �eld, which acts as a delaying

force, resulting in f
′
(η) declination. Fig. 1.6 demonstrates the variation of f

′
(η) for varied

6
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S1. The plot explains that the inclining values of S1 improves the f
′
(η). Here, S1 has a

direct physical relationship with the positive constant a. The unsteadiness parameter is

increased by raising a, which increases the cylinder's stretching rate. As a result, as the

S1 increases, the velocity upsurges. The impact of α on θ(η) is revealed in Fig.1.7. The

growing values of α upsurges the θ(η). Physically, an improvement in α improves the heat

transfer coe�cients which augment θ(η). Fig.1.8 depicts the impact of βt on θ(η). The

upward βt drops the pro�le of θ(η).The immediate transport of thermal waver control

via relaxation time parameters in Cattaneo�Christov theory necessitates extra time for

mass and heat transfer. As a result, as βt increases, the thermal pro�le decreases. The

power of Nb on θ(η) is exposed in Fig.1.9. The upward values of Nb inclines the θ(η).

Since there is a commensurate increase in random mobility of nanoparticles with rise in

Nb. This rise in random motion leads to an increase in nanoparticles collisions, which

converts kinetic energy to heat. As a result of the rise in Nb, the θ(η) of the �uid in-

creases. The inspection in θ(η) in view of Nt is evaluated in Fig.1.10. The peak nature of

Nt inclines θ(η). This is because increasing Nt value enhance the force of thermophoresis,

which may transport the nanoparticle from a warmer area to the cooler zone to increase

the �uid temperature. The impact of R on θ(η) shown in Fig.1.11. The increasing values

of R upsurges the θ(η). When R upsurges, the coe�cient of mean absorption diminu-

tions. An advanced R e�ectually transmits more heat to functioning �uids, resulting in

a greater upsurge in θ(η). Fig.1.12 demonstrates the variation of θ(η) for varied S1. The

plot explains that the inclining values of S1 improves the θ(η). The augmentation of S1

allows for less heat transmission from the surface. An important �nding is that the rate

of cooling is considerably quicker for larger values of S1, while cooling under steady �ows

may take longer. Fig.1.13 portrays the impact of βc on χ(η). The rise in values of βc

7
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declines the χ(η). The immediate transmission of thermal waver control via relaxation

time parameters in Cattaneo�Christov theory necessitates extra time for mass and heat

transfer. As a result, as βc increases, the χ(η) decreases. Fig.1.14 portrays the impact of

Le on χ(η). The rise in values of Le declines the χ(η). Brownian di�usion coe�cient and

Le are inversely correlated. For the greater values of Le, the lower the thermal di�usivity

and the higher the Brownian di�usivity of the �uid, which reasons in the lessening of χ(η).

Fig.1.15 depicts the in�uence of Nb on χ(η). The rise in values of Nb declines the χ(η).

The advanced values of Nb are the cause of the random mobility between the particles in

the �uid. The �uid concentration is reduced as a result of this. The e�ect of Pe on ϑ(η)

shown in Fig.1.16. The increasing values of Pe declines ϑ(η). Bioconvection alters the

pattern of microorganisms signi�cantly with higher Pe values. The intrinsic energy of the

microorganisms is the source of bioconvection. The mass distribution of microorganisms

decreases as they travel faster with advanced Pe. The impact of ϖ on ϑ(η) shown in

Fig.1.17. The increasing values of ϖ declines the ϑ(η). The numerical outcome for the

in�uence of pertinent parameters on Nusselt number is showed in Table 1.2. The im-

proved values of Nb, M , β∗,S1 and R declines the Nusselt number but escalating values

of βt improves the Nusselt number. The numerical outcome for the in�uence of pertinent

parameters on Sherwood number is showed in Table 1.3. The rise in values of βc, Le,

β∗, and S1 inclines the Sherwood number but escalating values of κ and βt declines the

Sherwood number. The numerical outcome for the in�uence of pertinent parameters on

microorganism's density number is showed in Table 1.4 The rise in values of Lb, βt, and β
∗

inclines the microorganism's density number but escalating values of Pe, ϖ, S1 and βc de-

clines the microorganism's density number. The three-dimensional (3D) Fig. 1.18 shows

the impact of S1 and M on surface drag force. The growing values of S1 and M improves

8
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the surface drag force. The three-dimensional (3D) Fig.1.19 shows the impact of S1 and

R on NuRe1/2. The growing values of S1 and R improves the NuRe1/2. The 3D Fig.1.20

displays the in�uence of Nt and Nb on NuRe
1/2. The growing values of Nt declines the

NuRe1/2. The impact of Nt and Nb on ShRe
−1/2 is showed in 3D �gure Fig.1.21. The

escalating values of Nt and Nb improves the ShRe
−1/2. The 3D Fig.1.22 portrays the

e�ect of S1 and Le on ShRe
−1/2. The rise in values of S1 inclines the ShRe

−1/2. The 3D

Fig.1.23 explores the impact of Lb and Pe on SnRe
−1/2. The rise in values of Lb inclines

the ShRe−1/2 but rise in Pe drops down the SnRe−1/2.

1.5 Inference:

The present study exempli�es the radiative �ow of Maxwell nano�uid on a stretching

cylinder numerically by considering magnetic e�ect, Stefan blowing and bioconvection

e�ects. By selecting appropriate similarity variables, the equations that re�ect the stated

�ow are transformed to ODEs. The numerical algorithm is followed for simulation task.

The e�ect of dimensionless parameters on involved pro�les is studied using graphs. The

following are the major �ndings of the present study:

� The inclining values of S1 improves the f
′
(η).

� The inclining values of α upsurges the f
′
(η).

� The f
′
(η) decreases as the value of M rises.

� The inclining values of κ and β∗ decays the f
′
(η).

� The increase in values of βt decreases the θ(η).

� The growing values of Nt and Nb inclines the θ(η).

9
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� The increasing values of R and α upsurges the θ(η).

� The rise in values of Le, βc and Nb declines the χ(η).

� The increasing values of Pe and ϖ declines the ϑ(η).

� The rise in values of Nb,M , β∗, S1 and R declines the Nusselt number but escalating

values of βt improves the Nusselt number.

� The rise in values of βc, Le, β
∗,and S1 inclines the Sherwood number but escalating

values of κ and βt declines the Sherwood number.

� The rise in values of Lb, βt, and β
∗ inclines the microorganism's density number but

escalating values of Pe, ϖ, S1 and βc declines the microorganism's density number.

10
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Table 1.2: Numerical frame work for �ow parameters.

Nb M β∗ S1 βt R θ
′

Nu

0.1 4 1 0.2 0.5 −1.0918 1.106357

0.2 −0.6843 0.693424

0.3 −0.4451 0.451035

0.4 −0.2904 0.294272

0.1 −0.839 0.850187

0.5 −0.8171 0.827995

1 −0.7923 0.802864

2 −0.7496 0.759595

0.1 −0.7371 0.746928

0.2 −0.7304 0.740139

0.3 −0.724 0.733653

0.1 −0.8476 0.858901

0.3 −0.5399 0.547099

0.5 −0.2733 0.276944

0.1 −0.6329 0.641339

0.2 −0.645 0.6536

0.3 −0.6576 0.666368

0.4 −0.6707 0.679643

0.1 −0.5917 0.670593

0.2 −0.5234 0.662973

0.3 −0.476 0.6664
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Table 1.3: Computational outcome for Sherwood number.

κ βc βt Le S1 β∗ χ
′

Sh

0.01 0.5 0.5 1.5 0.2 1 1.5012 −1.5012

0.02 1.5497 −1.5497

0.03 1.6031 −1.6031

−0.01 1.4161 −1.4161

−0.02 1.3783 −1.3783

−0.03 1.3432 −1.3432

0.1 1.6089 −1.6089

0.2 1.583 −1.583

0.3 1.5565 −1.5565

0.2 1.2385 −1.2385

0.2 1.3006 −1.3006

0.3 1.3651 −1.3651

1 1.8213 −1.8213

2 1.22 −1.22

3 0.7527 −0.7527

0.1 2.2297 −2.2297

0.3 0.8886 −0.8886

0.5 −0.3293 0.3293

0.1 1.7037 −1.7037

0.3 1.6543 −1.6543

0.5 1.6075 −1.6075
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Table 1.4: Computational outcome for microorganism's density number.

Pe Lb ϖ βt βc β∗ S1 ϑ
′
(0) Sn

0.01 1.5 0.3 0.5 0.5 1 0.2 −0.4736 0.4736

0.03 −0.4693 0.4693

0.05 −0.465 0.465

1 −0.444 0.444

2 −0.4998 0.4998

3 −0.5419 0.5419

0.1 −0.474 0.474

0.2 −0.4738 0.4738

0.4 −0.4734 0.4734

0.1 −0.4727 −0.4727

0.2 −0.4729 −0.4729

0.3 −0.4732 −0.4732

0.1 −0.474 −0.474

0.2 −0.4739 −0.4739

0.3 −0.4738 −0.4738

0.1 −0.4978 −0.4978

0.2 −0.4948 −0.4948

0.3 −0.4919 −0.4919

0.1 −0.5856 −0.5856

0.3 −0.3737 −0.3737

0.5 −0.214 −0.214
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Figure 1.2: Impact of α on f
′
(η).

Figure 1.3: Impact of β∗ on f
′
(η).
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Figure 1.4: Impact of κ on f
′
(η).

Figure 1.5: Impact of M on f
′
(η).
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Figure 1.6: Impact of S1 on f
′
(η).

Figure 1.7: Impact of α on θ(η).
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Figure 1.8: Impact of βt on θ(η).

Figure 1.9: Impact of Nb on θ(η).
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Figure 1.10: Impact of Nt on θ(η).

Figure 1.11: Impact of R on θ(η).
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Figure 1.12: Impact of S1 on θ(η).

Figure 1.13: Impact of βc on χ(η).
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Figure 1.14: Impact of Le on χ(η).

Figure 1.15: Impact of Nb on χ(η).
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Figure 1.16: Impact of Pe on ϑ(η).

Figure 1.17: Impact of ϖ on ϑ(η).
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Figure 1.18: Impact of S1 and M on −f ′′(0).

Figure 1.19: Impact of S1 and R on NuRe1/2.
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Figure 1.20: Impact of Nt and Nb on NuRe1/2.

Figure 1.21

Impact of Nt and Nb on ShRe
−1/2.
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Figure 1.22: Impact of S1 and Le on ShRe−1/2.

Figure 1.23: Impact of Lb and Pe on SnRe−1/2.
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Chapter 2

Evaluation of heat and mass transfer
characteristics in a nano�uid over an
exponentially stretchable sheet with
activation energy

2.1 Prelude:

The e�ect of a heat source/sink on the �ow of nano�uid over an exponentially stretchable

sheet containing TiO2 as a nanoparticle suspended in base liquid water is investigated

in this chapter. In addition, activation energy, Newtonian heating, and a porous media

are all taken into consideration in the simulation. Using similarity transformations, the

modelling equations are converted into a system of ordinary di�erential equations ODEs.

The Runge Kutta Fehlberg 45 (RKF45) technique and shooting strategy are used to

numerically solve these equations. The in�uence of pertinent parameters on �ow �elds,

heat, and mass transfer rates is studied and addressed using graphical representations.

The results show that when the porosity and suction parameters increase, the velocity �eld

decreases. The heat transmission decreases as the values of the heat source/sink parameter

rises. Furthermore, in the Newtonian heating (NH) case, the rate of declination in heat

transport is quicker than in the common wall temperature (CWT ) case.
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2.2 Mathematical Elucidation:

Consider a two-dimensional �ow of nano�uid across an exponential stretching sheet in

the presence of a porous material. Heat source/sink, activation energy, and Newtonian

heating are also considered. The x axis is taken along the direction of sheet is stretching

and y axis is normal to x axis. Further the sheet is stretched by keeping origin �xed as

shown in Fig. 2.1. The surface is elastic in nature and stretching in the direction of x with

velocity U = U1e
x
l . The temperature of the sheet is Tw and it is given by Tw = T∞+T0e

x
2l .

T∞ is far �eld temperature and T0 is reference temperature. Concentration at the sheet

is denoted by Cw and it is given by Cw = C∞ + C0e
x
2l . C∞ is ambient concentration and

C0 is concentration distribution in stretching sheet, n is �tted rate constant. Throughout

the �uid motion, �uid properties are assumed to be constant.

Figure 2.1: Flow Geometry.
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Based on the above assumption the governing equations for the described problem are

as follows(see refs. [45] and [46]).

ux + vy = 0, (2.2.1)

uux + vuy = νnfuyy −
νnf
K∗u, (2.2.2)

uTx + vTy =
knf

(ρCp)nf
Tyy +

Q̂

(ρCp)nf
(T − T∞), (2.2.3)

uCx + vCy = DnfCyy −K2
r

(
TT−1

∞
)n

(C − C∞) e
−Ea
KT , (2.2.4)

The related boundary conditions are given by (see ref. [45]):

u = U, v = −v(x) = −v0e
x
2l , C = Cw, T = Tw (CWT ) ,

∂T
∂y

= −h1e
x
2lT (NH) at y = 0

u→ 0, C → C∞, T → T∞ as y → ∞


(2.2.5)

The following similarity variables are introduced:

η =
√

U1

2νf l
ye

x
2l , Ψ =

√
2νfU1le

x
2lf(η), u = ∂Ψ

∂y
= f ′(η)e

x
l U1,

v = −∂Ψ
∂x

= −
√

νfU1

2l
e

x
2l (f ′(η)η + f(η)) , θ = T−T∞

Tw−T∞ , χ = C−C∞
Cw−C∞

 (2.2.6)

The e�ective properties of nano�uid are provided as (see refs. [47], [48] and [49]): The

density of TiO2 is 4250kgm
−3, the speci�c heat of TiO2 is 686.2Jkg

−1K−1, the thermal

conductivity of TiO2 is 8.9538Wm−1K−1. The density of water is 997.1kgm−3, the speci�c

heat of water is 4179Jkg−1K−1, the thermal conductivity of water is 0.613Wm−1K−1.

The expressions for thermal conductivity, speci�c heat capacity, dynamic viscosity, density
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and mass di�usivity of nano�uids are given by:

knf =
ks + 2kf − 2ϕ(kf − ks)

ks + 2kf + 2ϕ(kf − ks)
kf , (2.2.7)

(ρCp)nf = (ρCp)f

(
1− ϕ+ ϕ(

(ρCp)s
(ρCp) f

)
, (2.2.8)

µnf =
µf

(1− ϕ)2.5
, (2.2.9)

ρnf = ρf

(
1− ϕ+ ϕ

ρs
ρf

)
, (2.2.10)

Dnf = Df (1− ϕ)2.5, (2.2.11)

The reduced system of ODEs are as follows:

f ′′′(η) + (1− ϕ)2.5
(
1− ϕ+ ϕ

ρs
ρf

)(
f(η)f ′′(η)− (2f ′(η))

2
)
−Kf ′(η) = 0, (2.2.12)

knf
kf
θ′′(η) + Pr

(
1− ϕ+ ϕ

(ρCp)s
(ρCp) f

)
(θ′(η)f(η)− f ′(η)θ(η)) + 2PrQθ(η) = 0,

(2.2.13)

(1− ϕ)2.5χ′′(η) + Sc (χ′(η)f(η)− f ′(η)χ(η))

− RcSc (1 + δθ(η))n e
−E

(1+δθ(η))χ(η) = 0 (2.2.14)

Boundary conditions,

f ′(0) = 1, f(0) = S, θ(0) = 1 (CWT) , θ′(0) = −γ (1 + θ(0)) (NH) ,

χ(0) = 1 : η = 0, f ′(∞) = 0, θ(∞) = 0, χ(∞) = 0 : η → ∞

 (2.2.15)

where,K =
2νf l

K0U1

, Q =
Q0l

(ρCp)fU1

, Sc =
νf
Df

, Rc =
K2

1 l

U1

, δ =
Tw − T∞
T∞

, E =
Ea
KT∞

,

γ = h1

√
2νf l

U1

, S = v0

√
2l

U1νf
.

Engineering coe�cients:(see ref [46])

Cfx =
2τw
ρfU2

, Nux =
lqw

kf (Tw − T∞)
, Shx =

lqm
Df (Cw − C∞)

(2.2.16)

28



Chapter-2: Evaluation of heat and mass transfer characteristics in a nano�uid . . .

The terms τx, qw and qm are de�ned as follows

τx = µnf

(
∂u
∂y

)
y=0

, qw = −knf
(
∂T
∂y

)
y=0

, qm = −Dnf

(
∂C
∂y

)
y=0

Re0.5x Cfx =
f ′′(0)

(1−ϕ)2.5 , Rex
−0.5Shx = −(1− ϕ)2.5χ′(0),

Re−0.5
x Nux = −knf

kf
θ
′
(0),

Rex =
U1e

x
l l

2νf
(is Local Reynolds number.)



(2.2.17)

2.3 Method of Numerical Extraction:

The reduced ordinary di�erential equations 2.2.12 - 2.2.14 and boundary conditions 2.2.15 are

higher order and two-point boundary value problem. To solve these equations, we have

�rst converted into initial value problem and then we guess the missing boundary condi-

tion by applying shooting scheme.

f ′(η) = g1, f
′′(η) = g2, f

′′′(η) = g3, (2.3.1)

g3 + (1− ϕ)2.5
(
1− ϕ+ ϕ

ρs
ρf

)(
f(η)g2 − (2g1)

2)−Kg1 = 0, (2.3.2)

θ′(η) = g4, θ
′′(η) = g5, (2.3.3)

knf
kf

g5 + Pr

(
1− ϕ+ ϕ

(ρCp)s
(ρCp) f

)
(g4f(η)− g1θ(η)) + 2PrQθ(η) = 0, (2.3.4)

χ′(η) = g6, χ
′′(η) = g7, (2.3.5)

(1− ϕ)2.5g7 + Sc (g6f(η)− g1χ(η))− RcSc (1 + δθ(η))n e
−E

(1+δθ(η))χ(η) = 0, (2.3.6)

with,

g1(0) = 1, f(0) = S, θ(0) = 1 (CWT) , g4(0) = −γ (1 + θ(0)) (NH) ,

χ(0) = 1 : η = 0, and g1(∞) = 0, θ(∞) = 0, χ(∞) = 0 : η → ∞.,

 (2.3.7)
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The above equations are solved with the help of well-known mathematical computing

software maple implementing Runge Kutta Fehlberg 4th 5th order by setting the values of

the constraints ϕ = 0.01, K = 0.5, Q = 0.5, Sc = 0.8, Rc = δ = 0.5, S = 1, E = 0.5, n =

0.1, γ = 1 and taking 0.1 as step size with tolerance error about 10−8.

