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Chapter 1

Introduction

Entanglement is a trick that quantum magicians use to produce phenomena that
cannot be imitated by classical magicians.
— A. Peres

A set of postulates that govern the atomic scaled phenomena are the fun-
damental components of the quantum theory. The quantum uncertainty or the
Heisenberg uncertainty is at the core of the quantum theory. This uncertainty is
not due to the loss or lack of information or because of imprecise measurement,
but rather, it is a fundamental uncertainty inherent in the nature itself. The most
accurate and complete description of all known physical systems are affirmed by
the basic mathematical principles of quantum theory. These mathematical princi-
ples form the basis of many new fledgling fields like Quantum Information [1]. The
quantum information theory is the study of the ultimate capability of noisy phys-
ical systems, governed by the laws of quantum mechanics, to preserve information
and correlations. The different branches of sciences like material sciences, theo-
retical and experimental physics, mathematics, computer science provide resource

inputs towards the vast independent research area of quantum information.

At the first sight the quantum information theory may look like the quantum
extension of classical information theory developed by Claude Shannon, with a
groundbreaking paper in the year 1948 [2]. But there exist many fundamental dif-

ferences between them. In some sense, the classical information theory is merely

1
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an application of probability theory. Its main task is to quantify the ultimate
compressibility of information and the ultimate ability for a sender to transmit
information reliably to a receiver. Classical uncertainty, arising from our lack of
total information about any given scenario, omnipresent throughout all informa-
tion processing tasks makes classical information theory to rely upon probability
theory. In classical information theory the uncertainty is due to imprecise knowl-
edge. Whereas the uncertainty in quantum theory is inherent in nature itself and
not intuitive as classical uncertainty. The concepts like single particle interference,
the quantum uncertainty principle, the superposition principle (a consequence of
the linearity of quantum theory) separates the classical information theory from
its quantum counterpart. Apart from the above mentioned concepts a strange
non-classical phenomenon known as quantum entanglement forms the core
of quantum information theory [3]. The quantum entanglement is a phenomenon
that occurs within a system of two or more particles in such a way that the
quantum state of each particle can not be described independently. Even the
large spacial separation between the particles will not destroy the entanglement
of the whole system. Quantum entanglement is seen to be a key resource in many
contemporary research fields like quantum computation [4-7], quantum error cor-
rection [6, 7], quantum communication [8], quantum key distribution [9], quantum

teleportation [10], quantum cryptography [9, 11], quantum dense coding [12] etc.,

1.1 Quantum Entanglement

A ground breaking article [13] published by Albert Einstein, Boris Podolsky and
Nathan Rosen, together known as EPR, in the year 1935 is the usual starting
point for a discussion of the debate on quantum entanglement. This research
article draws attention to a phenomenon predicted by quantum mechanics, in
which measurements on spatially separated quantum systems can instantaneously
influence one another. As a result, quantum mechanics violates the principle of
locality according to which changes performed on one physical system should have
no immediate effect on another spatially separated system. Einstein called it as a

spooky action at a distance [14]. In 1935 itself, Erwin Schriodinger gave the name
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Verschrankung for this strange phenomenon [15-17] and it was then rather loosely

translated to entanglement [18].

The classification of a given state as separable or entangled can be done through
several criteria. First of all, precise mathematical definitions to distinguish be-
tween entangled and separable states are required. This is very simple for pure
states: a pure bipartite state |¢,,) is called separable iff it can be written as
|pap) = |a) @ |b), otherwise it is entangled. In general a multipartite pure state [))
(with n subsystems) is separable iff it can be written as the Kronecker product of

its subsystems. That is, |¢) is separable iff

V) = la1) @ |az) @ |ag) - -+ @ |an)
and it is non-separable (or entangled) iff

V) # lar) @ |az) @ |ag) - -+ @ |an)

The symbol ® stands for Kronecker Product or Tensor Product and |ay), |az), . . . |a,)

are respectively pure states of the subsystems 1,2,...n.

Example for pure separable states: The product states |00), [01), |10) and

|11) of two spin-1/2 particles, expressible in the form .

00) = |0) ®10); [01) = |0) @ 1);

[10) = 1) @0);  [11) = [1) @ [1).