2.4 Deliberation of Results:

The current study explores the laminar continuous �ow of incompressible nano�uid across

an ESS in the existence of a porous medium. Heat source/ sink, activation energy, and

Newtonian heating are also considered. In the present examination, the modelled problem

is reduced to dimensionless form by using appropriate set of similarity variables. During

this process some substantial parameters have been encountered and the e�ect of these

pertinent parameters on involved pro�les are conferred graphically and explained in brief.

The three-dimensional (3D) graphs show the di�erence in friction factor, mass and heat

conveyance rates for several values of di�erent parameters.Table 2.1 and Table 2.2 repre-

sents the numerical validation for f ′′(0)and −θ′ (0) values of present work with published

paper and attained a good agreement with each other

Fig.2.2 shows the impact of K on f ′. Increase in values of K decays the f ′. As the poros-

ity component value rises, the system's resistance rises as well. Fluid �ow is decreased as

a result of the higher frictional force. In this situation, increased porosity improves the

surface's resistance to liquid movement. The extra resistance causes the liquid's velocity

to slow down. The impact of S on f ′ is exposed in Fig. 2.3. Upsurge in values of S drops

the f ′. Fig. 2.4 displays the impact of Q on θ for both CWT and NH cases. Escalation in

values of Q drops the θ. Further, rate of declination is faster for NH case than CWT case.

It's worth noting that when Q becomes higher, the thermal distribution decays. The rise
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in Q values declines the speci�c heat capacitance which results in thermal gradient decay.

The in�uence of Sc on χ is revealed in Fig.2.5. Gain in values of Sc declines the χ. The

smallest Sc denotes the nanoparticles' greatest concentration. As Sc rises, momentum

di�usivity increases, causing mass transport to degrade. The di�usion coe�cient decreases

as Sc increases, which drops down the mass transfer. Fig.2.6 shows the impact of Rc on

χ. Rise in values of Rc declines the χ. A greater chemical reaction has a negative e�ect

that degrades the reactant species. Due to this, the concentration gradient is reduced

when Rc is increased. The in�uence of E on χ is revealed in Fig. 2.7. Gain in values of E

improves the χ. Low temperature and low activation energy slow down the reaction rate,

causing chemical reaction processes to decay. The Arrhenius equation explains that the

injection of activation energy into any system can clearly demonstrating that the decrease

in heat and acceleration leads in a low reaction rate constant. As a result, the generative

chemical process is stimulated causing the concentration of nanoparticles to rise. As a

result, the χ rises.

Fig.2.8 shows the impact of δ on χ. Rise in values of δ declines the χ. Physically,

it shows that as the temperature di�erence increases, the thickness of the concentration

boundary decreases. Fig.2.9 shows the impact of n on χ. Rise in values of n declines the χ.

Chemically, when the value of n increases, damaging chemical processes increase owing to

the decrease in �uid concentration. Fig.2.10 displays the e�ect of ϕ over f ′. The f ′ decays

with increase in the values of ϕ. Addition of solid volume fraction ϕ improves the thickness

of the boundary layer. As a result, the �uid will �ow slowly, reduces f ′(η) The change in ϕ

on θ is presented through Fig.2.11. The thermal distribution enhances with increase in ϕ.

Due to the increased thickness of the boundary layer caused by the accumulation of solid

nanoparticles to the base �uid, the thermal distribution will progressively improve and
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heat will be rapidly transferred between the particles. The Impact of ϕ on χ is showed in

Fig.2.12. Here inclined values of ϕ will decline the mass transfer.

The 3D view in Fig.2.13 represents the impact of K and S on skin friction coe�cient.

Here, the growing values of both K and S improves the skin friction coe�cient. The

3D view in Fig.2.14 represents the impact of Rc and E on Sherwood number. Here, the

growing values of E advances the Sherwood number but reverse behaviour is seen for

upward values of Rc. The 3D view in Fig.2.15 displays the impact of Q and ϕ on Nusselt

number for both CWT and NH cases. Upsurge in values of Q and ϕ drops down the

Nusselt number for both CWT and NH cases. Further, the �uid shows improved rate

of heat transfer for CWT case than NH case. Table 2.3 represents the Computational

values of −f ′′(0), −θ′(0) and −χ′(0) for the impact of varied dimensionless parameters.

Here, escalation in values of K and Q decays the −f ′′(0), −θ′(0) and −χ′(0).

2.5 Inference

Many engineering processes and industries rely on research on boundary layer �ow and

heat transfer caused by a stretching surface. In the engineering process, it was shown that

the rate of heat transfer a�ected the quality of the �nished product. In this article, we

have considerably explained the in�uence of heat sink/source on the stream of nano�uid

over an ESS. Further, Activation energy, porous medium and NH are accounted here. The

behaviour of concentration, thermal and velocity �elds is analysed graphically. The main

conclusions drawn from the current study are:

� Escalation in values of K deteriorates the f ′ due to the higher frictional force.

� Upsurge in values of S deteriorates the f ′.
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� Escalation in values of Q declines speci�c heat capacitance which drops down the

θ. Further, rate of declination is faster for NH case than CWT case.

� Increase in values of Sc and Rc declines the χ due to increased momentum di�usivity

and decreased the reactant species concentration. But inverse behaviour is seen for

rise in values of E which reasons for higher particle concentration.

� The thermal distribution enhances with increase in ϕ but inverse behaviour is seen

in velocity and mass transfer for improved volume fraction

� The growing values of both K and S improves the skin friction coe�cient.

� Boom in values of Q and ϕ declines the Nusselt number for both CWT and NH

cases. Further, the �uid shows improved rate of heat transfer for CWT case than

NH case.

� The growing values of E advances the Sherwood number but reverse behaviour is

noticed for upward values of Rc.

Table 2.1: Numerical Validation for f”(0) in the absence of K, ϕ and S = 0

Khan et al. [50] (VIPM) Kameswaran et al. [51] (RKF) Present Results (RKF-45)
-1.28138 -1.281809 -1.28185

Table 2.2: Numerical Validation for −θ′
(0) for some reduced cases

Pr 1 2 3 5 10
Magyari and Keller [52] 0.954782 − 1.869075 2.500135 3.660379

El-Aziz [53] 0.954785 − 1.869074 2.500132 3.660372
Bidin and Nazar [54] 0.9548 1.4714 1.8691 − −

Ishak [55] 0.9548 1.4715 1.8691 2.5001 3.6604
Mukhopadhyay and Gorla [56] 0.9547 1.4714 1.8691 2.5001 3.6603

Present results 0.954955 1.4714207 1.8690440 2.5001089 3.6603543
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Table 2.3: Computational Values of −f ′′(0), −θ′
(0) and −χ′(0) for dimensionless

parameters

K Q Rc Sc δ E ϕ S γ −f ′′(0) −θ′(0) −θ′(0) −χ′(0)
CWT NH

0.1 1.896330 6.591028 1.176764 1.410030
0.5 0.5 0.5 0.8 0.5 0.5 0.01 1 1 2.036445 6.570183 1.177576 1.392574
0.8 2.133098 6.555946 1.178117 1.381175

-0.5 2.133098 7.989216 1.142239 1.380078
0.5 2.133098 6.555946 1.177576 1.381175

0.2 2.133098 6.555946 1.177576 1.341804
0.5 2.133098 6.555946 1.177576 1.381175
0.8 2.133098 6.555946 1.177576 1.418859

0.8 2.133098 6.555946 1.177576 1.418859
1.2 2.133098 6.555946 1.177576 1.932014
1.5 2.133098 6.555946 1.177576 2.324893

0.3 2.133098 6.555946 1.177576 1.378118
0.5 2.133098 6.555946 1.177576 1.381175
0.7 2.133098 6.555946 1.177576 1.384064

0.5 2.133098 6.555946 1.177576 1.471369
1 2.133098 6.555946 1.177576 1.417347
1.5 2.133098 6.555946 1.177576 1.381175

0 2.125178 6.792146 1.172232 1.443147
0.01 2.036445 6.570183 1.177576 1.392574
0.03 2.144823 6.882691 1.195281 1.530318

0.5 1.830860 3.654842 1.357900 1.203891
0.8 2.007414 5.393092 1.222964 1.359580
1 2.133098 6.555946 1.177576 1.381175

0 1.610954 - 0.00000 2.119209
1 1.610954 - 1.177576 2.121214
2 1.610954 - 2.863676 2.123880
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Figure 2.2: Impact of K on f ′

Figure 2.3: Impact of S on f ′
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Figure 2.4: Impact of Q on θ

Figure 2.5: Impact of Sc on χ.
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Figure 2.6: Impact of Rc on χ.

Figure 2.7: Impact of E on χ..
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Figure 2.8: IImpact of δ on χ.

Figure 2.9: Impact of n on χ.
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Figure 2.10: Impact of ϕ on f ′

Figure 2.11: Impact of ϕ on θ
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Figure 2.12: Impact of ϕ on χ.

Figure 2.13: Impact of K and S on skin friction coe�cient
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Figure 2.14: Impact of Rc and E on Sherwood number.

Figure 2.15: impact of Q and ϕ on Nusselt number for CWT case and (b) Impact of Q
and ϕ on Nusselt number for NH case.
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Chapter 3

The impact of Cattaneo-Christov
double di�usion on Oldroyd-B �uid
�ow over a stretching sheet with
thermophoretic particle deposition and
relaxation chemical reaction

3.1 Prelude:

The present chapter emphases on the properties of �ow, heat, and mass transport in rela-

tion to their applications. The use of non-Newtonian �uids in biological and technological

areas has sparked a lot of curiosity in recent years. Having such potential interests, our

objective is to investigate the �ow of Oldroyd-B �uid (OBF) on a stretching sheet us-

ing Catteneo-Christove double di�usion and a heat source/sink (HSS). In addition, the

modelling takes into account of relaxation chemical reactions and thermophoretic particle

deposition (TPD). By selecting relevant similarity variables, the equations that represent

the suggested �ow are transformed to ordinary di�erential equations (ODEs). The RKF-

45 and a shooting system are used to solve the reduced equations. The �ndings show

that, when the rotation parameter is increased, the �uid velocity decreases. The thermal

and concentration pro�les are reduced when the values of relaxation times parameters of

temperature and concentration increase.
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3.2 Mathematical Elucidation:

Consider a three-dimensional incompressible steady OBF �ow caused through the lin-

early stretching sheet with Uw(x) = ax. The �uid �ow is considered in the domain z >

0 and surface is associated in xy-plane. With constant angular velocity Ω, the �uid is

rotating about the z-axis as shown in Fig.3.1. The mass and heat transfer components

are inspected in the existence of concentration and thermal di�usions with the relaxation

of mass and heat �uxes, respectively. In the presence of heat production or absorption,

boundary layer �ow is also taken into account. Considering the above assumptions, the

governing equations of the �ow model can be written as follow (see refs. [57], [58] and

[59]):

Figure 3.1: Flow Geometry
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∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (3.2.1)

u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
+ λ1

(
u2
∂2u

∂x2
+ v2

∂2u

∂y2
+ w2∂

2u

∂z2
+ 2uv

∂2u

∂x∂y
+ 2wv

∂2u

∂z∂y

)

+ λ1

(
2uw

∂2u

∂x∂z
− 2Ω

(
u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z

)
+ 2Ω

(
v
∂u

∂x
− u

∂u

∂y

))

− 2Ωv = ν

(
∂2u

∂z2

)
+ νλ2

[
u
∂3u

∂x∂z2
+ v

∂3u

∂y∂z2
+ w

∂3u

∂z3
− ∂u

∂x

∂2u

∂z2

]

+ νλ2

[
−∂u
∂y

∂2v

∂z2
− ∂u

∂z

∂2w

∂z2

]
, (3.2.2)

u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
+ λ1

(
u2
∂2v

∂x2
+ v2

∂2v

∂y2
+ w2∂
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+ 2uv

∂2v
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+ 2wv

∂2v

∂z∂y

)
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(
2uw
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∂u

∂y
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)
+ 2Ω

(
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∂v

∂x
− u

∂v
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))

+ 2Ωu = ν

(
∂2v
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)
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[
u
∂3v

∂x∂z2
+ v

∂3v
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∂3v

∂z3
− ∂v

∂x

∂2u

∂z2
− ∂v

∂y

∂2v

∂z2

]

+ νλ2

[
−∂v
∂z

∂2w

∂z2

]
(3.2.3)

u
∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
+ ΩeΓe =

k

(ρCp)

(
∂2T

∂z2

)
+

Q̂

(ρCp)
(T − T∞) (3.2.4)

u
∂C

∂x
+ v

∂C

∂y
+ w

∂C

∂z
+ ΩcΓc = D

(
∂2C

∂z2

)
− ∂ (VT (C − C∞)

∂z
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[
Γc

(
u
∂C

∂x
+ v

∂C

∂y
+ w

∂C

∂z

)
+ (C − C∞)

]
, (3.2.5)
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where,

Ωe = u2
∂2T

∂x2
+ v2

∂2T

∂y2
+ w2∂

2T

∂z2
+ 2uv

∂2T

∂x∂y
+ 2vw

∂2T

∂z∂y
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∂x
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, (3.2.6)

Ωc = u2
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)
∂C
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+

(
u
∂w
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+ v
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∂y
+ w

∂w

∂z

)
∂C

∂z
, (3.2.7)

The thermophoretic velocity VT can be de�ned in the form (ref. [60]):

VT = −k
∗ν

Tr

∂T

∂Z
(3.2.8)

where the k∗ for which their values are from 0.2 to 1.2 as speci�ed by Batchelor and Shen

[61] and k∗ is well-de�ned from the Talbot et al [62] is given by

k∗ =
2Cs

(
λg
λp

+ CtKn
) [

1 +Kn
(
C1 + C2e

−C3
Kn

)]
(1 + 3CmKn)

(
1 + λg

λp
+ 2CtKn

) , (3.2.9)

where, the thermal conductivities of �uid and di�used particles are represented by λg and

λp respectively and Ct = 2.20, Cs = 1.147, Cm = 1.146, C1 = 1.2, C2 = 0.41&C3 = 0.88..

The �ow is subjected to the related boundary constraints (refs. [57-59]):

Z = 0 : u = Uw(x) = ax, v = 0, w = 0, T = Tw, C = Cw,

Z → ∞ : u→ 0, v → 0, T → T∞, C → C∞

 (3.2.10)

Considering the following suitable transformations, the governing equations can be sim-

pli�ed into the dimensionless form :

u = axf
′
(η), v = axg(η), w = −f(η)

√
aν, η =

√
a

ν
z, θ(η) =

T − T∞
Tw − T∞

, χ(η) =
C − C∞

Cw − C∞
.
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(3.2.11)

Using above similarity transformations, the continuity 3.2.1 is satis�ed identically. Fur-

ther, the remaining Eqs. 3.2.2 �3.2.5 are reduced to the following boundary value prob-

lems:

f ′′′ + ff ′′ − f ′2 + 2λg − 2λβ1fg
′ − β1

(
f 2f ′′′ − 2ff ′f ′′)

+ β2
(
−ff iv + f ′′2) = 0, (3.2.12)

g′′ + fg′ − f ′g − 2λ
[
f ′ + β1

(
f ′2 − ff ′′ + g2

)]
+ β1

(
2ff ′g′ − f 2g′′

)
+ β2(f

′g′′ + f ′′g′ − fg′′′ − gf ′′′) = 0, (3.2.13)

θ′′ + Pr fθ′ − PrλE
(
ff ′θ′ + f 2θ′′

)
+ PrQθ = 0, (3.2.14)

χ′′ + Scfχ′ − λCSc
(
ff ′χ′ + f 2χ′′)+ Scσχ− ScσλCfχ

′

+ ScNt(χθ
′′ + x′θ′) = 0 (3.2.15)

The corresponding boundary conditions are transformed as:

η = 0 : f = 0, f
′
= 1, g = 0, θ = 1, χ = 1,

η → ∞ : f
′ → 0, g → 0, f

′′ → 0, θ → 0, χ→ 0,

 (3.2.16)

where, λ = Ω
a
, β1 = λ1a, β2 = λ2a, Q = Q̂

σ
Cp, λE = aΓe, λC = aΓc, Sc = ν

D
, Pr = ν

α
,

Nt
∗ = k∗(Tw−T∞)

Tr
, σ = kr

a
.
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3.3 Method of Numerical Extraction:

It does not seem that achieving the numerical solution of the existing model, which is

very non-linear in nature is feasible. As a result, we use an e�cient traditional RKF −45

approach combined with shooting methodology to analyse the �ow model for the afore-

mentioned coupled ODEs 3.2.12 - 3.2.15 as well as the boundary conditions equation

3.2.16 for various values of the governing parameters. It's vital to memo that, the conver-

gence is not guaranteed, speci�cally if missing beginning values are incorrectly predicted.

When one of the domain end points is at in�nity, another con�ict occurs due to the insta-

bility of boundary value problems. As a result, the most important step in this strategy is

to choose the appropriate �nite value of η∞. We hand-picked an appropriate �nite value

of η∞ to satisfy the far �eld boundary conditions asymptotically. Once convergence is

achieved, we use the RKF − 45 method to integrate the resulting ordinary di�erential

equations with the supplied set of parameters to �nd the desired solution. Finally, in

order to meet the convergence condition, the procedure is repeated until the �ndings are

accurate to the speci�ed degree of precision of 10−6 level. The step size is selected as

△η = 0.0001 along with the comparative error tolerance to 10−6 is well-organized for

convergence criteria. The results for the −f ′′(0) and −θ′(0) are compared to the existing

publications to verify the present technique (see Table 3.1 and Table 3.2.)

3.4 Deliberation of Results:

The graphical e�ects of the physical dimensionless quantities on involved pro�les are

discussed in this section. The equations that re�ect the stated �ow are changed to ODEs

by picking apt similarity variables. A numerical scheme (RKF − 45) with a shooting
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Table 3.1: An assessment −f ′′(0) for some reduced cases.