Here

respectively represent the Up and Down states of a spin-1/2 particle. In quantum
information theory this spin-1/2 particle is generally referred to as ‘qubit’ (Abbre-
viation for Quantum Bit), a quantum counterpart of the classical bit. In general

a d level particle (a particle with spin (d — 1)/2) is referred to as ‘qudit’.
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Examples for pure entangled states:

[¢1) = 7 [100) + [11)], |¢2) = 7 [100) — [11)]
(1.1)
1 1
|¢3) = Wi [101) + [10)], |¢a) = 7% [101) — [10)]

The states |¢1), |d2), |d3), |¢4) are the so-called Bell states [1] and are the

maximally entangled two-qubit pure states.

For a bipartite mixed state, criterion for separability has been proposed by
Reinhard F. Werner in 1989 [19] and is called Werner’s Separability criterion.
According to this criterion, a bipartite state is separable if it can be expressed as

a convex combination of product states i.e.,
pjfé))—Zpk (pr@pl); 0<pe<1, ) pr=1, (1.2)
k

where pit and p2, k = 1,2,... are density matrices of the subsystems A and B
respectively. The coefficients p, indicate probabilities. For entangled states such
a convex combination is not possible. That is, one can call a mixed state p to be

entangled iff
oy # Zpk i @ pp) (1.3)

Example for mixed separable state:

(100)€00] + [11)(11]) .

N | —

Psep =

In fact using the relation

|ab)(cd| = |a){c| @ |b){d|
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it can be readily seen that ps., can be written as

(10)(0] © |0)(0]+) + % (I (1@ 1))

| —

Psep —

1

1
= 5 (PA1 ® pB1) + 5 (pAz ® sz)

and it is in the Werner separable form Eq. (1.2) with

pa, = pp, = [0)(0], pa, = pp, = [1)(1] (1.4)
and p; = py = 1/2.

Example for mixed entangled state: The so-called Werner state [19, 20],
an admixture of a Bell state to the Identity, given by
(1—2)

I
Puw = T4 +z|p1) (1], [P1) =

1

75 [00) + [11) (L5)

is entangled when % < x <1 and is separable when 0 < z < %

The separability criteria defined so far are not so ‘user-friendly’ in identifying
entanglement in the mixed states. In fact, even in composite pure states the

identification of separability is not as trivial as is seen through the examples given

above. For example, the state
1
[¥) = 5(100) +101) + [10) +[11))

does not look like a separable pure state at the first instance. But it is a product
state and one can see that

1 1
= |—=(0)+1))| ® | —=(]0) + |1
)= | 500+ 1) @ | (10p+ )
The above form of the state |¢)) is obtained through the so-called Schmidt decom-
position [1] which is a useful tool to identify separable/entangled pure states. The
above example thus brings out the need to make use of the so-called operational

criteria in establishing entanglement or separability in composite states. An op-

erational criterion is a recipe that can be applied to an explicit density matrix
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p, giving some immediate answer like p is entangled, or p is separable, or this
criterion is not strong enough to decide whether p is separable or entangled. In
1996, Asher Peres [21] proposed an operational criterion for separability in bipar-
tite quantum states. According to him, the act of obtaining the partial transpose
of a density matrix is equivalent to the application of positive trace preserving
map on the original density matrix. If the partially transposed density matrix
is not positive semi-definite it indicates the presence of entanglement. Here, the
partial transpose of a composite density matrix is obtained by transposing only
one of the subsystems. For a bipartite system, the partial transpose, transposed

with respect to the first subsystem!

is given by (p")munw = Pnpmy where the
Latin indices refer to the first subsystem and the Greek indices refer to the second
subsystem. It follows from the definition of a separable (mixed) state that the
Partial Transpose (p!) (either transposed with respect to first system or second
system) of a separable state is again a density matrix. As the eigenvalues of a
density matrix are non-negative, the partial transpose of a separable state must
have non-negative eigenvalues. In other words, Peres Partial Transpose (PPT)

criterion implies that the negative eigen values of the partially transposed density

matriz necessarily implies entanglement in the bipartite quantum system.

Horodecki et al, [22] in the same year, showed that PPT criterion forms a
necessary and sufficient condition for only (2 x 2) and (2 x 3)-dimensional systems.
This implies that if the partial transpose of a qubit-qubit system or a qubit-
qutrit system are non-negative definite, then the states are not entangled and
hence are separable. This combined criterion known as Peres-Horodecki criterion
is extremely useful in deciding whether a quantum system is separable or not. In
higher dimensional quantum systems, negativity under partial transpose is only a
sufficient condition for entanglement. That is, there exist entangled states with
positive partial transpose in higher dimensional systems [23]. The entangled states

with positive partial transpose are referred to as bound entangled states [23, 24].

Using Peres Partial Transpose (PPT) criterion, G. Vidal and R. F. Werner [25]
came up with a computable measure of entanglement which is based on the trace

norm of the partial transpose p? of the bipartite mixed state p.

'The partial transpose of density matrix of any bipartite system transposed with respect to
the second subsystem is given by (PT)m;mw = Prv,np-
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Trace norm of any operator A is given as ||A|| = Trv/ ATA. The trace norm of

a partially transposed density operator pkz can be simplified as follows:

Iphsll = Tr\/ pap(Php)l = Tr\/ (Php)? as (Phn)" = Phs

=

A2 0 0
0 A2 0
= Tr

0 0 A

where \; denotes the eigenvalues of p% ;. Thus, one can write

M 00
0 nl 0
Iphsll =

0 0 [X

= Y |\

= Z)\pk + Z |)\nl‘
k l

where A\, and \,,; denotes the positive and negative eigenvalues of p’ ; respectively.
As Trplip = 1ie., Y, |\l =1, it can readily be shown that

D k= ) Al =1
k l
and this leads to

Iphsll = 142 [Aul=1+2N(p)
!

N(p) = Z |Ani| = Sum of absolute values of negative eigenvalues of p’.
]

Here ||p” || denotes the trace norm of the partial transpose p’ and a useful quantity,
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called negativity of partial transpose is constructed [25]. Negativity of Partial
Transpose measures the degree to which p?, the partial transpose of the density
matrix of a bipartite system fails to be positive. It is denoted by N(p) and is given
by

el -1
-

N(p) corresponds to the sum of absolute values of negative eigenvalues of the

N(p) (L6)

partially transposed density matrix p’ and is shown to be a good measure of
entanglement [25] for mixed bipartite systems. It can be readily seen that Bell
states are the maximally entangled pure states with N(p) = 1/2, the maximum
value of N(p) for two qubit states. In this thesis, while evaluating N(p) of any

state under consideration, Eq. (1.6) is made use of.

1.2 Entropic Characterization of Separability: A

brief review

In recent years a surge of activity has been noticed towards the characterization of
entanglement in bipartite quantum systems. Among various methods, the entropic
characterization of separability of composite quantum systems has gathered signif-
icant attention [26-41]. In this section, a brief review on entropic characterization

of separability of composite quantum systems is given.

In classical information theory, the uncertainty associated with the values that
a random variable X can take, is given by the Shannon entropy. If X takes values
X1, To, ... T, with corresponding probabilities pi, ps,...p,, the Shannon entropy

associated with this probability distribution is defined as [1]
H(X)=H(pi,p2 - -pn) = — Y _ pi 10g, pi

Here, logarithms are taken to base two and it is defined that Olog, 0 = 0. The
quantum version of the Shannon entropy, the so-called von-Neumann entropy |8,
42], is described in a similar fashion, with density operators replacing probability

distribution. That is, for a quantum state p the von Neumann entropy is defined



Chapter 1. Introduction ... 9

as

S(p) = =Tr(p log, p) (1.7)

If \; are the eigenvalues of p then the von Neumann entropy can be re-expressed

as

S(p) = — Z A logy A; (1.8)

and is useful for evaluating the entropy of any given state p. For instance, the
completely mixed state I;/d of a qudit, I; being a d x d identity matrix, has all
its d eigenvalues equal, given by \; = é. Thus, the maximum possible entropy of

a qudit, the entropy of a maximally mixed state I,;/d is log, d

1 1 1
S(lq/d) = —da log, 7= — log, 7= log, d

When d = 2, the maximum possible von-Neumann entropy for a qubit turns out
to be log, 2 = 1.

It is to be observed that a pure state is a perfectly ordered state because
in the density matrix representation of any quantum state, a pure state |¢) is
represented by ppue = |¢)(¢] and hence occurs with probability 1. A pure state
therefore has only one non-zero eigenvalue A = 1. Thus the von Neumann entropy
of a pure state is log, 1 = 0. It can therefore be concluded that the definition of
von-Neumann entropy gives physically intuitive results that a pure state has zero

entropy whereas a totally random state /;/d has maximum entropy of log, d.