β1 0 0.2 0.4 0.6 0.8 1.2

Abel et al. [63] 0.999996 1.051948 1.101850 1.150163 1.196692 1.285257

Megahed [64] 0.999978 1.051945 1.101848 1.150160 1.196690 1.285253

Sadeghy et al. [65] 1.00000 1.05490 1.10084 1.15016 1.19872 ----------

Mustafa et al. [66] 1.000000 1.051890 1.101903 1.150137 1.196711 1.285363

Khan et al. [58] 1.000000 1.051889 1.101903 1.150137 1.196711 1.285363

Present results 1.000000 1.051890 1.101903 1.150137 1.196711 1.285363

Table 3.2: An assessment −θ′(0) for some reduced cases.

Pr. 0.7 2.0 7.0

Khan and Pop [67] 0.4539 0.9113 1.8954

Wang [68] 0.4539 0.9114 1.8954

Gorla and Sidawi [69] 0.4539 0.9114 1.8954

Khan et al. [58] 0.454374 0.911155 1.822020

Present results 0.454369 0.911148 1.822015

scheme is used to clearly understand the behaviour of �ow pro�les, which are strategized

and debated using graphs. Fig.3.2 shows the in�uence of λ on f ′(η). The rise in values

of λ decays the f ′(η). Fig.3.3 shows the impact of λ on g(η). The upsurge in values of λ

drops the g(η). In physical terms, the λ is the ratio of stretching rate and rotation rate.

The velocity in the x-direction seen to decrease when the Ω around the z-axis increases

as the λ values are increased. Due to this, both f ′(η) and g(η) decreases. The impact

of β1 on f ′(η) is shown in Fig.3.4. The upward β1 values drops the f ′(η). Physically,

β1 depends on the λ1. So, with the escalation in β1 also augments λ1 which o�ers extra

resistance to the �uid motion which upsurges the f ′(η). The in�uence of β2 on f
′(η) is

shown in Fig.3.5. The increasing values of β2 improves the f
′(η). Physically, β2 depends

on the λ2. So, with the rise in β2 also augments λ2 which o�ers supplementary struggle
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to the �uid motion which upsurges the f ′(η).

The consequence of Q on θ(η) is shown in Fig.3.6. The escalating values of Q improve

the θ(η). Growth in the Q thickens the layer related to θ(η). The existence of the heat

source restrictions in the �ow state provides more excellent heat in this case. The presence

of a heat source energizes the �uid. Consequently, as heat is consumed, the buoyancy

force accelerates the �ow and improves the heat transfer. Fig.3.7 shows the e�ect of λE

on θ(η). The rising values of λE drops down the θ(η). Physically, we may state that with

higher values of the λE, the system exhibits a nonconducting characteristic that results

in a narrowing of the thermal distribution. Furthermore when λE = 0, the temperature

distribution in Fourier's law is more signi�cant than in the Cattaneo-Christov heat �ow

model.

Fig.3.8 displays the impact of Sc on χ(η). The increase in values of Sc drops the

χ(η). The smallest Sc correlates to the highest concentration of nanoparticles. For an

upsurge in the Sc, there is a decay in the concentration �eld owing to mass di�usion.

The e�ect of λC on χ(η) is shown in Fig.3.9. The escalating values of λC declines the

χ(η). In reality, a greater λC generates a weaker mass di�usivity, resulting in a narrower

concentration distribution. A lower concentration �eld is produced by a higher value

of λC . The e�ect of σ on χ(η) is shown in Fig.3.10. The rising values of σ declines

the χ(η). The fact that strong chemical reactions (σ > 0) have a tendency to reduce

di�usion, which is consequential in a decrease in chemical molecular di�usivity of the

species concentration. Due to this retarded concentration of species, the χ(η) is decreased.

Fig.3.11 portrays the impact of Nt
∗ on χ(η). The growing values of Nt

∗ upsurges the χ(η).

When the thermophoresis parameter is superior then the thermophoretic force increases,

which pushes more particles nearer to the surface for a greater temperature di�erential,
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the concentration pro�les on the cold surface are reduced as temperature ratios are raised.

Table 3.3 portrays the numerical values of f
′′
with respect to pertinent varied pa-

rameters. The upsurge in values of λ and β2 drops the f
′′
but the contrary tendency is

detected for upward β1 values. The numerical values of θ
′
with respect to pertinent varied

parameters are shown in Table 3.4. The escalation in values of λ and β2 declines the θ
′

but the inverse trend is detected for upward values of Q, β1 and λE. The numerical values

of χ
′
with respect to pertinent varied parameters is presented in Table 3.5. The escalation

in Sc, σ and Nt
∗ values declines the χ

′
but the reverse trend is detected for upward values

of λC .

3.5 Inference:

The OBF �ow analysis, in combination with mass and heat transfer initiated by a stretch-

ing sheet is utilized in the polymer industry and numerous industrial activities such as

glass blowing and metallic sheet cooling. In context to these applications, the current re-

search explores the �ow of Oldroyd-B �uid on a stretching sheet by considering Catteneo-

Christove double di�usion and heat source/sink. TPD is also considered in the modelling

and it is one of the most fundamental mechanisms for carrying microscopic particles over

a thermal gradient, and it is crucial in electronics and aeronautics. The equations that

represent the indicated �ow are changed to ODEs by electing relevant similarity variables.

The ODEs are then solved using RKF-45 and shooting schemes. The behaviour of dimen-

sionless parameters on dimensionless velocity, concentration, and temperature pro�les are

analyzed graphically. The following are the key �ndings of the present study:

� The rise in values of λ declines the f ′(η) and g(η)
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� The increasing values of β1 declines the f
′(η) but converse trend is seen for enhanced

β2 values.

� The rising values of Q improve the θ(η).

� The rising values of λE drops down the θ(η).

� The escalating values of λC and Sc declines the χ(η).

� The increasing values of σ declines the χ(η) but reverse trend is seen for enhanced

Nt
∗ values.

� The rise in values of λ and β2 declines the θ
′
but the opposite trend is detected for

upward values of Q, β1 and λE.

� The growth in values of Sc, σ and Nt
∗ declines the χ

′
but the con�icting trend is

detected for upward values of λC .
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Figure 3.2: In�uence of λ on f ′(η).

Figure 3.3: In�uence of λ on g(η).
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Figure 3.4: In�uence of β1 on f
′(η).

Figure 3.5: In�uence of β2 on f
′(η).

53



Chapter-3:The impact of Cattaneo-Christov double di�usion . . .

Figure 3.6: In�uence of Q on θ(η).

Figure 3.7: In�uence of λE on θ(η)
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Figure 3.8: In�uence of Sc on χ(η).

Figure 3.9: In�uence of λC on χ(η).
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Figure 3.10: In�uence of σ on χ(η).

Figure 3.11: In�uence of Nt
∗ on χ(η).
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Table 3.3: The numerical values of f
′′
with respect to pertinent varied param-

eters:

λ β1 β2 f
′′

0.2 0.8 1.1 −0.8484

0 −0.8395

0.1 −0.8418

0.11 −0.8422

0.12 −0.8427

0.1 −0.7431

0.15 −0.7508

0.2 −0.7585

0.1 −1.1745

0.13 −1.1578

0.15 −1.1593

0.18 −1.6316
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Table 3.4: The numerical values of θ
′
with respect to pertinent varied parame-

ters::

λ β1 β2 Q λE θ
′

0.2 0.8 1.1 0.5 0.7 −0.1544

0 −0.1652

0.1 −0.1625

0.11 −0.1619

0.12 −0.1615

0.1 −0.2587

0.13 −0.2537

0.15 −0.2504

0.18 −0.2455

0.1 0.0022

0.13 −0.0045

0.15 −0.0089

0.18 −0.0153

0.1 −0.5847

0.2 −0.4995

0.3 −0.4028

0.4 −0.2902

0.1 −0.1371

0.2 −0.1331

0.3 −0.1307

0.4 −0.1306
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Table 3.5: The numerical values of χ
′
with respect to pertinent varied parame-

ters:

Sc λC σ Nt
∗ χ

′

1.2 0.2 0.01 0.01 −0.6562

0.8 −0.5464

0.9 −0.574

1 −0.6016

1.1 −0.6276

0.1 −0.671

0.13 −0.6665

0.15 −0.6636

0.18 −0.6592

0.1 −0.569

0.13 −0.5379

0.15 −0.5166

0.18 −0.4834

0.1 −0.6498

0.13 −0.6477

0.15 −0.6464

0.18 −0.6445
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Chapter 4

Darcy-Forchheimer �ow of dusty
tangent hyperbolic �uid over a
stretching sheet with
Cattaneo-Christov heat �ux

4.1 Prelude:

The in�uence of Darcy-Forchheimer �ow and Cattaneo-Christov heat transfer of dusty

tangent hyperbolic �uid(THF) across a stretching sheet(SS) is investigated in this chap-

ter. The model's issue is represented by highly nonlinear partial di�erential equations

that were determined with the use of appropriate approximations. Using correct similar-

ity variables, the governing equations in the present situation are changed into nonlinear

coupled ordinary di�erential equations. The Runge-Kutta-Fehlberg-45 technique is used

to solve these equations numerically. The e�ects of di�erent factors on velocity and tem-

perature pro�les have been shown using graphs, and the key aspects have been explained

in depth. Graphs and tables are also used to display the numerical values of the skin

friction coe�cient and the local Nusselt number. The temperature pro�le for both �uid

and dust phases is reported to be reduced when the Prandtl number increases.
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4.2 Mathematical Elucidation:

Let us consider a steady �ow of an incompressible THF over a stretching sheet. As

illustrated in Fig. 4.1, is is assumed that the �ow is restricted to the region y > 0.

The �ow is generated by the action of two equal and opposite forces along the x-axis

and y-axis being normal to the �ow. The number density is assumed to be constant and

volume fraction of dust particle is neglected. The �uid and dust particles motion are

coupled only through drag and heat transfer between them. The drag force is modeled

using Stokes linear drag theory. Other interaction forces such as the virtual force, the

shear lift force and the spin-lift force will be neglected compared to the drag force. The

term Tw represents the temperature of �uid at the sheet, whereas T∞ denotes the ambient

�uid temperature.

Figure 4.1: Flow Geometry

The constitutive equation of THF is

τ =
[
µ0 + (µ0 + µ∞) tanh

(
Γγ̇
)n]

γ̇, (4.2.1)

in which, τ is the extra stress tensor, µ∞ is the in�nite shear rate viscosity, µ0 is the
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zero-shear rate viscosity, Γ is the time-dependent material constant, n is the power law

index i.e �ow behavior index and γ̇ is de�ned as,

γ̇ =

√
1

2

∑
i

∑
j

γ̇ijγ̇ji =

√
1

2
Π,

Consider the equation (4.2.1), for the case when µ∞ = 0, because it is not possible to

discuss the problem for in�nite shear rate viscosity and since we have considered tangent

hyperbolic �uid that describes shear thinning e�ects so Γ∗γ̇ < 1. Then equation (4.2.1)

takes the form,

τ = µ0

[(
Γ∗γ̇
)n]

= µ0[1 + n(Γ∗γ̇ − 1)]γ̇.

Governing equations for THF model after applying the boundary layer approximations

can be de�ned as follows,

∂u

∂x
+
∂v

∂y
= 0, (4.2.2)

u
∂u

∂x
+ v

∂u

∂y
= ν(1− n)

∂2u

∂y2
+
√
2νnΓ

∂u

∂y

∂2u

∂y2
+
K2N

ρ
(up − u)− ν

K1

u− CF
√
K1

ν
u2,

(4.2.3)

∂up
∂x

+
∂vp
∂y

= 0, (4.2.4)

ρp(up
∂up
∂x

+ vp
∂up
∂y

) = K2 N (u− up), (4.2.5)

Consider the appropriate boundary conditions applicable to the present problem as;

u = uw(x), v = 0, at y = 0,

u→ 0, up → 0, vp → v, y → ∞.

 (4.2.6)

where uw(x) = bx is the stretching sheet velocity with (b > 0) as the stretching rate.

Now , introduce the following similarity transformations;
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u = bxf ′(η), v = −
√
νbf(η), η =

√
b
ν
y,

up = bxF ′(η), vp = −
√
νbF (η),

 (4.2.7)

The equations (4.2.2) and (4.2.4) are identically satis�ed, in terms of relations(4.2.7). In

addition, the equation (4.2.3) and (4.2.5) are reduced to the following set of non-linear

ordinary di�erential equations;

(1− n)f
′′′
(η)−

[
f

′
(η)
]2

+ f
′′
(η)f(η) + n Wef

′′′
(η)f ′′(η)

+ l βv

[
F

′
(η)− f

′
(η)
]

−Kp f
′(η)− Fr

[
f

′
(η)
]2

= 0, (4.2.8)

F (η)F ′′(η) − [F ′(η)]
2
+ βv [f

′(η) − F ′(η)] = 0, (4.2.9)

Transformed boundary conditions are;

f ′(η) = 1, f(η) = 0 at η = 0

f
′
(η) → 0, F ′(η) → 0, F (η) → f(η) as η → ∞

 (4.2.10)

where l = Nm
ρ

is the mass concentration parameter of dust particles, τv = m
K2

is the

relaxation time of the dust particles, βv =
1
bτv

is the �uid-particle interaction parameter

for velocity, K = ν
K2b

is the porosity parameter, Fr = CF uw
b
√
K1

is the local inertia parameter,

We =
√
2bΓuw√
ν

is the Weissenberg number and n is the power law index parameter.
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4.3 Heat Transfer Analysis:

The governing boundary layer heat transport equations for both �uid and dust phase are

given by

cpρ

(
u
∂T

∂x
+ v

∂T

∂y

)
+ λ

(
u
∂u

∂x

∂T

∂x
+ v

∂v

∂y

∂T

∂y
+ u

∂v

∂x

∂T

∂y
+ v

∂u

∂y

∂T

∂x

)

+ λ

(
2uv

∂2T

∂x∂y
+ u2

∂2T

∂x2
+ v2

∂2T

∂x2

)
= k

∂2T

∂y2
+
ρpCp
τT

(Tp − T )

+
ρp
τv

(up − u)2 − ∂qr
∂y

(4.3.1)

up
∂Tp
∂x

+ vp
∂Tp
∂y

= − Cp
cmτT

(Tp − T ) , (4.3.2)

where, T and Tp are the temperature of the �uid and dust particles respectively, cp

and cm are the speci�c heat of �uid and dust particles respectively, τT is the thermal

equilibrium time i.e., the time required by the dust cloud to adjust its temperature to

that of �uid, λ is the relaxation time of heat �ux, k is the thermal conductivity of the

�uid, and qr is the radiative heat �ux.

The radiative heat �ux expression in equation 4.3.1 is given by

qr = −16σ∗∗

3k∗∗
T 3∂T

∂y
, (4.3.3)

where, σ∗∗ and k∗∗ are the Stefan-Boltzman constant and the mean absorption coe�cient

respectively,
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In view of the equation 4.3.6, the energy equation 4.3.1 becomes;

cpρ

(
u
∂T

∂x
+ v

∂T

∂y

)
+ λ

(
u
∂u

∂x

∂T

∂x
+ v

∂v

∂y

∂T

∂y
+ u

∂v

∂x

∂T

∂y
+ v

∂u

∂y

∂T

∂x

)

+ λ

(
2uv

∂2T

∂x∂y
+ u2

∂2T

∂x2
+ v2

∂2T

∂x2

)
= k

∂2T

∂y2
+
ρpcp
τT

(Tp − T )

+
ρp
τv

(up − u)2 +
16σ∗∗

3 (ρcp)nf k
∗∗

[
T 3∂

2T

∂y2
+ 3T 2

(
∂T

∂y

)2
]
. (4.3.4)

The corresponding boundary conditions for the temperature are considered as follows.

T = Tw at y = 0,

T → T∞, Tp → T∞ as y → ∞

 (4.3.5)

The dimensionless �uid phase temperature θ(η) and dust phase temperature θp(η) are

de�ned as;

T = T∞(1 + (θw − 1)θ(η)), Tp = T∞(1 + (θw − 1)θp(η)). (4.3.6)

Using 4.3.6 into 4.3.4 and 4.3.2, one can get the following non-linear ordinary di�erential

equations

θ
′′
(η) +R

[
(1 + (θw − 1)θ)3θ

′′
(η) + 3 (θw − 1) θ

′2(η) (1 + (θw − 1) θ(η))2
]

+ Pr θ
′
(η)f(η) + lP rβt (θp(η)− θ(η))− PrΓ

[
f(η)f

′
(η)θ

′
(η)
]

− PrΓ
[
f(η)2θ

′′
(η)
]
+ βvlEcPr [F

′(η)− f ′(η)]
2
= 0, (4.3.7)

θ
′

p(η)F (η) − γ2βt [θp(η)− θ(η)] = 0 (4.3.8)

The reduced boundary constarints are;

θ(η) = 1 at η = 0,

θ(η) → 0, θp(η) → 0 as η → ∞.

 (4.3.9)
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where Pr = µCp

k
is Prandtl number, the prime denotes the di�erentiation with respect

to η and R = 4σ∗∗T 3
∞

k∗∗k
is the radiation parameter, Ec = u2w

cp(Tw−T∞)
is the Eckert number,

γ2 =
cp
cm

is the speci�c heat ratio, Γ = λb is the relaxation time parameter, βt =
1
bτT

is the

�uid-particle interaction parameter for temperature, θw = Tw
T∞

(> 1) is the temperature

ratio parameter.

The physical quantities of interest, such as skin friction coe�cient (Cf ) and local

Nusselt number (Nux)are de�ned as;

Cf =
τw
ρu2w

, ux =
uwqw

ak(T∞ − Tw)

where the shear stress (τw) and surface heat �ux (qw) are given by;

τw = µ0

(
(1− n)

∂u

∂y
+
nΓ√
2

(
∂u

∂y

)2
)

and qw = −k∂T
∂y

+ qr.

Using the non-dimensional variables, one can get;

√
RexCf = [(1− n)f

′′
(η) +

n

2
We(f

′′
(η))2]η=0 and

Nux√
Rex

= −
[
1 +Rθ3w

]
θ
′
(0),

Table 4.1: Comparison of −θ′(0) for R = Γ = βv = l = Ec = βt = 0.

Pr 0.01 0.72 1 3 10

Grubka and Bobba [70] 0.0099 0.4631 0.5820 1.1652 2.3080

Chen [71] 0.00991 0.46315 0.58199 1.16523 2.30796

Present Work 0.00993 0.46318 0.58231 1.16528 2.30799

4.4 Method of Numerical Extraction:

A set of nonlinear ordinary di�erential equations 4.2.8, 4.2.9, 4.3.7 and 4.3.8 along with

the boundary conditions 4.2.10 and 4.3.9 are solved numerically using Runge-Kutta based
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shooting method. Initially, the set of nonlinear ordinary di�erential equations 4.2.8, 4.2.9,

4.3.7 and 4.3.8 are converted to �rst-order ordinary di�erential equations, by using the

following procedure:

f = y1, f
′ = y2, f” = y3, F = y4, F

′ = y5.

y′3 =
1

(1− n) + nWey3
[y22 − y1y3 − lβν(y5 − y2) + (Fry2 + k)y2], (4.4.1)

y′5 =
1

y4
[y25 + βν(y2 − y5)] (4.4.2)

θ = y6, θ
′ = y7, θp = y8.

y′7 =
1

1 +R[(1 + (θw − 1)y6)]3 − PrΓy21
Pr

{
[(−y1y7) + Γy1y2y7 − lβt(y8 − y6)]

− lβνEc(y5 − y2)
2

}
− 3R(θw − 1)y27(1 + (θw − 1)y6)

2, (4.4.3)

y′8 =
1

y4
[γ2βt(y8 − y6)]] (4.4.4)

with the corresponding boundary conditions;

y1 = 0, y2 = 1, y6 = 1 at η = 0

y2 = 0, y5 −→ y1, y6 −→ 0, y8 −→ 0 as η → ∞.

 (4.4.5)

To solve the equations 4.4.1 - 4.4.4, we guess the values of y3, y5, y7 which are not given at

the initial conditions. After �nding all the initial conditions, the equations 4.4.1 - 4.4.4 are

integrated by using Runge-Kutta-Fehlberg-45 method with the successive iterative step

length 0.001. For check, comparison Table 4.1 is inserted for - θ′(0) and it is found that ,

the current numerical technique has a fair agreement with previously published results.
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4.5 Deliberation of Results:

The technical problem has been mathematically formulated by a set of PDEs, which are,

in turn, reduced into a set of ODEs on adaptation of similarity variables. The resultant

equations are approximated numerically by Runge-Kutta-Fehlberg-45 method with an

aid of shooting technique. We have considered the values of dimensionless parameters

as We = 0.8, Kp = 0.5, Fr = 0.8, βv = 0.5, l = 0.5, R = 0.5, θw = 1.2, βt = 0.5,

Pr = 5, Ec = 0.5, n = 1.2, γ = 0.5 and Γ = 0.6. These values have been taken as

common for the complete study unless otherwise speci�ed in the �gures and tables. In

this section, we focus on the physical behaviors of the involved parameters on the velocity

and temperature pro�les.

Fig. 4.2 and Fig. 4.3 elucidate the e�ect of porosity parameter (K) on velocity pro�le

and temperature pro�le for both �uid and dust phase f
′
(η)and F ′(η). Form the Fig. 4.2

it can be perceived that, the higher values of porosity parameter scale back the velocity

pro�le for both �uid and dusty phases. Correspondingly, the momentum boundary layer

thickness decreases for rising values of porosity parameter. Physically it justi�es that, the

porous media is to increase the resistance to the �uid �ow which causes a reduction in

velocity pro�les. From the Fig. 4.3, it is evaluated that, the temperature pro�les for both

�uid and dust phase increase for larger values of K and thermal boundary layer thickness

also shows the same behavior of temperature pro�les for higher values of K.

Fig. 4.4 shows the nature of local inertia parameter (Fr)on velocity pro�le for both

�uid and dust phases. It is executed from this �gure that the velocity pro�les for both the

phases get decreased for increasing values of local inertia parameter. Physically, the inertia

coe�cient is directly proportional to the porosity of the medium and drag coe�cient.
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Hence, for higher values of Cb, both porosity of the medium and drag coe�cient increase.

Consequently, the resistive force is improved for the liquid. Therefore, lower velocity that

is obtained corresponds to larger local inertia parameter.

Fig. 4.5 and Fig. 4.6 are illustrated for multiple values of Weissenberg number (We)

on velocity and temperature pro�les for both �uid and dust phases. Weissenberg number

is the quantitative relation of the relaxation time of the �uid and a particular process

time. This ratio will increase the thickness of the �uid. Thus, velocity pro�le and also the

associated boundary layer thickness decreases with increase in We, as shown in Fig. 4.5.

From the Fig. 4.6, it is executed that, the temperature pro�le for both the phases gets

increased for increasing values of We. Furthermore, the thermal boundary layer thicknes

also enhances for boomimg values of We

Fig. 4.7 and Fig. 4.8 illustrate the variation of mass concentration of dust particle

parameter l on velocity and temperature pro�les of both �uid and dust phases. It is

evaluated that, the velocity and temperature pro�les of �uid and dust phase decay as

the values of l go up. In fact, the particle density is decreased due to enhancement in

mass concentration of dust particles that responds to decay in velocity and temperature

pro�les. Furthermore, this parameter has a key role to measure the mass and dust particle

number per unit volume within the �ow.

The variation of velocity and temperature pro�le for both the phases are illustrated in

the Fig. 4.9 and Fig. 4.10 for various values of βv and βt respectively. An uplifted value

of βv can decrease the �uid phase velocity and increase the dust phase velocity. While,

evidently, an increase in βt (Fig. 4.10) can increase the temperature pro�le of the dust

phase and reduce that of the �uid phase. This is because of the presence of dust particles,

which produce friction force in the �uid, which retards the �uid �ow.
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Fig. 4.11 is prepared for the visualization of temperature pro�le of both the �uid and

dust phases by the consideration of di�erent values of Prandtl number Pr. Form this

�gure it is noticed that, the thermal boundary layer thickness minimizes by maximizing

the values of Pr. The signi�cant reason for reduction in temperature is, higher Pr has rel-

atively lower thermal conductivity, which causes low heat penetration. Thus, the thermal

boundary layer thickness of �uid and dust particles decrease with the rise in Pr. Hence,

the suitable value of Pr is quite essential to control the heat transfer rate in industrial

and engineering processes.

Fig. 4.12 and Fig. 4.13 depicted to show the e�ect of radiation R and temperature

ratio parameter θw on θ(η) and θp(η) pro�les respectively. One can reveal that, the

temperature pro�le and corresponding boundary layer thickness rises by increasing the

values of R and θw. Generally, higher values of R produce additional heat to operating

�uid that shows associate enhancement within the temperature �eld. The variation of

temperature pro�le for both the �uid and dust phases is illustrated in Fig. 4.14 for varying

values of Eckert number (Ec). It is noticed that, the decrease in temperature pro�le for

both �uid and dust phases with the increasing values of Eckert number. Consequently,

the increase in Eckert number decreases the thermal boundary layer thickness.

Fig. 4.15 illustrates the variation of temperature pro�le with di�erent values of the

relaxation time parameter Γ. From this �gure, it is observed that the thermal boundary

layer decreases by the increasing values of Γ. It is due to the fact that, the elements of

the material demand extra time to transport heat to its adjacent particles when larger

thermal relaxation time is accounted. Thus, the temperature pro�le for both the phases

decays for enhancing values of Γ.

The pro�le of local skin friction coe�cient (Cfx) for distinct values of Fr and K is
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shown in Fig. 4.16, which illustrates that the greater values of Fr decrease the skin friction

coe�cient. Furthermore, the enhancing values of K raise the skin friction coe�cient. The

representation of (Cfx) for various values of l and βv is displayed in Fig. 4.17. Here, it is

observed that, (Cfx) is scaled back for increasing values of l and βv. Fig. 4.18 discusses

the variation of the local Nusselt number for di�erent values of non-dimensional parameter

R andEc. Here, increasing values of both R and Ec, declined the local Nusselt number.

Fig. 4.19 discusses the variation of the local Nusselt number for di�erent values of

non-dimensional parameters βt and l. Here, one can see that the increasing values of both

βt and l, increase the local Nusselt number.

In�uences of various embedded parameters on skin friction coe�cient and Nusselt

number are demonstrated in Table 4.2 and Table 4.3 respectively. From the Table 4.2 it

is observed that, the local skin friction coe�cient enhances for increasing values of K, Fr,

βv and l, but an opposite behavior is observed for increasing values of We. Furthermore,

form the Table 4.3 it is noticed that, the higher values of R, θw, l, βt, Pr and Γ enhance

the local Nusselt number, but a quite reverse situation can be observed for the increasing

values of Ec.

4.6 Inference:

The �ow and heat transfer of dusty �uid by considering the Darcy-Forchhiemer medium

has been studied. On using the suitable boundary layer approximations, the present

physical problem was described by highly nonlinear partial di�erential equations. Fur-

thermore, on applying the appropriate similarity transformations, these equations have

been converted into �ve combined ordinary di�erential equations. The Runge�Kutta�

Fehlberg 45-order scheme has been then employed to solve the resulting equations. The
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main results are summarized as follows.

� velocity pro�le decreases for rising values of K and Fr.

� the momentum boundary layer thickness decreases for higher estimation of We.

� higher values of Pr reduce the temperature pro�le and thermal boundary layer

thickness for both �uid and dust phases.

� higher values of R enhance the temperature pro�le for both the phases.

� the temperature pro�le accelerates with accelerating values ofK,We and decelerates

with l.

� thermal boundary layer thickness enhances for rising values of θw.
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Table 4.2: Numerica data for skin friction coe�cient for di�erent physical parameters.

we K Fr βv l
√
RexCf

0.2 1.193156

0.4 1.175613

0.6 1.156921

0.1 1.070776

0.3 1.135475

0.5 1.196525

0.01 1.166425

0.1 1.196525

0.15 1.225829

0.1 1.112968

0.2 1.127512

0.3 1.139657

0.1 1.107479

0.2 1.131470

0.3 1.154905
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Table 4.3: Numerical data for local Nusselt number for di�erent physical parameters.

R θw l βt Pr τ Ec Nux√
Rex

0.1 1.497882

0.3 1.651679

0.5 1.788386

0.6 1.732059

1.2 1.788386

1.8 2.240571

0.1 1.398669

0.3 1.565647

0.5 1.717260

0.6 1.788386

1.2 2.132679

1.8 2.384279

0.5 0.792638

1.0 1.018604

1.5 1.230786

0.01 1.788386

0.1 1.793728

0.15 1.796883

0.1 1.820003

0.2 1.809464

0.3 1.798925

74



Chapter-4: Darcy-Forchheimer �ow of dusty tangent . . .

Figure 4.2: E�ect of porosity parameter on velocity pro�le for both �uid and dusty phases

Figure 4.3: E�ect of porosity parameter on temperature pro�le for both �uid and dusty

phases.
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Figure 4.4: E�ect of local inertia parameter on velocity pro�le for both �uid and dust

phases.

Figure 4.5: E�ect of Weissenberg number on velocity pro�le for both �uid and dusty

phases.
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Figure 4.6: E�ect of Weissenberg number on temperature pro�le for both �uid and dusty

phases.

Figure 4.7: E�ect of mass concentration parameter on velocity pro�le for both �uid and

dusty phases.
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Figure 4.8: E�ect of mass concentration parameter on temperature pro�le for both �uid

and dusty phases.

Figure 4.9: E�ect of �uid-particle interaction parameter on velocity pro�le for both �uid

and dusty phases.
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Figure 4.10: E�ect of �uid-particle interaction parameter on temperature pro�le for both

�uid and dusty phases.

Figure 4.11: E�ect of Prandtl number on temperature pro�le for both �uid and dusty

phases.
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Figure 4.12: E�ect of radiation parameter on temperature pro�le for both �uid and dusty

phases.

Figure 4.13: E�ect of temperature ratio parameter on temperature pro�le for both �uid

and dusty phases.
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Figure 4.14: E�ect of Eckert number on temperature pro�le for both �uid and dusty

phases.

Figure 4.15: E�ect of relaxation time parameter on temperature pro�le for both �uid and

dusty phases.
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Figure 4.16: E�ect of K and Fr on local skin friction coe�cient.

Figure 4.17: E�ect of βv and l on local skin friction coe�cient.
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Figure 4.18: E�ect of Ecand R on local Nusselt number.

Figure 4.19: E�ect of βt and l on local Nusselt number..
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Chapter 5

In�uence of thermophoretic particle
deposition on the 3D �ow of Sodium
alginate-based Casson nano�uid over a
stretching sheet

5.1 Prelude:

The �ow of Casson nano�uid with thermophoretic particle deposition(TPD) impact over

a non-linear stretching sheet is explored in this chapter. The governing equations are

framed with appropriate assumptions, and then appropriate similarity transformations

are used to turn the collection of partial di�erential equations(PDEs) into ordinary dif-

ferential equations(ODEs). The RKF-45 approach (Runge Kutta Fehlberg 4th 5th order)

is used to solve the reduced equations with the use of a shooting strategy. The numerical

�ndings for linear and non-linear cases are derived, and graphs for di�erent dimensionless

restrictions are generated. Results reveals that, improved Casson parameter values reduce

axial velocities while improving heat distribution. The concentration pro�le will decrease

as the thermophoretic parameter increases. With enhanced power law index values, the

rate of mass transfer and surface drag force will decrease.
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5.2 Mathematical Elucidation:

Consider an incompressible, laminar 3D �ow of a Casson nanoliquid in the presence of

TPD over a non-linearly stretching sheet. The sheet is moving with uniform velocity

uw = vw = (x + y)na in x and y directions respectively with a, n > 0. Tw and Cw

represents the wall temperature, and concentration as well as T∞ and C∞ denotes ambient

temperature and concentration. Both Tw and Cw are assumed to be constant on the

stretching surface. The ambient values of temperature and concentration are denoted by

T∞ and C∞ as the value of z → ∞ . Further, temperature and concentration at the

wall are more signi�cant than the ambient temperature and concentration. The geometry

of the described problem is illustrated in Fig.5.2. Based on the above assumptions, the

governing equations and boundary conditions are given by (see Epstein et al. [72], Butt

et al. [73], Raju et al. [74], Khan et al. [75]).

ux + vy + wz = 0, (5.2.1)

uux + vuy + wuz =

(
1 +

1

β

)
vnfuzz (5.2.2)

uvx + vvy + wvz =

(
1 +

1

β

)
vnfvzz (5.2.3)

uTx + vTy + wTz =
knf

(ρCp)nf
Tzz (5.2.4)

uCx + vCy + wCz = DnfCzz − ((VT (C − C∞)))z (5.2.5)

Boundary conditions (see Raju et al.[74], Khan et al. [75])

u = uw, T = Tw, v = vw, C = Cw, w = 0 at z = 0,

C → C∞, u→ 0, v → 0, T → T∞ as z → ∞.

 (5.2.6)
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where, u, v, and w(ms−1) are the velocity components along the x, y, and z(m) direc-

tions respectively. β is the Casson parameter, v =
(
µ
ρ

)
(m2s−1) signi�es the kinematic vis-

cosity, µ(kgm−1s−1) signi�es dynamic viscosity, ρ(kgm−3) is the density, k(kgms−3K−1)

signi�es thermal conductivity, Cp(m2s−2K−1) signi�es speci�c heat, D(m2s−1) is di�u-

sivity, and VT (ms
−1) is the thermophoretic velocity.

The term VT is de�ned as

VT = −
(
k∗vnf
Ty

)
Tz (5.2.7)

(see Epstein et al. [72]).

Here k∗ is the thermophoretic coe�cient and Tr is the reference temperature.

The below-mentioned similarity variables are introduced. (see Raju et al. [74], Khan

et al. [75])

v = a(x+ y)ng′(η), w = −
(
(f ′(η) + g′(η))

(
n−1
2

)
η + (f(η) + g(η))

(
n+1
2

))
(x+ y)

n−1
2
√
avf ,

u = a(x+ y)nf ′(η), η = (x+ y)
n−1
2

√
a
vf
z,

T − T∞ = θ(η)(Tw − T∞), C = C∞ + χ(η)(Cw − C∞).


(5.2.8)

Substituting equation (5.2.7) and (5.2.8) into (5.2.1-5.2.6) and after simplifying, the

following equations are obtained.

(
1 +

1

β

)
f

′′′
+ ζ1ζ2

(
(f + g)

(
n+ 1

2

)
f

′′ − nf ′(f ′ + g′)

)
= 0 (5.2.9)

(
1 +

1

β

)
g

′′′
+ ζ1ζ2

(
(f + g)

(
n+ 1

2

)
g

′′ − ng′(f ′ + g′)

)
= 0 (5.2.10)
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knf
kf

θ′′ + Prζ3

(
θ′
(
n+ 1

2

)
(f + g)

)
= 0 (5.2.11)

ζ1χ
′′ + Scχ′

(
n+ 1

2

)
(f + g)− (θ′′χ+ χ′θ′)N∗

t Sc = 0 (5.2.12)

with

(f ′, g′, f, g, θ, χ)(0) = (1, 1, 0, 0, 1, 1) at η = 0

(f ′, g′, θ, χ)(∞) = (0, 0, 0, 0) as η → ∞

 (5.2.13)

where,

ζ1 = (1− ϕ)2.5, ζ2 = (1− ϕ+ ϕ
ρs
ρf

), ζ3 = (1− ϕ+ ϕ
(ρCp)s
(ρCp)f

), Sc =
νf
Df

,

P r =
µfCpf
kf

, N∗
t = −k

∗(Tw − T∞)

Tf

The thermophysical properties of nano�uid are given by: (see Khan et al. [76], Devi

and Devi [77])

knf =
−2ϕ(−ks+kf )+2kf+ks
2ϕ(−ks+kf )+2kf+ks

kf ,

(ρCp)nf =
(
(1− ϕ+ (ρCp)s

(ρCp)f
ϕ)
)
(ρCp)f ,

µnf =
µf

(1−ϕ)2.5 ,

ρnf = ρf

(
1− ϕ+ ϕ ρs

ρf

)
,

Dnf = Df (1− ϕ)2.5,



(5.2.14)

Engineering coe�cients:

The expressions and reduced forms of skin friction along x and y direction is given as

follows (see Raju et al. [74], Khan et al. [75])
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Table 5.1: Nanoliquid and base liquid thermophysical characteristics:(see Khan et al.[76])

Property C6H9NaO7(SA) Al2O3

Pr 6.45 -

ρ 989 3970

Cp 4175 765

k 0.613 40

a. Along x direction:

Cfx =

µnf

(
1 +

1

β

)
(uz + wx)z=0

ρfu2w
→

√
ReCfx =

(
1 +

1

β

)
f ′′(0)

ζ1
(5.2.15)

b. Along y direction:

Cfy =

µnf

(
1 +

1

β

)
(νz + wy)z=0

ρfu2w
→

√
ReCfx =

(
1 +

1

β

)
g′′(0)

ζ1
(5.2.16)

Nusselt number:

Nu =
−knf (x+ y)(Tz)z=0

kf (Tw − T∞)
→ Nu√

Rex
=

−knfθ′(0)
kf

(5.2.17)

Sherwood number:

Sh =
−Dnf (x+ y)(Cz)z=0

Df (Cw − C∞)
→ Sh√

Rex
= −ζ1χ′(0) (5.2.18)

where, Rex =
uwν

−1
f

(x+ y)−1
is local Reynold number.