Further for a composite quantum system, by analogy with the Shannon entropy;,
it is possible to define quantum joint and conditional entropies. The joint entropy

S(A, B) for a composite system with two components A and B is defined as [1],
S(A, B) = —Tr (pap logy pap) (1.9)

where p4p is the density matrix of the composite system with subsystems pa, p5.

S(A, B) quantifies the disorder or randomness in the bipartite state pap.

Quite similar to the definitions

H(A|B) = H(A, B) — H(B), H(B|A) = H(A, B) — H(A)
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of conditional Shannon entropies, the corresponding quantum conditional en-

tropies for the composite system AB are defined as [1]
S(A|B) = S(A,B) — S(B) and S(B|A) =S(A,B)— S(A) (1.10)

While S(A|B) quantifies the information content of the composite system pap
which is not contained in its subsystem pg, S(B|A) quantifies the information

content in p4p not accounted for by the information contained in the subsystem

pa-

The concept of joint and conditional entropies combined with the definition
of separability leads to a necessary and sufficient criterion for entanglement for
bipartite pure states. In fact, by the definition of bipartite separable pure states

as

[Wap) = |a) @ |vB)

it can be readily seen that the subsystems of a separable pure state also correspond
to pure states thus having zero subsystem entropies. In view of the fact that
S(UE) = S(A, B) = 0 and as S(ja)) = S(A) = 0, S(6)) = S(B) = 0, the
conditional entropies S(A, B)—S(A) = S(A, B)—S(B) of the separable pure state
|Y%5) are zero. It can thus be concluded that if the subsystem entropies of a pure
state are non-zero (possible only when the subsystems are mixed states), then
the state is entangled. The conditional entropy S(A, B) — S(A) = S(A, B) —
S(B) of an entangled pure state is therefore negative as S(A, B) = 0, S(A) =
S(B) # 0. Here, the fact that S(A) = S(B) follows from the possibility of
Schmidt decomposition for bipartite pure states [1]. Negative conditional entropy
is therefore a necessary and sufficient criterion? for bipartite pure states to be

entangled.

For instance, consider the Bell state |¢;) = \% (|00) 4 |11)) and its density

matrix

(100) + [11)) ({00[ + {11])
2

pag = |¢1) (¢1| =

2The definition of von-Neumann entropy of any of the reduced density matrices of a bipartite
pure state as a measure of entanglement is based on this criterion. More mixedness implies larger
entropy in the subsystem implying larger entanglement in the pure state.
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The partial trace operation over one of the subsystems is nothing but taking inner
product over the basis states of the subsystem being traced out. Explicitly, the

partial trace operation over the first subsystem can be obtained using
Ty faiby) (@bl = (aiar) ) (5] = 6, [b,) (b

where |a), |b) denote the orthonormal basis states of the first, second subsystems
respectively, ( | ) denotes the inner product and § denoting the Kronecker delta.

One can readily obtain the reduced density matrix pg of pap as

ps = Teapas = 5Tea [(00) +[11)) ((00] + (1))
= T [J00) (00] + J00)(11] + [11){00] + 11) (1]

(€010} [0)¢0[ + (O[1) |0} (L] + (1]0) [1) 0] + (1[1) [1)(1])

(103401 + 1)1y = 5 ( o ) -2

N | —

N | —

One can similarly obtain p4 = I5/2 implying that the subsystems of the Bell state
|¢1) correspond to maximally mixed states. In fact, all the four Bell states have
maximally disordered subsystems I5/2. The subsystems of all the Bell states thus
have maximum entropy S(A) = S(B) = 1 leading to the conditional entropies

S(A|B) = S(A, B) - S(B) = —S(B) = -1,

S(B|A) = S(A, B) - S(A) = —S(A) = —1

owing to the fact that S(A, B), the entropy of the pure Bell states are zero. In

general, an arbitrary pure entangled state satisfies the inequality®

S(B|A) = S(A, B) — S(A) <0 (1.11)

3Notice that S(A|B) = S(B|A) for pure states as S(A4, B) = 0 and as S(A) = S(B) owing to
Schmidt decomposition.
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reflecting the remarkable fact that pure entangled states are more disordered lo-

cally than globally.