5.3 Method of Numerical Extraction:

The set of reduced equations stated in equations (5.2.9-5.2.12) and boundary constraints

(5.2.13) are solved using RKF-45 method and the shooting scheme. The competence
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of this technique is hightened due to the depletion of computational time. To get the

solution, we reduce the system of ODEs and boundary conditions into a �rst-order system

by substituting

a1 = f, a2 = f
′
, a3 = f ′′, a4 = g, a5 = g

′
, a6 = g

′′
, a7 = θ, a8 = θ′, a9 = χ, a10 = χ′

(5.3.1)

we get



a

1

a

2

a

3

a

4

a

5

a

6

a

7

a

8

a

9

a

10


=



a2
a3

−1(
1 +

1

β

)ζ1ζ2((n+ 1

2

)
(f + g)f

′′ − nf ′(f ′ + g′)

)
a5
a6

−1(
1 +

1

β

)ζ1ζ2((n+ 1

2

)
(f + g)g

′′ − ng′(f ′ + g′)

)
a8

− kf
knf

Prζ3

((
n+ 1

2

)
(f + g)θ′

)
a10

1

ζ1

((
a

′
8χ

′ + χ′θ′
)
N∗
t Sc− Sc

(
n+ 1

2

)
χ′(f + g)

)



(5.3.2)

with 

a1(0)
a2(0)
a3(0)
a4(0)
a5(0)
a6(0)
a7(∞)
a8(∞)
a9(∞)
a10(∞)


=



0
1
λ1
0
1
λ2
1
λ3
1
λ4


(5.3.3)

The IVP stated in equations 5.3.2 and 5.3.3 are solved by the RKF-45 method and

unknown values are obtained by shooting scheme by setting step size h = 0.01 and error
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tolerance 10−6, which satisfy the boundary condition at in�nity. The numerical solutions

are obtained by setting the constraints' values ϕ = 0.01, β = 0.5, Pr = 6.45, Sc = 0.8

and N∗
t = 0.1 . Fig.5.1 shows the �ow chart for numerical scheme. The solutions are

compared with the existing works and they best match each other (see Table 5.2 and

Table 5.3).

Figure 5.1: Flow chart for Numerical scheme.

Table 5.2: Comparison of the model for f
′′
(0) in the absence of ϕ and

(
1 + 1

β
= 1
)

n Khan et al. [75] Raju et al. [74] Present Result

1 -1.414214 -1.4142141 -1.41592

3 -2.297186 -2.2971860 -2.297297

5.4 Deliberation of Results:

The fundamental goal of the present section is to analyse the in�uence of various dimen-

sionless constraints on their respective pro�les. The reduced ODEs (5.2.9-5.2.12) and
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Table 5.3: Comparison of the model for g
′′
(0) in the absence of ϕ and

(
1 + 1

β
= 1
)

n Khan et al. [75] Raju et al. [74] Present Result

1 -1.414214 -1.4142141 -1.41592

3 -2.297186 -2.2971860 -2.297297

boundary conditions (5.2.13) are numerically solved with RK-45 and shooting schemes.

Since we convert the ODEs into IVP and shooting scheme is adopted to obtain the miss-

ing boundary conditions. The numerical procedure is validated with the previous existing

works. The obtained results show the in�uence of the dimensionless parameters, i.e.,

Casson parameter (β) , power-law index (n), Schmidt number(Sc), thermophoretic pa-

rameter N∗
t on the axial velocity pro�les, thermal and concentration pro�les. Throughout

the analysis, computations are made for the power-law index n = 1 and n = 3.

Fig. 5.3 estimates the in�uence of the β on axial velocity f ′(η). The rise in the values

of the β will diminish f ′(η) . From the physical point of view, increased β(= 0.1, 0.2, 0.3)

values reduce �uid �ow because the �ow is subjected to a higher viscous force. It is further

observed that axial velocity is diminished more in the case of n = 3 than n = 1. The

in�uence of the β on axial velocity g′(η) is displayed in Fig. 5.4. A similar trend is observed

as seen in the axial velocity pro�le f ′(η) . The variation of the thermal distribution pro�le

θ(η) for the rise in the values of the Casson parameter (β) is portrayed in Fig. 5.5. The

rise in the values of β will enrich the thermal distribution in the system. In physical view,

increasing the Casson parameter β increases the �uid's boundary layer thickness, resulting

in increased thermal distribution. Thermal distribution is more in the case of n = 3 than

n = 1. Fig. 5.6 is drawn to show the in�uence of the β on the mass transfer pro�le

χ(η) . The Casson parameter's rise will enhance the accumulation of particles results
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in the enrichment of boundary layer thickness. As a result, the mass transfer enhances.

Enhancement in concentration is more in the case of n = 1 than n = 3 .

The variation of N∗
t on χ(η) is revealed in Fig. 5.7. The enhancement in N∗

t values

will reduce concentration χ(η). The mobility of the particles increases as the temperature

gradient grows, resulting in a decrease in �uid concentration. The in�uence of the Sc

on the χ(η) is drawn in Fig. 5.8. The concentration pro�le decreases as the Schmidt

number increases. Schmidt number is the physical de�nition of the kinematic viscosity

to molecular di�usion coe�cient ratio. As a result, the enhanced values of Sc declines

χ(η). The signi�cant concentration diminishes in the case n = 3 than n = 1 for Nt
∗ and

Sc. Fig.5.9(a) represents the variation of surface drag force in x direction on n for various

values of β. The rise in the values of β will weaken the surface drag force. This is due

to improvement in the values of β, and n values will improve the thermal boundary layer

and the liquid distribution. As a result, the surface drag will reduce. Similar behaviour

is seen in surface drag force along y direction (see Fig.5.9(b)). The variation of rate of

thermal distribution on n for numerous values of ϕ is shown in Fig. 5.10(a). The rise

in the solid volume fraction will improve the boundary layer thickness and improve the

thermal distribution rate. Fig. 5.10 (b) illustrates the consequence of the rate of mass

transfer on Sc for numerous values of Nt
∗. The rate of mass transfer will enhance with

the increase in the thermophoretic parameter.

Table 5.4 is drawn to show the computational values of f
′′
(0), g

′′
(0), θ′(0), and χ′(0)

over various dimensionless constraints. From the table, it is clear that increased values

of n will diminish the surface drag coe�cients f
′′
(0) and g

′′
(0) along x and y directions

and mass transfer rate but improves the rate of thermal distribution. The addition of

solid volume fraction will diminish the f
′′
(0), g

′′
(0), θ′(0) and χ′(0) pro�les. The increase
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in the values of β will reduce f
′′
(0) and g

′′
(0), but a reverse trend is seen for θ′(0) and

χ(0) pro�les. Improvement in the values of Sc and Nt
∗ will decrease the θ′(0) and χ′(0)

pro�les.

5.5 Inference:

An incompressible, laminar 3D �ow of a Casson nanoliquid in the presence of TPD over a

non-linearly stretching sheet is examined. To convert the collection of PDEs into ODEs,

the governing equations are constructed with appropriate assumptions, and acceptable

similarity variables are employed. The simpli�ed equations are solved using software by

applying the RKF-45 method with shooting scheme. The graphs are drawn for various

constraints, and important engineering factors are discussed in detail. The signi�cant

�ndings of the current study are as follows:

� Improvement in the Casson parameter will decline the axial velocity in x and y

directions.

� The thermal distribution is improved when the Casson parameter values are in-

creased.

� Improved values of Schmidt number will decline the concentration.

� An increase in the values of the thermophoretic parameter a�ects the concentration

pro�les.

� The rate of mass transfer will decrease with an upsurge in the values of the ther-

mophoretic parameter.
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� The rate of thermal distribution will improve with an increment in the Casson

parameter.

� The axial velocity and thermal distribution will be more in case of n = 3 but, a

reverse trend is perceived in case of concentration pro�le.
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Figure 5.2: Flow Geometry.

Figure 5.3: In�uence of β over axial velocity f ′(η)
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Figure 5.4: In�uence of β over axial velocity g′(η)

Figure 5.5: In�uence of β over thermal pro�le θ(η)
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Figure 5.6: In�uence of β over concentration χ(η)

Figure 5.7: In�uence of N∗
t over concentration χ(η).
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Figure 5.8: In�uence of Sc over concentration χ(η)

Figure 5.9: (a) Consequence of n and β over Cfx, (b) Consequences of n and β over Cfy
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Figure 5.10: (a) Consequence of n and ϕ over Nu, (b) Consequences od Sc and N∗
t over

Sh
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Table 5.4: Computational values of f
′′
(0), g

′′
(0), θ′(0) and ζ ′(0) for various dimensionless

constraints

n ϕ β Sc N∗
t −f ′′

(0) −g′′
(0) θ′(0) −χ′(0)

1 0.428707 0.428707 23.723047 2.883644

2 0.576782 0.576782 23.720796 3.072287

3 0.01 0.1 0.8 0.1 0.694439 0.694439 23.718549 3.231165

0.01 0.694439 0.694439 23.718549 3.231092

0.02 0.695638 0.695638 34.085641 4.164654

0.03 0.696469 0.696469 42.056350 4.941831

0.1 0.694439 0.694469 23.718549 3.231092

0.2 0.940005 0.940005 23.712475 3.182007

0.3 1.106068 1.106068 23.707350 3.148383

0.8 0.694439 0.694439 23.718549 3.231092

1.0 0.694439 0.694439 23.718549 3.873363

1.2 0.694439 0.694439 23.718549 4.496217

0.1 0.694439 0.694439 23.718549 3.231092

0.2 0.694439 0.694439 23.718549 5.174942

0.3 0.694439 0.694439 23.718549 7.125058
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Chapter 6

MHD �ow and melting heat transfer of
dusty Casson �uid over a stretching
sheet with Cattaneo Christov heat �ux
model

6.1 Prelude:

This chapter describes the characteristics of magnetohydrodynamics (MHD) �ow and

melting heat transfer of dusty Casson �uid across a stretching sheet(SS). Through the

Cattaneo-Christov heat �ux, a modi�ed form of Fourier's law is used. Partial di�erential

equations (PDEs) are used to express the mathematical formulation. The resulting cou-

pled system was examined using the Runge-Kutta-Fehlberg 45 order approach as well as

shooting methodology. The coe�cients of the Runge-Kutta scheme are required to provide

precision and re�nement in the results. The in�uence of �ow regulating factors on relevant

pro�les is analyzed quantitatively and qualitatively to have a thorough understanding of

the present situation. The skin friction and heat transfer coe�cient computations are

shown graphically and tabulated. Because of the melting e�ect, the temperature and

thickness of the thermal boundary layer are larger for the relaxation time parameter.
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6.2 Mathematical Elucidation:

Consider a steady �ow of an incompressible Casson �uid over a stretching sheet. The

�ow is assumed to be con�ned to the region y > 0. The �ow is generated by the action

of two equal and opposite forces along x-axis and y-axis being normal to the �ow. A

uniform magnetic �eld of strength B0 is imposed along the y-axis and the sheet being

stretched with the velocity uw(x) along the x-axis. The number density is assumed to be

constant and volume fraction of dust particle is neglected. The �uid and dust particles

motion are coupled only through drag and heat transfer between them. The drag force

is modeled using Stoke's linear drag theory. Other interaction forces such as the virtual

force, the shear lift force and the spin-lift force will be neglected when compared to the

drag force. Let Tm be the temperature of the melting surface, while the temperature in

the free-stream condition is T∞, where T∞ > Tm.

Figure 6.1: Flow Geometry
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Governing equations for the de�ned problem are (See refs[42] and [43]);

∂u

∂x
+
∂v

∂y
= 0, (6.2.1)

u
∂u

∂x
+ v

∂u

∂y
= ν

(
1 +

1

β

)
∂2u

∂y2
+
K2N

ρ
(up − u)− σ∗B2

0

ρ
u, (6.2.2)

∂up
∂x

+
∂vp
∂y

= 0 (6.2.3)

ρp

(
up
∂up
∂x

+ vp
∂up
∂y

)
= K2 N (u− up) (6.2.4)

where K2 = 6πµr1 is the Stokes drag coe�cient.

The appropriate boundary conditions applicable to the present problem are,

u =
(
1 + 1

β

)
K3

∂u
∂y
, v = 0 at y = 0,

u→ 0, up → 0, vp → v as y → ∞

 (6.2.5)

where uw(x) = bx is a stretching sheet velocity with b (> 0).

Introduce the following similarity transformations,

u = bxf ′(η), v = −
√
νbf(η), η =

√
b

ν
y,

up = bxF ′(η), vp = −
√
νbF (η),

 (6.2.6)

The equations (6.2.1) and (6.2.3) are identically satis�ed, in terms of relations (6.2.6). In

addition, the equation (6.2.2) and (6.2.4) are reduced into the following set of non-linear

ordinary di�erential equations,

(
1 +

1

β

)
f

′′′
(η)−

[
f

′
(η)
]2

+ f
′′
(η)f(η)+ l βv

[
F

′
(η)− f

′
(η)
]

−Mf ′(η) = 0, (6.2.7)
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F (η) F ′′ (η) − [ F ′(η)]
2
+ βv [ f ′(η) − F ′(η) ] = 0. (6.2.8)

Transformed boundary conditions are,

f ′(η) =
(
1 + 1

β

)
Af ′′(0), f(η) = 0 at (η) = 0,

f ′(η) → 0, F ′(η) → 0, F ′(η) → f(η), as η → ∞

 (6.2.9)

where l = Nm
ρ

is the mass concentration parameter of dust particles, M =
σB2

0

ρb
is the

magnetic parameter, βv = 1
bτv

is the �uid-particle interaction parameter for velocity,

τv = m
K

is the relaxation time of the dust particles and A = K3

√
b
ν
is the velocity slip

parameter.

6.3 Heat Transfer Analysis

The governing boundary layer heat transport equations for both �uid and dust phase are

given by

cpρ

(
u
∂T

∂x
+ v

∂T

∂y

)
+ λ

(
u
∂u

∂x

∂T

∂x
+ v

∂v

∂y

∂T

∂y
+ u

∂v

∂x

∂T

∂y
+ v

∂u

∂y

∂T

∂x

)

+ λ

(
2uv

∂2T

∂x∂y
+ u2

∂2T

∂x2
+ v2

∂2T

∂x2

)
= k

∂2T

∂y2
+
ρpCp

τT
(Tp − T ) +

ρp
τv

(up − u )2

(6.3.1)

up
∂Tp
∂x

+ vp
∂Tp
∂y

= − Cp
cmτT

(Tp − T ) , (6.3.2)

Corresponding boundary conditions for the temperature are considered as follows:

T = Tm, k(∂T
∂y

)y→0,= ρ[E + Cs(Tm − T0)]v(x, 0) at y = 0

T → T∞, TP → T∞, , as y → ∞

 (6.3.3)

Equation (6.3.3) states that the heat conducted to the melting surface is equal to the

heat of melting plus the sensible heat required to raise the solid temperature T0 to its

melting temperature Tm.
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The dimension of �uid phase temperature θ(η) and dust phase temperature θp(η) are

de�ned as;

θ(η) =
T − Tm
T∞ − Tm

, θp(η) =
Tp − Tm
T∞ − Tm

(6.3.4)

Using (6.3.4) in (6.3.1) and (6.3.2), one can get the following non-linear ordinary di�er-

ential equations,

θ
′′
(η) + Prθ

′
(η)f(η) + lP rβt (θp(η)− θ(η))− PrΓ

[
f(η)f

′
(η)θ

′
(η)

+f(η)2θ
′′
(η)

]

+βvl EcPr[ F
′(η)− f ′(η)]

2
= 0, (6.3.5)

θ′p(η)F (η)− γ2βt[θp(η)− θ(η)] = 0 (6.3.6)

The corresponding bounday conditions becomes;

Prf(0) +MEθ
′
(0) = 0, θ(η) = 0 at η = 0,

θ(η) → 1, θp(η) → 1 as η → ∞,

 (6.3.7)

where, Pr = µCp

k
, Ec = u2w

Cp(Tw−T∞)
, γ2 =

Cp

Cm
, Γ = λb, βt =

1
bτT

.

The dimensionless melting parameter which is de�ned as

ME =
Cf (T∞ − Tm)

λ+ Cs(Tm − T0)

which is a combination of the Stefan numbers
Cf (T∞−Tm)

λ
and Cs(Tm−T0)

λ
for the liquid and

solid phases respectively.

The physical quantities of interest like skin friction coe�cient (Cfx) and local Nusselt

number (Nux) are de�ned as,

Cfx =
τw
ρu2w

and Nux =
uwqw

ak(T∞ − Tw)
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where the shear stress (τw) and surface heat �ux (qw) are given by;

τw =
(
µ0

(
1 + 1

β

)
∂u
∂y

)
y=0

and qw = (qr)y=0 .

Using the non-dimensional variables, one can get;

√
RexCf =

[
1 + 1

β

]
f ′′(0) and Nux√

Rex
= −θ′

(0).

6.4 Method of Numerical Extraction:

The set of nonlinear ordinary di�erential equations (6.2.7), (6.2.8), (6.3.5) and (6.3.6)

along with the boundary conditions (6.2.9) and (6.3.7) are solved numerically using Runge-

Kutta based shooting method. Initially, the set of nonlinear ordinary di�erential equations

are converted to �rst order di�erential equations, by using the following procedure;

f = y1, f
′ = y2, f

′′ = y3, F = y4, F
′ = y5.

y′3 =
1

(1 + 1
β
)

[
y22 − y1y3 − lβv (y5 − y2) +My2

]
, (6.4.1)

y′5 =
1

y4

[
y25 − βv (y2 − y5)

]
, (6.4.2)

θ = y6, θ
′ = y7, θp = y8.

y′7 =
1

1− PrΓy21

[
[PrΓy1y2y7 − Pry1y7 − Prlβt (y8 − y6) + PrlβvEc(y5 − y2)

2
]
],

(6.4.3)

y′8 =
1

y4
[γ2βt (y8 − y6)] , (6.4.4)

with the corresponding boundary conditions;

Pry1 +MEy7 = 0, y2 = (1 + 1
β
)Ay3, y6 = 0 and y1 = 0 at η = 0,

y2 = 0, y5 → 0, y4 → y1 y6 → 1, y8 → 0 as η → ∞,

 (6.4.5)
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To solve the equations (6.4.1) - (6.4.4), we guess the values of y3, y5, y7 and y8 which are

not given as the initial conditions. Once all initial conditions are found then we solve the

equations (6.4.1) - (6.4.4) by using Runge-Kutta fourth order method with the successive

iterative step length of 0.01. The non-dimensional velocity and temperature pro�les are

shown in Figs. 6.2-6.15 for several values of di�erent physical parameters. To validate the

employed method, the authors have compared the results of f
′′
(0) with published work.

These comparisons are given in Table 6.1 and it shows that the results are in very good

agreement.

Table 6.1: Comparison values of skin friction co-e�cient (β = 0)

M Akbar et al.[80] Present Result

1 -1.41421 -1.41421

5 -2.44948 -2.44949

10 -3.31662 -3.31662

50 -7.14142 -7.14143

500 -22.3830 -22.38302

1000 -31.6386 -31.63858

6.5 Deliberation of Results:

The main goal of this work is to initiate the study of boundary layer �ow and melting

heat transfer of Casson �uid over a stretching surface in the presence of �uid particles sus-

pension, melting e�ect, Cattaneo-Christov heat �ux and Slip e�ect. We have considered

the values of dimensionless parameters as β = 0.5, M = 0.5, βv = 0.5, l = 0.5, βt =

0.5, γ = 0.8, P r = 5, Ec = 0.5, ME = 0.5, A = 0.5 and Γ = 0.6. These values have

been taken as common for the complete study in the �gures and tables.
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Fig. 6.2 is plotted to show the variations of velocity pro�le of both �uid and dust

phases for di�erent values of magnetic parameter (M). From this plot, it is observed that

velocity pro�les and their associated momentum boundary layer thickness reduce for the

enhancement of magnetic parameter. This is due to the fact that the Lorentz force has

the property to slow down the motion of the conducting �uid in the boundary layer.

Fig. 6.3 is portrayed to investigate the in�uence of the Casson parameter (β) on

velocity distributions. It is found that an increase in the Casson parameter leads to

decrease in velocity pro�le and momentum boundary layer thickness. This is due to the

fact that an increase in β leads to an increase in dynamic viscosity that induces resistance

in the �ow of �uid and decrease in �uid velocity is observed.

Fig. 6.4 is plotted to examine the in�uence of slip parameter (A) on velocity pro�le

for both �uid and dusty phases. From this �gure it is observed that, the depreciation in

the velocity pro�le and momentum boundary layer thickness for increasing values of slip

parameter. This may happen due to frictional resistance between the surface and �uid

particle increases and as a result the velocity of the �uid decreases.

Fig. 6.5 and Fig. 6.6 explain the e�ect of βv and βt on velocity and temperature

pro�les, respectively. An increase in βv will decrease �uid phase velocity and increase

dust phase velocity. As expected, increase in βt will increase �uid phase temperature, and

decrease the dust phase temperature. This is because increase in βv results in decrease of

τv, and it is obvious that the time required by dust particle to adjust its velocity relative

to the �uid also decreases with decrease in τv.

The variation of velocity and temperature pro�les for both the phases are illustrated for

di�erent values of mass concentration parameter (l), and are shown in Fig. 6.7 and Fig. 6.8

respectively. Here, the velocity pro�le for both the phases decreases for increasing values
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of mass concentration parameter, and the opposite trend is observed for temperature

pro�les.

Fig. 6.9 illustrates the in�uence of melting parameter (ME) on the temperature pro�le.

An increase in the melting parameter reduces the temperature of both �uid and dust

phases and also decreases the thermal boundary layer thickness. This is because an

increase inME will increase the intensity of melting as well the melting progresses. Hence,

the sheet gradually transforms to a liquid, causing the temperature of the �uid decreases

rapidly.

Fig. 6.10 describes the impact of Prandtl number over the temperature pro�le. One

can infer from this �gure that, in the presence of melting parameter, an increase in Prandtl

number increases the temperature of both �uid and dust phases.

Fig. 6.11 and Fig. 6.12 are plotted to understand the in�uence of Eckert number

(Ec) and speci�c heat ratio parameter (γ2) on temperature pro�le respectively. As antic-

ipated, the temperature pro�le and thermal boundary layer thickness for both �uid and

dust phases increase with increasing values of Ec, and this is shown in Fig. 6.11. From

the Fig. 6.12, one can see that the thermal boundary layer thickness and temperature

pro�le for both �uid and dust phase increases by increasing (γ2).

Fig. 6.13 is illustrating the variation of relaxation time parameter (Γ) on temperature

pro�le for both �uid and dusty phases. One can see from this �gure that, the temperature

pro�le and thermal boundary layer thickness increases by ascent values of relaxation time

parameter. Physically, it con�rms that incremental nature of thermal relaxation time

parameter requires more time to shift the heat from intensively packed �uid particles to

the low energetic �uid particles. Thus, an increment in temperature pro�le is noted in

both �uid and dust phases.
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Fig. 6.14 speci�cally plotted for variation in the skin friction coe�cient against the

incremental values ofM and β. A mixed trend is noted as plotted in the respective �gure.

Here increase in the skin friction coe�cient is noted for higher values of M , while a revers

trend is observed for higher values of β. The result is plotted in Fig. 6.15 shows the

variation noted in Nusselt number for incremental values of Pr and Ec. Form this �gure

it is clear that, an diminution in local Nusselt number is witnessed with incremental values

of Pr and Ec.

Table 6.2 and Table 6.3 displayed the variation of skin friction coe�cient and Nusselt

number for di�erent values of physical parameter. From the Table 6.2, it is reported that,

the skin friction coe�cient is a decreasing function of ME and A. Additionally, the skin

friction coe�cient increases while M, βv, l and β are enhancing. Table 6.3 shows the

variation of Nusselt number on di�erent physical parameter. From this table, we can

observe that, the higher values of Pr, Ec, Γ and βt decreases the Nusselt number, while

an opposite trend is observed with higher values of ME

6.6 Inference:

The two-dimensional �ow of dusty Casson �uid over a stretching sheet with Cattaneo-

Christov heat �ux, slip and melting e�ect has been discussed. Firstly, the partial dif-

ferential equations are transmuted in to ordinary di�erential equations by implementing

similarity approach. Afterwards, the solutions of attained equations are solved by im-

plementing Runge-Kutta-Fehlberg-45 method. The following points of conclusions have

been derived;

� Increasing values of M and β shows reduction in the velocity pro�le for both �uid
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and dust phases.

� Due to the melting e�ect, the larger Pr shows increment in temperature pro�le for

both �uid and dusty phases.

� Larger values of Ec and γ2 leads to higher temperature pro�le for both �uid and

dusty phases.

� An increment in Γ leads to higher temperature pro�le for both �uid and dusty

phases.

� Increasing strength of A causes decay in the velocity pro�le for both �uid and dust

phases.

� Increasing values of βv leads to higher dust phase velocity while opposite trend is

noticed for �uid phase velocity.

� Increment in l results in declination of the velocity and temperature pro�les for both

the phases.
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Table 6.2: Numerical values of skin frictioncoe�cient for di�erent physical pa-

rameters

M βv l β ME A −
√
RexCfx

0.1 0.410932

0.3 0.427367

0.5 0.435748

0.1 0.421977

0.2 0.427819

0.3 0.431932

0.2 0.801624

0.4 0.810827

0.6 0.811294

0.2 0.318926

0.4 0.365201

0.6 0.389585

0.5 1.091940

1.0 1.060842

1.5 1.041257

0.3 0.811318

0.5 0.680443

0.7 0.587919
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Table 6.3: Numerical values of Nusselt number for di�erent physical parameters

Pr Ec Γ βt ME
Nux√
Rex

0.5 0.621143

1.0 0.904414

1.5 1.128768

0.2 0.148970

0.4 0.156271

0.6 0.159942

0.01 1.640947

0.1 1.758423

0.2 1.824231

0.1 0.914002

0.3 0.994512

0.5 1.023451

0.5 1.394821

1.0 1.148760

1.5 1.063482

Figure 6.2: E�ect of magnetic parameter on velocity pro�le for both �uied and dust phases
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Figure 6.3: E�ect of Casson parameter on velicity pro�les for both �uid and dust phases

Figure 6.4: E�ect of velocity slip parameter on velocity pro�les for both �uid and dust

phases
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Figure 6.5: E�ect of βv on velocity pro�les for both �uid and dust phases.

Figure 6.6: E�ect of βt on velocity pro�les for both �uid and dust phases
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Figure 6.7: E�ect of mass concentration parameter on velocity pro�les for both �uid and

dust phases

Figure 6.8: E�ect of mass concentration parameter on temperature pro�les for both �uid

and dust phases
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Figure 6.9: E�ect of melting parameter on temperature pro�les for both �uid and dust

phases.

Figure 6.10: E�ect of mass prandtl number on temperature pro�les for both �uid and

dust phases..
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Figure 6.11: E�ect of Eckert number on temperature pro�les for both �uid and dust

phases..

Figure 6.12: E�ect of mass speci�c heat ratio parameter on temperature pro�les for both

�uid and dust phases.
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Figure 6.13: E�ect of mass relaxation time parameter on temperature pro�les for both

�uid and dust phases..

Figure 6.14: E�ect of β and M on skin friction coe�cient.
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Figure 6.15: e�ect of Pr and Ec on local Nusselt number

120



Chapter 7

Particle shape e�ect on MHD Water
Functionalized Al2O3 nanoparticles
steady �ow over Wedge

7.1 Prelude:

The goal of this chapter is to investigate the e�ects of Alumina (Al2O3) nanoparticle

morphologies on magnetohydrodynamic (MHD) steady �ow of Maxwell liquid via a wedge

with nonlinear thermal radiation in�uence. A �uctuating magnetic �eld is supplied to the

wedge surface in a normal direction. The in�uence of the Catteneo-Christove heat �ow

is also taken into account in the modelling. The Runge Kutta Fehlberg fourth �fth order

(RKF-45) numerical method is used in conjunction with the shooting approach to convert

the basic equations into ordinary di�erential equations (ODEs). For increase in the values

of the thermal relaxation time parameter, the copy of the output declares that platelet

shaped nanoparticles have greater heat transfer enhancement and that the rate of decline

in heat transport is quicker for the brick scenario.
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7.2 Mathematical Elucidation:

Consider a two-dimensional �ow of an incompressible Maxwell nano�uid suspended with

Al2O3 nanoparticles of di�erent shapes past a wedge with an included angle Ω = βwπ.

Flow geometry is displayed in Fig.7.1. Here βw is the measure of pressure gradient. A

negative value of βw indicates the positive pressure gradient and pressure gradient is

negative or favourable for positive value of βw. Further, relation between wedge angle

parameter and pressure gradient is given as m = βw
2−βw . Here the physical signi�cance of

the m values follow as (see refs. [81-82]). m = 0 for Blasius solution, m > 0 denote the

pressure gradient, m < 0 denotes that the adverse pressure gradient, m = 1 corresponding

to stagnation point �ow. The governed equation under these assumptions can be written

as follows (see refs. [83-84]):

Figure 7.1: Flow Geometry
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∂u

∂x
+
∂v

∂y
= 0, (7.2.1)

u
∂u

∂x
+ v

∂u

∂y
=
µnf
ρnf

(
∂2u

∂y2

)
+ ue

dµe
dx

−
B2

0σ
∗
nf

ρnf

(
u− ue + λ1v

∂u

∂y

)

− λ1

(
u2
∂2u

∂x2
+ v2

∂2u

∂y2
+ 2uv

∂2u

∂x∂y

)
(7.2.2)

u
∂T

∂x
+ v

∂T

∂y
= αnf

∂2T

∂y2
+

16σ∗∗T 3
∞

(ρCp)nf 3k
∗∗
∂2T

∂y2

− λ1
∗

[
u2 ∂

2T
∂x2

+ v2 ∂
2T
∂y2

+ 2uv ∂2T
∂x∂y

+(
u∂u
∂x

+ v ∂v
∂y

)
∂T
∂x

+
(
u ∂v
∂x

+ v ∂v
∂y

)
∂T
∂y

]
(7.2.3)

where the conditions are;

u = 0, v = 0, T = Tw, at y = 0,

u→ ue, T → T∞, , as y → ∞.

 (7.2.4)

The thermophysical properties of water and Al2O3 along with di�erent shapes of nanopar-

ticles are tabulated in Table 7.1 and Table 7.2. The viscosity, electrical conductivity, den-

sity, heat capacity and the thermal conductivity of the nano�uid are de�ned as follows

(see refs. [85]);

µnf =
µf

(1− ϕ)2.5
,

σ∗
nf = σ∗

f

1 +
3
(
σ∗
s

σ∗
f
− 1
)
ϕ(

σ∗
s

σ∗
f
+ 2
)
−
(
σ∗
s

σ∗
f
− 1
)
ϕ

 ,

ρnf = (1− ϕ)ρf + ϕρs,

(ρCp)nf = (1− ϕ) (ρCp)f + ϕ (ρCp)s , and

knf
kf

=
ks + (n− 1)kf + (n− 1)(ks − kf )ϕ

ks + (n− 1)kf − (ks − kf )ϕ
.

123



Chapter-7: Particle shape e�ect on MHD Water Functionalized Al2O3 . . .

Table 7.1: Thermophysical properties of water and Al2O3 (see refs. [86-87]):

Model ρ(kgm−3) k(W/mk) Cp(J/kgK) σ∗(Ωm)−1

water 997.1 0.613 4179 0.05

Al2O3 3970 25 765 1× 10−10

Table 7.2: Di�erent shapes of nanoparticles (see refs. [85] and [88]):

Nanoparticle shapes Aspect ratio Sphericity Shape factor

Brick 1:1:1 0.81 3.7

platelet 1 : 1/18 0.52 5.7

Cylinder 1:8 0.62 4.9

where, the potential �ow velocity can be written as ue = axm. The following non-

dimensional transformations will be introduced, making use of the stream function ψ =√
2ueνfx

m+1
f(η), η = y

√
(m+1)ue
2νfx

and θ(η) = T−T∞
Tw−T∞ . then, the velocity components can

be expressed as

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (7.2.5)

By using Eq. (7.2.5), the Eq.( 7.2.1) is satis�ed trivially, and the Eq.(7.2.2-7.2.3) reduced

to the subsequent set of ODEs as;

ε1f
′′′ − 2m

m+1
(f ′2 − 1) + ff

′′
+ 2

σnf

σf
ε2M

(
f

′ − 1− λ2
(
m−1
2
ηf

′
f

′′
+ m+1

2
ff

′′))
+

λ2
[
−2mm−1

m+1
(f ′3 − 1)− m+1

2
f 2f

′′′ − (1− 3m)ff
′
f

′′ − m−1
2
ηf ′2f

′′]
= 0

 (7.2.6)

1

Pr

(
knf
kf

+R

)
ε3θ

′′
+ fθ′ − γ3

[
m+ 1

2
f 2θ

′′ − 6

m+ 1
ηf ′2θ

′
+ ff

′
θ
′
]

(7.2.7)

where,

ε1 =

{
1

(1− ϕ)2.5

}{
1

(1− ϕ) + ϕ ρs
ρf

}
, ε2 =

{
1

(1− ϕ) + ϕ ρs
ρf

}
, ε3 =

 1

(1− ϕ) + ϕ (ρCp)s
(ρCp)f

 .
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along with boundary conditions

f ′(0) = 0, f ′(∞) → 1, f(0) = 0, θ(0) = 1, θ(∞) → 0, (7.2.8)

where,

M =
B2

0σf
ρfaxm−1

, λ2 = aλ1x
m−1, Pr =

µfCp
kf

, R =
16σ∗∗T 3

∞
3k∗∗kf

, Rex =
uex

νf
.

The expression for local skin-friction coe�cient and local Nusselt number (see ref [83]):

CfRex
1
2 =

{
1

(1− ϕ)2.5

}√
m+ 1

2
f

′′
(0), (7.2.9)

NuRex
− 1

2 = −
(
knf
kf

+R

)√
m+ 1

2
θ
′
(0). (7.2.10)

7.3 Method of Numerical Extraction:

The approach of accompanied nonlinear ODEs (7.2.6) and (7.2.7) along with the boundary

constraints (7.2.8) is resolved numerically via RKF45 Method through shooting procedure.

The competence of this technique is heightened due to the depletion of computational

time. Missed initial circumstances are estimated with the aid of shooting method. This

method is an iterative procedure that tries to �nd appropriate beginning conditions for a

relevant IVP that solves the original BVP. At a high but �nite value of η, we considered

the in�nity condition. Integration is performed using the RKF-45 technique when a �nite

value for η∞ is determined. If the right step size h is chosen, this approach includes

a mechanism for determining an accurate answer. Two distinct approximations for the

answer are created and compared at each stage. If the two outcomes are almost same,

the estimates are acceptable; if not, the step size is adjusted until the desired precision is

achieved. For the existing issue, we took step size ∆η = 0.001, η∞ = 5 and accurateness
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to the sixth decimal place. Furthermore, the present study's numerical solutions are

compared to previous research, and the results are quite similar (see Table 7.3)

Table 7.3: Comparison for the value of f
′′
(0) for some reduced cases.

m 0.0909 0.2000 0.3333

Yih[89] 0.654979 0.802125 0.927653

Khan and Pop [90] 0.655000 0.802100 0.927700

Kasmani et al.[91] 0.65498 0.80213 0.802897

Asmadi et al.[83] 0.655053 0.92765 0.927739

Present results 0.655054 0.92767 0.927740

7.4 Deliberation of Results:

The crucial theme of this study is to confer the paraphernalia of numerous developing con-

straints at involved �elds for three shapes of nanoparticles in �uid �ow. The �ow structure

is shown in a physical sense by numerical simulations of velocity and thermal distribu-

tions versus variations in physical restrictions. Figs.7.2-7.9 show the numerical conclu-

sions. Fig.7.2 indicates impact of the M on θ(η) for three di�erent nanoparticle shape

e�ect factors namely, brick, cylinder and platelet. The rise in value of M advances the

θ(η). This is for the Lorentz forces which upsurges with the aggrandizement of M . As a

consequence, as the Lorentz force increases, more drag is added to the �uid's velocity,

which enhances heat transmission. Also, it is viewed that more heat transfer enhance-

ment is seen for platelet shaped nanoparticles. Moreover, the thermal pro�le for brick

case improves slower than the remaining cases. Fig. 7.3 representing the impact of R on

θ(η) for three di�erent nanoparticle shape e�ect factors. Here, in�ation of temperature

component can be realized for the rising values of R. As a consequence of the increase

126



Chapter-7: Particle shape e�ect on MHD Water Functionalized Al2O3 . . .

in radiative heat, the thermal state of the nano�uid improves, causing the θ(η) to rise.