While the pure separable states have zero conditional entropies, it is of in-
terest to examine the nature of conditional entropies of mixed separable states.
It has been observed that the subsystems of a mixed composite separable state
Pan =D (pa®pp) with 0 < p; <1, > . p; = 1 are more ordered than the
whole system [40, 43], i.e., S(pn) = S(pa), S(pp) leading to non-negative con-
ditional entropies. This makes intuitive sense because composite separable states
(whether pure or mixed) can be thought of as classical systems with the whole
system having more entropy (global entropy) than its subsystems (local entropy).
But this physical intuition cannot be extended to conclude that all entangled
states must have their subsystem entropies greater than the global system entropy
leading to negative conditional entropies. This is because, though all pure en-
tangled states have negative conditional entropies, not all mixed entangled states
satisfy the relations S(p9%) < S(pa), S(pp). It is to be observed here that while
negative conditional entropy of a composite state definitely implies that the state
is entangled, it is not possible to conclude that all composite mixed states with
non-negative conditional entropies are separable. Negative conditional entropies,
implied by the inequality Eq.(1.11), provide sufficient (but not necessary) criterion
to characterize mixed entangled states. This fact has been illustrated through the

example of the two-qubit Werner state.
In the case of two qubit Werner state (See Eq. (1.5))

Pw = % +x[p1) (1], 0<2 <1

the conditional entropy is positive when 0 < x < 0.747. But this range of separa-
bility is weaker compared to 0 < x < % obtained through Peres partial transpose
criterion [21, 23], which is a necessary and sufficient criteria for entanglement in
2 x 2 and 2 x 3 systems. This example brings out the limitation of the entropic
criterion in characterizing entanglement in mixed composite states. Generalized
entropic measures [31-39, 44] provide more sophisticated tools to explore global vs
local disorder in mixed states and lead to more stringent limitation on separability

than that obtained using positivity of the conditional von Neumann entropy. In
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this context, the quantum counterparts of Rényi entropy [31, 32]

57(p) = 7o, Ty (1.12)

and Tsallis entropy [45, 46]

1
Sy (p) = T4 (Tr[p”] — 1) (1.13)
have often been employed. In the limit ¢ — 1 both these generalized entropies

reduce to the von Neumann entropy. Horodecki et al. [31, 32] recognized that
Sq (PiB) = S (pa), Si(pE) (1.14)

for separable states showing that negative values of the conditional Rényi entropy
SH(B|A) = SF(pap) — SF(pa) is a signature of quantum entanglement in mixed

composite states.

On the other hand, Abe and Rajagopal [33, 44] argued that the limitation
of the von Neumann entropic criterion in characterizing entanglement, in mixed
composite states, is a consequence of direct generalization of the von Neumann
conditional entropy from its classical counterpart, the Shannon conditional en-

tropy. The summary of their argument is as follows.

The definition of classical Shannon conditional entropy is based on classical

conditional probability distribution. That is, the Shannon conditional entropy

H(B|A) = =) py;(B|A) log, pij(B|A) (1.15)
J
with p;;(B|A) = p;;j(A, B)/pi(A) is the conditional probability of B in its j state
with A found in its i*" state. Here p;(A) is the marginal probability distribution
i.e., pi(A) =3, pij(A, B). From Eq.(1.15) one can obtain the Shannon conditional
entropy H(B|A) = H(A,B) — H(A).

In the particular case when A and B are statistically independent, p;;(B|A)
is equal to p;(B) and therefore H(B|A) = H(B), implying the additivity law
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H(A,B) = H(A) + H(B). Notice that

H(A,B) =~ pij(A, B) log, pij(A, B) (1.16)
j
and there is a natural correspondence relation between multiplication law and the

additivity law:
pij(A, B) = pi(A) pij(B|A) & S(A,B) = S(A) + S(B|A). (1.17)

At this point Abe and Rajagopal (in Ref. [33]) argued that there is a profound dif-
ference between classical and quantum probability concepts. They observed that
in the quantum scenario, one of Kolmogorov’s axioms, namely the additivity of
the probability measure, is violated in general [47]. Thus, Abe and Rajagopal sug-
gested that the measure of quantum entanglement may not be additive. Further,
their argument is supported by the theoretical observations [24, 48] that formal
correspondences exist between thermodynamics and quantum entanglement. As
nonadditivity or nonextensivity, is an important concept in the field of statisti-
cal thermodynamics it should also appear in quantum mechanics. A statistical
system is nonextensive if it contains long-range interaction, long-range memory;,
or (multi)fractal structure. In such a system, a nonextensive generalization of
Boltzmann-Gibbs statistical mechanics is formulated by Tsallis [45, 46]. In this
formalism, referred to as nonextensive statistical mechanics, the Shannon entropy

in Eq. (1.16) is generalized as follows:

ST(AB) = {Z[pijm, Byt — 1} (1.18)

1—gq -

where ¢ is a positive parameter. The quantity converges to the Boltzmann Shannon

entropy in the limit ¢ — 1. From this, Tsallis entropy in Eq.(1.18), a nonextensive
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conditional entropy is obtained as follows

S,(BlA) = —— Z<pij<B|A>>q—1]

1—g¢q 5
(1.19)
1 (> (pij (A, B))? _ 1}
L—q | 2i(pi(A))e '
The equation for the joint system entropy is thus obtained as
Sul( A, B) = S,(A) + S,(BIA) + (1 — 0)S,(A)S,(BA), (1.20)

which is nonadditive in nature.

Based on Tsallis entropy and the form invariant structures of Khinchin’s ax-
ioms, Abe and Rajagopal [33, 44| generalized the concept of statistical conditional

entropy in Eq. (1.19) to its quantum version as

ST(BJA) = ! (Tr[pi‘B] - 1) (1.21)
1—q \ Tr[p}]
The Abe-Rajagopal (AR) g-conditional entropy, given by Eq.(1.21) is non-negative
for a separable state, but may assume negative value in a quantum entangled
state, suggesting its importance in the characterization of quantum entanglement
in mixed composite states. In fact, the superiority of Abe-Rajagopal g-conditional
entropy in the limit ¢ — 0o over the von-Neumann conditional entropy is seen
through the identification of separability range in the two-qubit Werner state.
While the von-Neumann conditional entropy yielded the weaker separability range
0 < & < 0.747 for two-qubit Werner state, it was found that [33] lim,_, S} (B|A)
is non-negative in the range 0 < x < % thus matching with the strictest possible

separability range obtained using Peres-Horodecki criterion.

Prabhu et al. [40] employed Eq.(1.21) to find out the separability range in
N-qubit symmetric one parameter family of noisy states involving W and GHZ

states [49, 50] in their different partitions. The symmetric N-qubit noisy mixed
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states considered by Prabhu et al [40] are given by

pg\\[’V/GHZ)(x) = (;;ﬁ) Py + z|Yw cuz) N (Vw/anzl- (1.22)
where |ty /cnz) is the N qubit W [51] or GHZ state [52, 53] and Py is the
projector onto the symmetric subspace of the collective angular momentum. They
found that the separability range obtained by using AR criterion, in the limit
q — 00, is stricter compared to the one obtained using traditional von Neumann
entropy. Using the AR criterion it was found that the 1 : N — 1 separability range

of one parameter family of mixed GHZ states

pa?(x) = (;:;ﬁ) Py + z|Ycuz) v (Venz|

matches with the one obtained by employing PPT criterion, the strictest available

separability criterion. But for the one-parameter family of W states

py () = (]{[1:1:1) P + z|w) v (Pw],

the PPT criterion provides a stricter separability range than that through AR
criterion. Thus, for the state p)y (z), though AR criterion gives a better separability
range than the one obtained using von-Neumann conditional entropy, it is found

to be weaker compared to the PPT criterion [40].

Sumiyoshi Abe [35] also employed AR-criterion to find out the separability
range of one parameter family of asymmetric d-dimensional, N-partite Werner-
Popescu-type of states [19, 20, 35] in their 1 : N — 1 partition. It was observed in
Ref. [35] that the 1 : N — 1 separability range of Werner-Popescu states obtained
by AR-criterion is stricter than that obtained using von Neumann conditional
entropy and matches with the separability range obtained by the algebraic method,

a necessary and sufficient criterion [54, 55].

Recently, a different quantum generalization of Rényi relative entropy was in-
troduced [56, 57|, termed sandwiched Rényi relative entropy, and there has been

a surge of activity in establishing several properties of this recent version of Rényi
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entropy [56-60]. The sandwiched Rényi relative entropy is defined as [56, 57|

e [Tr{<1 - 7)) (1.23)

This generalized Rényi relative entropy of a pair of density operators (p,o) re-
duces to the traditional one when the two density operators commute with each
other [61]. It is thus natural to anticipate that this quantity is more effective than

its traditional version when non-commuting density matrices are involved.