Also, brick shaped nanoparticles have less in�uence on increasing the temperature pro�le

as compared with other two. Moreover, it is viewed that more heat transfer enhancement

is seen for platelet shaped nanoparticles.

Consequence of γ3 on θ(η) is shown in Fig.7.4 for three di�erent nanoparticle shape

e�ect factors. A declination of θ(η) is remarked for the upsurge in γ3 values. The re-

laxation time of the �uid's heat transfer rises as γ3 increases, delaying the time for the

�uid to undergo heat conduction. As a consequence, the thermal boundary layer thins,

allowing for quicker heat dissipation. Because the e�ect is minor, it can be assumed that,

the changes in the value of γ3 have no substantial impact on the thermal boundary layer.

Also, brick shaped nanoparticles have less in�uence on the temperature pro�le as com-

pared with other two. Moreover, it is viewed that more heat transfer enhancement is seen

for platelet shaped nanoparticles and rate of decrease in heat transport is faster for brick

case.

Fig. 7.5 representing the impact of λ2 and M on skin friction. The ratio of �uid

relaxation time to deformation time is the local Deborah number for �uid momentum.

The �uid's relaxation time grows as λ2 increases. As a consequence, the skin friction

decreases. Variation of Nusselt number for increased values of M and R is exposed in

Fig. 7.6 for three di�erent nanoparticle shape e�ect factors. The growth in values of

R improves the heat transport rate but opposite trend is seen for augmented values of

M . Furthermore, �uid �ow for platelet case shows better-quality heat transport rate for

increased R values. The change in Nusselt number for increased values of M and γ3

is shown in Fig.7.7 for three di�erent nanoparticle shape e�ect factors. The escalation

in values of γ3 improves the heat transport rate but inverse trend is seen for augmented
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values ofM . Moreover, �uid �ow for platelet case shows better-quality heat transport rate

for increased γ3 values. Fig.7.8 and Fig.7.9 shows the streamline patterns when M = 0.1

and λ2 = 0.03 respectively. Table.7.4 displays the numerical values for f
′′
(0) with respect

to varied λ2 and M values. Here, the escalating values of λ2 increases the f
′′
(0) but it

declines for augmented M values. Table 7.5 portrays the numerical values for θ
′
(0) with

respect to varied γ3, R and M values. Here, the mounting values of R and M values

increases the θ
′
(0) but it declines for augmented γ3 values.

7.5 Inference:

The review of above research includes the study of stream of the Maxwell �uid past

a wedge containing platelet, brick and cylinder shaped Al2O3 nanoprticles with water

as base �uid. Similarity transformation technique has been formulated to reduce the

elementary equations into ODEs and are resolved with the assistance of RKF-45 numerical

method accompanying shooting technique. The supremacy of nonlinear thermal radiation,

magnetic �eld and other existing parameters are inquired and their out-turn are listed as

follows;

� It is viewed that more heat transfer enhancement is seen for assumed �uid �ow with

the impact of platelet shaped nanoparticles. Moreover, the thermal pro�le for brick

case improves slower than the remaining cases for rising values of M .

� An intensi�ed thermal pro�le is remarked for the radiation variation.

� More heat transfer enhancement is seen for platelet shaped nanoparticles and rate

of decrease in heat transport is faster for brick case for rise in values of γ3.
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� The increase in R values improves the heat transport rate but inverse trend is seen

for augmented values of M . Moreover, �uid �ow for platelet case shows better-

quality heat transport rate for increased R values.

� The upsurge in γ3 values improves the heat transport rate but inverse trend is seen

for augmented values of M . Moreover, �uid �ow for platelet case shows better-

quality heat transport rate for increased γ3 values.
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Figure 7.2: Variation of thermal pro�le for varied M .

Figure 7.3: Variation of temperature pro�le for varied R.
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Figure 7.4: Variation of temperature pro�le for varied γ3.

Figure 7.5: Variation of skin friction for varied M and λ2
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Figure 7.6: Variation of Nusselt number for varied M and R.

Figure 7.7: Variation of Nusselt number for varied M and γ3.
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Figure 7.8: Stream lines for M = 0.1.

Figure 7.9: Stream lines for λ2 = 0.03
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Table 7.4: Numerical values for f ′′(0) with respect to varied λ2 and M values

λ2 M f
′′
(0)

0.01 0.1 1.2272

0.02 1.2277

0.03 1.2281

0.04 1.2286

0.12 1.2142

0.13 1.2077

0.14 1.2012

Table 7.5: Numerical values for θ′(0) with respect to varied γ3, R and M values

M γ3 R Platelet Cylinder Brick

0.1 0.02 0.5 -0.6836 -0.6932 -0.7092

0.12 -0.6831 -0.6928 -0.7087

0.13 -0.6829 -0.6925 -0.7084

0.14 -0.6827 -0.6923 -0.7082

0.01 -0.6733 -0.6827 -0.6984

0.03 -0.6938 -0.7037 -0.72

0.04 -0.7039 -0.714 -0.7306

0.1 -0.7419 -0.7548 -0.7765

0.3 -0.7107 -0.7218 -0.7402

0.4 -0.6966 -0.707 -0.7241
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Chapter 8

Signi�cant consequences of uniform
horizontal magnetic �eld (UHMF) on
three-dimensional radiative �ow of
ZnO-SAE50 nano-lubricant over a
porous rotating disk

8.1 Prelude:

The in�uence of a uniform horizontal magnetic �eld and thermal radiation on the �ow

of Zinc Oxide-Society of Automotive Engineers 50 nanolubricant (ZnO-SAE50 nanolu-

bricant) through a porous spinning disk is the main aim of this chapter. Suitable trans-

formations are used to reduce the governing partial di�erential equations (PDEs) into

ordinary di�erential equations (ODEs). Later, the obtained system is numerically solved

using the shooting technique and Runge�Kutta�fourth��fth Fehlberg's order approach

(RKF-45). The obtained numerical �ndings are then graphically shown and analysed in

depth. The results show that radiation has a signi�cant impact on boosting heat transfer

for the ZnO-SAE50 nanolubricant �ow across the disk surface. The temperature bound-

ary layer creates energy when the heat source/sink parameter values increase, causing

thermal pro�les to rise.
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8.2 Mathematical Elucidation:

In the current examination, we deal with a steady incompressible �ow of ZnO − SAE50

nano lubricant �ow over a disk rotating with a constant angular velocity Ω about its

axial axis z under the in�uence of uniform horizontal magnetic �eld. The �ow geometry

for the proposed work is illustrated through Fig.8.1. Let, V = (u, v, w) be the induced

velocity �eld. The heat transport analysis is done in the presence of thermal radiation

and heat source/sink (HSS). The current density for conducting disk is expressed as

J = σ1(E + V × B) with uniform magnetic �eld vector B represented in cylindrical

coordinate system as B = (Br, Bφ, Bz). The Lorentz force owing to the magnetic �eld

acting on the �uid �ow may be represented as J × B = σ1(V × B) × B. Further, the

Lorentz force is expressed as (see Turkyilmazoglu [93]):

J ×B = σ
(
−Bφ (Bφu−Brv) ,−Br (Bφu−Brv) ,−

(
B2
φ +B2

r

)
w
)
, (8.2.1)

If the angle of inclination between the r-direction and the direction of the magnetic

�eld vector B = (Br, Bφ, 0) is de�ned as α, it can be written as (see Turkyilmazoglu [93]):

Bφ = |B| sinα,Br = |B| cosα. (8.2.2)
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Figure 8.1: Flow Geometry

The governing equations for the �ow a�ected by all the above assumptions and the

horizontal magnetic �eld lead to the following equations:

(∇.V ) = 0, (8.2.3)

(V.∇)V = νnf∇2V +
1

ρnf
J ×B, (8.2.4)

(V.∇)T = αnf∇2T − 1

(ρCp)nf
∇.qr +

1

(ρCp)nf
Q̂(T − T∞). (8.2.5)

Here, using Rosseland approximation, the radiative heat �ux qr is expressed

as follows:

qr =
4σ∗∗

3k∗∗
∂T 4

∂z
. (8.2.6)

Following expression can be obtain by expanding T 4 using Taylor's series and ignoring

higher order terms
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T 4 ∼= 4T 3
∞T − 3T 4

∞. (8.2.7)

Adopting Eqs. (8.2.6) and (8.2.7), in Eq. (8.2.5) one can write

u∂T
∂r

+ w ∂T
∂z

= anf

(
∂2T
∂r2

+ 1
r
∂T
∂r

+ ∂2T
∂z2

)
+ 16σ∗∗T 3

∞
(ρCp)nf3k∗∗

(
∂2T
∂r2

+ 1
r
∂T
∂r

+ ∂2T
∂z2

)

+ 1
(ρCp)nf

Q̂(T − T∞),

 (8.2.8)

The boundary constraints for the proposed work are;

u = C0, r = Uw(r), v = Ωr, w = ww,−knf ∂T∂z = hf (Tw − T ) at z = 0,

u→ 0, v → 0, w → 0, T → T∞ as z → ∞.

 (8.2.9)

Invoking Ref.[94-96], the e�ective dynamic viscosity, the e�ective density, the heat capac-

itance and the e�ective thermal conductivity of the ZnO-SAE50 nanolubricant is given

by

µnf = µZnO−SAE50 = µSAE50(−0.002407T + 1.035 + 0.04336ϕ), (8.2.10)

µSAE50 = 2.174e−0.06062T , (8.2.11)

ρnf = ρZnO−SAE50 = (1− ϕ)ρSAE50 + ϕρZnO, (8.2.12)

(ρCp)nf = (ρCp)ZnO−SAE50 = (1− ϕ) (ρCp)SAE50 + ϕ (ρCp)ZnO , (8.2.13)

knf
kf

=
kZnO−SAE50

kSAE50

= 1 +
kZnOAZnO

kSAE50ASAE50

+ ckZnOPe

(
AZnO

kSAE50ASAE50

)
, (8.2.14)

c = 25000, Pe =
dZnOuZnO
αSAE50

,
AZnO

ASAE50

=
dSAE50

dZnO

(
ϕ

1− ϕ

)
, uZnO =

2kBT

πµSAE50d2ZnO
.

(8.2.15)
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The governing equations are reduced into the non-dimensional form by using the following

similarity variables transform:

u = rΩF (η), η =

√
Ω

νf
z, v = rΩG(η), w =

√
νfΩH(η), θ(η) =

T − T∞
Tw − T∞

. (8.2.16)

The following set of non-dimensionless nonlinear di�erential equations are obtained:

H
′
+ 2F = 0, (8.2.17)

ε1F
′′ −HF

′ − F 2 +G2 − ε2M sinα [sinαF − cosαG] = 0, (8.2.18)

ε1G
′′ − 2FG−HG

′
+ ε2M cosα [sinαF − cosαG] = 0, (8.2.19)

ε1H
′′ −HH

′ − ε2MH = 0, (8.2.20)

1

Pr
ε3

(
knf
kf

+R

)
θ
′′ −Hθ

′
+ ε3Q

∗θ = 0, (8.2.21)

where,

ε1 =
1.035 + 0.04336ϕ− 0.002407T

(1− ϕ) + ϕ ρZnO
ρSAE50

, ε2 =
1

(1− ϕ) + ϕ ρZnO

ρSAE50

, ε3 =
1

(1− ϕ) + ϕ
(ρCp)ZnO

(ρCp)SAE50

,

The reduced bounary constraints for the praposed work are:

F (0) = ω,G(0) = 1, H(0) = Ws,
knf
kf
θ
′
(0) = −Bi (1− θ(0)) ,

F (∞) → 0, H(∞) → 0, G(∞) → 0, θ(∞) → 0.

 (8.2.22)

where,Ws =
ww√
νfΩ

. Here,Ws represents (Ws < 0) a uniform suction or injection (Ws > 0)

at the surface.

Non-dimensional parameters for the proposed problem are ;

Pr =
µfCp
kf

, R =
16σ∗∗T 3

∞
3k∗∗kf

, ω =
C0

Ω
, Bi =

hf
kf

√
νf
Ω
,M =

σ∗|B|2

ρfΩ
, Rex =

r2Ω

νf
, Q̂ =

Q

Ω (ρCp)f
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8.3 Deliberation of Results:

The graphical e�ects of the physical dimensionless quantities on the invoved pro�les are

discussed in this section. This study utilizes the RKF-45 method with the shooting

process to simulate �uid �ow, temperature, and mass transfer with the uniform horizontal

magnetic �eld. The e�ect of relevant factors on respective pro�les is shown in Figs.8.2�8.9

The thermo-physical properties of nanoparticles (ZnO) and base liquid (SAE50) are listed

in Table 8.1 We also compared the numerical �ndings to previous studies (see Table 8.2).

Table 8.1: Thermo-physical properties of nanopartcles ZnO and base liquid

SAE50 see reference ([94-96]),

d(nm) k(W/mK) ρ(Kgm3) µ(Ns/m2) Cp(J/(kg.K))

ZnO 60 19 5.606 - 544

SAE50 40 0.15 0.960 0.192543 1900

Table 8.2: Comparison of the −θ′(0), −H ′(∞) − G′(0) and F ′(0) values for some

reduced cases.,

kelson and Bachok et al. Turkyilmazoglu Present results

Desseaux[97] [98] [99]

F
′

0.510233 0.5102 0.51023262 0.51023265

−θ′
(0) � 0.9337 0.93387794 0.93387798

−H ′
(∞) 0.884474 � 0.88447411 0.88447411

−G′
(0) 0.615922 0.6159 0.61592201 0.61592202
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Fig. 8.2 and Fig.8.3 show the impact of M on the F (η) and G(η), respectively. The

decrease in F (η) and G(η) is caused by an increase in M values. When the magnetic �eld

intensity is increased, both velocity pro�les are observed to fall dramatically. The Lorentz

force is associated with the M . The velocity pro�les with higher M values decline as a

consequence of the Lorentz force (LF) resisting the motion in the system. The restricting

character of LF formed as a consequence of interaction among conducting liquid and

applied magnetic �eld may be seen as the cause for decay of �uid motion. The e�ect

of ω on G(η) is showed in Fig.8.4 The rise in ω drops down the G(η). The rise in

ω induces a higher �uid viscosity, which creates resistance between the �uid particles,

resulting in more disorder in the system and a drop-in velocity. Fig.8.5 and Fig.8.6

show the in�uence of Ws on the F (η) and G(η), respectively. The decrease in F (η)

and G(η) is caused by an increase in Ws values. The suction situation was studied in

this research, based on the boundary-layer assumption, which said that the boundary-

layer thickness should be extremely thin and that it should not be permitted to expand

since it would contradict Prandtl's boundary-layer assumption in 1904. When suction is

pragmatic to the disk surface, the quantity of liquid drawn into the surface decreases, and

the hydrodynamic boundary layer thins.

Fig.8.7 validates the consequence of R on θ(η). The upsurge in R inclinates the θ(η).

The θ(η) seems to grow as the R increases. Physically, a rise in R correlates to an increase

in radiation with heat transfer, consequential in higher energy levels of the molecules and

hence the heat transport upsurges noticeably. Fig.8.8 present the e�ects of Q on θ(η).

Here, positive values for Q represents the heat generation(source) case and negative values

for Q represents the heat absorption(sink) case. For high values of Q, the magnitude of

the θ(η) increases. The temperature �eld rises when the quantity of heat absorption
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decreases. With higher levels of Q > 0, it is discovered that layer related to θ(η) produces

energy, causing θ(η) to rise. Fig.8.9 demonstrates the signi�cance of Bi on θ(η). The

upsurge in the value of Bi inclines the θ(η).This is due to the fact that when Bi increases,

the heat resistance of the disk decreases. Without a doubt, convective heating expands

the θ(η). Numerical values for F
′
and G

′
for diverse parameters are displayed in Table

8.3. Here, the growth in values ofM and ω reduces the both F
′
and G

′
but di�ering trend

is detected for augmented Ws. Numerical values for θ′(0) with the impact of pertinent

parameters are displayed in Table 8.4. Here, the rise in Bi, M and R reduces the θ′(0)

but contrary trend is detected for augmented Q.

8.4 Inference:

The current study looks at convective heat transfer with radiation, heat source/sink and

horizontal magnetic �eld e�ects on nanolubricant �ow over a disk. The modelled PDEs are

turned into ODEs via apt similarity variables. The RKF-45 with shooting technique are

employed to describe the equations. The in�uence of many non-dimensional components

on physically interesting values is shown graphically. The nanolubricant (ZnO-SAE50)

decreases wear impact in devices such as bore pistons, shafts, gaskets, and valve mecha-

nisms in a way that other nano�uids do not. This is one of the reasons why nanolubricants

are being considered in this research. The following are the most signi�cant �ndings of

this analysis.

� The decrease in F (η) and G(η) is caused by an increase in M values which causes

Lorentz force.

� The radiation plays a vital role in increasing the heat passage from the disk's surface.
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� With higher Values of Q > 0, it is discovered that the temperature boundary layer

produces energy, causing thermal pro�les to rise.

� The convective heating expands the thermal boundary layer.
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Figure 8.2: E�ect of M on F (η)

Figure 8.3: E�ect of M on G(η)
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Figure 8.4: E�ect of ω on G(η)

Figure 8.5: E�ect of Ws on F (η)
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Figure 8.6: E�ect of Ws on G(η)

Figure 8.7: E�ect of R on θ(η))
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Figure 8.8: E�ect of Q on (θ(η))

Figure 8.9: E�ect of Bi on (θ(η))
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Table 8.3: Numerical values for F
′
and G

′
for varied parameters.

Ws M ω F
′

G
′

0.001 3 1 -0.764578968427958 -0.752200354780472

0.01 -0.762660994618254 -0.750563617001044

0.1 -0.743802271450565 -0.734440826540028

0.1 -0.756963551223748 -1.43846728926856

1 -1.06190215540737 -1.39202715190809

2 -1.29245912232373 -1.3608254297835

0.8 -0.206796372150857 �0.655076336906186

0.9 -0.38720663571073 -0.688484922067749

1.1 -0.573186028799712 -0.720818593746491
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Table 8.4: Numerical values for θ
′
(0) with respect to varied parameters.

M Q R Bi θ
′
(0)

3 0.1 0.1 0.2 -0.0917768857548684

4 -0.0995243526965264

5 -0.10746511246978

0.2 -0.0535571472424057

0.4 -0.0532900931505206

0.5 -0.0528613395973525

0.2 -0.0926222342363569

0.3 -0.093472003678962

0.4 -0.0943264393882579

0.1 -0.0345370548580474

0.3 -0.205064420250062

0.4 -0.535682591980692
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Nomenclature 

 

𝐴  slip parameter 

,a b   stretching constants 

*b   chemotaxis constant 

0B   Magnetic field strength [𝑇𝑒𝑠𝑙𝑎] 

Bi   Biot number 

C   concentration 

wC   surface concentration 

C
  ambient concentration  

pC   specific heat [ J 𝑘𝑔−1 𝐾−1] 

𝐶𝐹  Forchheimer coefficient 

𝐶𝑓𝑥  skin friction 

𝐶𝑠  heat capacity of the solid surface 

D   Diffusivity[𝑚2𝑠−1] 

BD   Brownian diffusion coefficient [𝑚2𝑠−1] 

mD   diffusivity of microorganisms[𝑚2𝑠−1] 

TD   thermophoresis diffusion coefficient [𝑚2𝑠−1] 

E   Activation energy parameter 

a
E   Activation energy 

𝐸𝑐  Eckert number 

1E   Electric field 

 'f    dimensionless velocity profile 

1h   heat transfer coefficient 

J   Current density 

K   Porosity parameter 
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0*
x

l

K
K

e

  Porous medium permeability [𝑚2]     

2 2

1
2

x

l

r

e
K K  Reaction rate[𝑠−1] 

k   Thermal conductivity [𝑘𝑔 𝑚 𝐾−1𝑠−3] 

*k   thermophoretic coefficient 

rk   reaction rate for chemical reaction [𝑠−1] 

𝐾1  permeability parameter 

𝑘∗∗  mean absorption coefficient 

𝑙  mass concentration parameter of dust particles 

bL   bioconvection Lewis number 

Le   Lewis number 

M   magnetic parameter 

EM   melting parameter 

m   Wedge angle parameter 

𝑀∗  and 𝑁 mass and number density of the dust particles per unit volume 

𝑁𝑢𝑥  Nusselt number (dusty fluid flow) 

Nu   Nusselt number 

tN   thermophoresis parameter 

N   microorganism’s density 

bN   Brownian motion parameter 

N   cylindrical ambient 

n   Fitted rate constant 

*

tN   thermophoretic parameter (for thermophoretic particle deposition) 

p   Pressure 

 P    Dimensionless pressure profile 

Pe   Peclet number 
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Pr   Prandtl number 

Q   Heat generation parameter 

Q̂   Uniform heat generation coefficient 

wq   Heat flux 

mq   mass flux 

𝑞𝑟  radiative heat flux 

𝑅  radiation parameter 

𝑟1  radius of dust particle 

Re  Reynolds number 

Rex   Local Reynolds number 

Rc   Chemical reaction rate parameter 

1S   unsteadiness parameter 

Sh   Sherwood number 

Sn   microorganism’s density number 

Sc   Schmidt number 

S   Suction parameter 

T   Temperature [𝐾] 

T   ambient temperature[𝐾] 

wT   wall temperature[𝐾] 

 , ,u v w  velocity components[𝑚𝑠−1] 

 ,p pu v  particle phase velocity components[𝑚𝑠−1] 

( , , )r z  Cylindrical coordinates[𝑚] 

2
0

x

lv e   Suction velocity 
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TV   thermophoretic velocity 

sW   Uniform suction/injection parameter 

cW   cell swimming speed 

 , ,x y z  Coordinate axes[𝑚] 

(𝑟, 𝑧)  polar coordinates[𝑚] 

Greek Symbols 

   Angular disk speed[𝑠−1] 

1   angle between the horizontal magnetic field components 

c   concentration relaxation time [𝑠] 

   Casson parameter 

   chemical reaction rate parameter 

   curvature parameter 

   Dynamic viscosity 1 1kgm s     

     dimensionless thermal profile 

     dimensionless concentration profile 

f   density of the liquid 3kgm    

𝜌𝑝  density of the dust particle 3kgm    

1 1a   Deborah number for relaxation time 

2 2a   Deborah number for retardation time 

2   dimensionless thermal relaxation time 

     dimensionless motile microorganism profile 

*   electrical conductivity [𝑘𝑔 𝑘−4𝑠−3] 

𝛽𝑣  fluid-particle interaction parameter 

   heat capacity ratio 
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   kinematic viscosity[𝑚2𝑠−1] 

   microorganism difference parameter 

*   Maxwell fluid parameter 

w   Measure of pressure gradient 

1   Magnetic conductivity 

   Newtonian heating parameter 

1   positive constant 

   Rotation strength parameter 

C ca    relaxation time parameter of concentration 

e   relaxation time for heat flux (for double diffusion) [𝑠] 

2   retardation time[𝑠] 

E ea    relaxation time parameter of temperature 

a



   rotation parameter 

c   relaxation time for mass flux 

1   relaxation time[𝑠] 

   stream function 

   similarity variable 

𝜎∗∗  Stefan-Boltzman constant 

𝛾2  specific heat ratio 

𝜃𝑤  temperature ratio parameter 

𝜏𝑇   thermal equilibrium time 



Nomenclature 

 

169 
 

   Temperature difference parameter. 

1   thermal diffusivity 

t   thermal relaxation time parameter 

t   thermal relaxation time[𝑠] 

   Volume fraction 

3   viscoelastic fluid parameter 
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a b s t r a c t 

The current research focuses on nano-material suspensions and flow characteristics in the 

context of their applications. The use of such materials in biomedical rheological mod- 

els has garnered considerable attention. Having such practical and potential applications 

of nanofluids our goal is to analyse the radiative flow of Maxwell nanoliquid on a stretch- 

ing cylinder by considering magnetic effect, Stefan blowing and bioconvection. By selecting 

appropriate similarity variables, the equations that reflect the stated flow are transformed 

to ordinary differential equations. A Runge-Kutta-Fehlberg fourth-fifth order method (RKF- 

45) along with shooting scheme is used to solve the reduced equations. Graphical repre- 

sentations are used to give a clear knowledge of the behavior of dimensionless parame- 

ters on dimensionless velocity, concentration, and thermal profiles, which are strategized 

and debated by using physical descriptions. The significant results claimed via reported 

model convinced a declining velocity change due to curvature constant. The upshot change 

in thermal and mass relaxation times parameters declines the thermal and concentration 

pattern, respectively. The peak fluctuation in Brownian factor advances the thermal pro- 

file but declines the concentration profile. The rise in values of microorganism difference 

parameter and Peclet number declines the concentration of microorganisms. 

© 2021 Elsevier Inc. All rights reserved. 

1. Introduction 

The non-Newtonian fluids are essential to research because of their applications in industry and engineering. In nature, 

there exists a variety of materials with various properties. The application of Navier-Stokes theory to all of these materials 
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Evaluation of heat and mass transfer
characteristics in a nanofluid flow over
an exponentially stretchable sheet with
activation energy

JK Madhukesh1 , BM Shankaralingappa2,3, BJ Gireesha2

and BC Prasannakumara1

Abstract
The current study explores the impact of heat source/sink on the flow of nanofluid across an exponentially stretchable sheet

with the suspension of TiO2 as nanoparticle in base liquid water. Furthermore, activation energy, Newtonian heating and

porous medium are accounted in the modelling. The modelling equations are transformed into a system of ordinary differ-

ential equations (ODEs) using similarity transformations. To solve these equations numerically, the Runge Kutta Fehlberg 45

(RKF 45) method and shooting approach are used. Graphical representations are used to study and address the effect of

important factors on flow fields, heat, and mass transfer rates. The outcome reveals that, rising values of porous and suction

parameters declines the velocity field. The rise in values of heat source/sink parameter declines the heat transfer. Moreover,

rate of declination in heat transfer is faster for Newtonian heating (NH) case than common wall temperature (CWT) case.

The rise in values of volume fraction and heat source/sink parameter declines the Nusselt number for both CWTand NH

cases. Further, the fluid shows improved rate of heat transfer for CWT case than NH case.

Keywords
Nanofluid, Heat source sink, Activation energy, Newtonian heating, Exponential stretching sheet.

Date received: 8 August 2021; accepted: 23 October 2021

1. Introduction

Nanoparticle research is now a popular subject of discus-
sion due to its wide range of applications in minerals, oil,
solar energy, environmental and microelectronic applica-
tions. Traditional liquids such as engine oil, water, and
ethylene-glycol are poor heat conductors, restricting
their efficiency in heavy mechanical applications.
Metals have a threefold increased heat conductivity. As
a consequence, it makes sense to saturate metallic nano-
particles in a common base liquid in order to enhance ther-
mophysical properties, especially thermal and electric
conductivity. Nanoparticles having diameters less than
or equal to 100 nm may stay suspended in a fluid for a
longer period of time when compared to larger particles.
As a consequence of this saturation, the heat-mass trans-
mission capacity of the basic liquids is significantly
increased, and such a liquid is referred to as a nanofluid.
Nanofluids include up to 5% volume percentage of nano-
particles, increasing the effective heat transfer rate. This is
why nanofluids are crucial in today’s technology and
engineering fields. As a result, many researchers investi-
gated the flow of nanofluids through various surfaces.
Rana and Bhargava1 explored the heat conveyance
improvement in convective stream of Ag/Cuo/Cu/TiO2–
water based nanoliquid flow on an upright plate.

Kumar et al.2 conferred the Casson fluid flow with sus-
pension of TiO2 and graphene oxide nanoparticles past
a poignant disk. Gowda et al.3 deliberated the dissipative
stream of dusty liquid with suspension of Titania and
Cupper nanoparticles. Patil and Kulkarni4 conferred the
mixed convective stream of Ag-TiO2–water-based
hybrid nanoliquid flow on a slender cylinder. Sinha and
Filippov5 examined the stream TiO2 water based nano-
fluid along a vertical permeable stretching surface.
Some recent studies on different nanofluids are found in
studies.6-10

Despite many physical challenges, the examination of
heat source/sink characteristics of heat transfer is one of
the utmost significant subjects in different engineering
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Abstract: The current study focuses on the characteristics of flow, heat, and mass transfer in the
context of their applications. There has been a lot of interest in the use of non-Newtonian fluids in
biological and technical disciplines. Having such a substantial interest in non-Newtonian fluids,
our goal is to explore the flow of Oldroyd-B liquid over a stretching sheet by considering Cattaneo–
Christov double diffusion and heat source/sink. Furthermore, the relaxation chemical reaction and
thermophoretic particle deposition are considered in the modelling. The equations that represent
the indicated flow are changed to ordinary differential equations (ODEs) by choosing relevant
similarity variables. The reduced equations are solved using the Runge–Kutta–Fehlberg fourth–fifth
order technique (RKF-45) and a shooting scheme. Physical descriptions are strategized and argued
using graphical representations to provide a clear understanding of the behaviour of dimensionless
parameters on dimensionless velocity, concentration, and temperature profiles. The results reveal that
the rising values of the rotation parameter lead to a decline in the fluid velocity. The rise in values of
relaxation time parameters of temperature and concentration decreases the thermal and concentration
profiles, respectively. The increase in values of the heat source/sink parameter advances the thermal
profile. The rise in values of the thermophoretic and chemical reaction rate parameters declines the
concentration profile.

Keywords: Oldroyd-B liquid; Cattaneo–Christov double diffusion; stretching sheet; thermophoretic
particle deposition; relaxation chemical reaction

1. Introduction

The non-Newtonian liquid concerns in fluid mechanics have attracted the interest of
various researchers because of their usage in industry and technology. The flow behaviour
of non-Newtonian liquids must be studied in depth to have a thorough grasp of them
and their various applications. When it comes to non-Newtonian fluid mechanics, engi-
neers, physicists, and mathematicians face a unique challenge. Due to the complexity of
non-Newtonian liquids, no one constitutive equation can account for all of their charac-
teristics. As a consequence, many non-Newtonian liquid models have been presented. In
recent years, the Oldroyd-B fluid (OBF), which includes the Maxwell liquid and classical
Newtonian liquid as special cases, has risen to a unique place among the many fluids
of the rate type. Most polymeric and biological fluids have memory and elastic effects,
which are accounted for by an OBF. It has been widely used in many applications, with

Inventions 2021, 6, 95. https://doi.org/10.3390/inventions6040095 https://www.mdpi.com/journal/inventions

https://www.mdpi.com/journal/inventions
https://www.mdpi.com
https://orcid.org/0000-0002-6542-0490
https://doi.org/10.3390/inventions6040095
https://doi.org/10.3390/inventions6040095
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/inventions6040095
https://www.mdpi.com/journal/inventions
https://www.mdpi.com/article/10.3390/inventions6040095?type=check_update&version=2


Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=twrm20

Waves in Random and Complex Media

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/twrm20

Darcy-Forchheimer flow of dusty tangent
hyperbolic fluid over a stretching sheet with
Cattaneo-Christov heat flux

B. M. Shankaralingappa, B. J. Gireesha, B. C. Prasannakumara & B. Nagaraja

To cite this article: B. M. Shankaralingappa, B. J. Gireesha, B. C. Prasannakumara & B.
Nagaraja (2021): Darcy-Forchheimer flow of dusty tangent hyperbolic fluid over a stretching
sheet with Cattaneo-Christov heat flux, Waves in Random and Complex Media, DOI:
10.1080/17455030.2021.1889711

To link to this article:  https://doi.org/10.1080/17455030.2021.1889711

Published online: 25 Feb 2021.

Submit your article to this journal 

View related articles 

View Crossmark data

https://www.tandfonline.com/action/journalInformation?journalCode=twrm20
https://www.tandfonline.com/loi/twrm20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/17455030.2021.1889711
https://doi.org/10.1080/17455030.2021.1889711
https://www.tandfonline.com/action/authorSubmission?journalCode=twrm20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=twrm20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/17455030.2021.1889711
https://www.tandfonline.com/doi/mlt/10.1080/17455030.2021.1889711
http://crossmark.crossref.org/dialog/?doi=10.1080/17455030.2021.1889711&domain=pdf&date_stamp=2021-02-25
http://crossmark.crossref.org/dialog/?doi=10.1080/17455030.2021.1889711&domain=pdf&date_stamp=2021-02-25


micromachines

Article

Influence of Thermophoretic Particle Deposition on the 3D
Flow of Sodium Alginate-Based Casson Nanofluid over a
Stretching Sheet

Bheemasandra M. Shankaralingappa 1,2, Javali K. Madhukesh 3 , Ioannis E. Sarris 4,* , Bijjanal J. Gireesha 1

and Ballajja C. Prasannakumara 3

����������
�������

Citation: Shankaralingappa, B.M.;

Madhukesh, J.K.; Sarris, I.E.;

Gireesha, B.J.; Prasannakumara, B.C.

Influence of Thermophoretic Particle

Deposition on the 3D Flow of Sodium

Alginate-Based Casson Nanofluid

over a Stretching Sheet.

Micromachines 2021, 12, 1474. https://

doi.org/10.3390/mi12121474

Academic Editors: Jin-yuan Qian,

Zan Wu, Junhui Zhang and

Bengt Sunden

Received: 9 November 2021

Accepted: 27 November 2021

Published: 29 November 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 Department of Studies and Research in Mathematics, Kuvempu University, Shankaraghatta,
Shimoga 577451, India; shankar.gsch@gmail.com (B.M.S.); bjgireesu@gmail.com (B.J.G.)

2 Department of Mathematics, Government Science College (Autonomous), Hassan 573201, India
3 Department of Studies and Research in Mathematics, Davangere University, Davangere 577002, India;

madhukeshjk@gmail.com (J.K.M.); dr.bcprasanna@gmail.com (B.C.P.)
4 Department of Mechanical Engineering, University of West Attica, 12244 Athens, Greece
* Correspondence: sarris@uniwa.gr; Tel.: +30-2105-381131

Abstract: The wide range of industrial applications of flow across moving or static solid surfaces
has aroused the curiosity of researchers. In order to generate a more exact estimate of flow and
heat transfer properties, three-dimensional modelling must be addressed. This plays a vital role
in metalworking operations, producing plastic and rubber films, and the continuous cooling of
fibre. In view of the above scope, an incompressible, laminar three-dimensional flow of a Casson
nanoliquid in the occurrence of thermophoretic particle deposition over a non-linearly extending
sheet is examined. To convert the collection of partial differential equations into ordinary differential
equations, the governing equations are framed with sufficient assumptions, and appropriate similarity
transformations are employed. The reduced equations are solved by implementing Runge Kutta
Fehlberg 4th 5th order technique with the aid of a shooting scheme. The numerical results are
obtained for linear and non-linear cases, and graphs are drawn for various dimensionless constraints.
The present study shows that improvement in the Casson parameter values will diminish the axial
velocities, but improvement is seen in thermal distribution. The escalation in the thermophoretic
parameter will decline the concentration profiles. The rate of mass transfer, surface drag force will
reduce with the improved values of the power law index. The non-linear stretching case shows
greater impact in all of the profiles compared to the linear stretching case.

Keywords: non-linear stretching sheet; Casson fluid: nanofluid; thermophoretic particle deposition

1. Introduction

The vast range of technological applications of flow across moving or static solid
surfaces has aroused the curiosity of researchers. The vaporisation of liquid coatings,
the pulling of filaments through a static liquid, crystallization process techniques, the
production of rubber and plastic films, and the nonstop cooling of fibre use these concepts.
The research community has been studying various elements of such flows since the
emergence of boundary layer models. Vajravelu [1] introduced the classical problem of
two-dimensional motion caused by a non-linearly extending surface. Three-dimensional
(3D) modelling must be considered to obtain a more precise estimation of flow and thermal
transfer characteristics. As a result, many researchers have focused their efforts on studying
three-dimensional flows. Recently, Gireesha and Umeshaih [2] examined the consequence
of non-linear thermal radiation on a magnetohydrodynamic (MHD) 3D flow of Jeffery
nanoliquid flow over a non-linearly porous extending sheet. The statistical analysis of a
three-dimensional MHD convective Carreau nanofluid flow caused by a bidirectional non-
linear stretching sheet with a heat source and zero mass flux was swotted by Sabu et al. [3].
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