The literature survey on entropic characterization of entanglement summarized
above provided the motivation for the work detailed in this thesis. In fact, the ob-
servation that the AR-criterion defined using traditional Tsallis entropy does not
yield separability ranges matching with that through PPT criterion in symmet-
ric one-parameter families of noisy states involving W states urges one to think
of a better entropic separability criterion than AR criterion. The definition of
non-commuting version of Rényi relative entropy led to the identification of an
analogous non-commuting form of Tsallis relative entropy and its conditional ver-
sion is also arrived at. The entropic separability criterion based on the conditional
version of sandwiched Tsallis relative entropy (CSTRE criterion) forms the ba-
sis of the investigations carried out in the present thesis. Several one parameter
families of N qubit mixed symmetric and nonsymmetric states are investigated
using this newly defined entropic separability criterion. The nonspectral nature
of this criterion is established through identifying entanglement in an isospectral
state [43]. Prompted by the nonspectral nature of the CSTRE criterion, an at-
tempt to identify entanglement in bound entangled states has been carried out.
It has been established in this thesis that the entropic separability criterion based
on conditional version of sandwiched Tsallis relative entropy fares better than the
AR-criterion. It is shown that due to non-commuting nature of a composite density
matrix and its subsystem density matrices, CSTRE criterion is the best available
entropic separability criteria yielding strictest separability ranges in several one

parameter families of noisy states.
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1.3 Outline of thesis

The thesis is divided into seven chapters including the Introductory chapter which
gives the outline of the thesis and concluding chapter which provides a compre-

hensive summary of the results.

The introductory chapter gives an outline of the concept of quantum entan-
glement and its characterization through different criteria. Along with a short
review of literature on entropic separability criteria, a brief outline of the thesis is

provided in this chapter.

In the second chapter, the quantum relative Tsallis entropy of two non-commuting
density matrices is defined and its conditional version is arrived at. It has been es-
tablished that the negative values of the Conditional Sandwiched Tsallis Relative
Entropy (CSTRE) necessarily imply entanglement in bipartite states. The sepa-
rability range in all possible bipartitions of symmetric noisy one-parameter family
of W-, Greenberger-Horne-Zeilinger(GHZ)- and equal superposition of W, obverse
W states (WW) with three and four qubits is explored in this chapter. It is shown
that the results inferred from negative values of CSTRE in a particular biparti-
tion matches with that obtained through Peres’s partial transpose criterion. The
non-commuting nature of CSTRE and its supremacy over its commuting version,

the Abe-Rajagopal criterion, is also established.

In Chapter 3, the exploration of bipartite separability ranges in three-, four-
qubit symmetric one parameter families of noisy states involving W-, GHZ-, WW
states using CSTRE criterion is extended to corresponding N qubit states, in their
1: N —1 partition. It is shown that 1 : N —1 CSTRE separability range matches
exactly with the range obtained through PPT criterion, for all N. The advantages
of using non-commuting version of ¢-conditional relative Tsallis entropy are clearly
brought out through the identification of bipartite separability ranges in symmetric

one parameter families of noisy states.

In the fourth chapter, the CSTRE criterion is employed to determine the 1 :
N — 1 separability range in the non-symmetric noisy one-parameter families of
pseudopure and Werner-like N-qubit states containing W-, GHZ- states. For both
these non-symmetric families of N-qubit mixed states, the 1 : N — 1 CSTRE
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separability range is explicitly obtained for any N and it is seen to be in perfect
agreement, with the necessary and sufficient criterion as well as PPT separability

range for these states.

In Chapter 5, CSTRE criterion is employed to study the bipartite separability
of one parameter family of Werner-Popescu state containing N- qudits, in its 1 :
N —1 partition. For all N, the 1 : N—1 separability range is found to match exactly
with the corresponding separability range obtained using a necessary and sufficient
condition based on an algebraic method. The superiority of using CSTRE criterion
over Abe-Rajagopal (AR) criterion is shown by comparing the convergence of the
parameter z as ¢ — oo in the implicit plots of CSTRE and AR- ¢ conditional
entropy.

Chapter 6 gives an account of the non-spectral nature of the CSTRE criterion
which differentiates it from the other entropic criteria. With the knowledge that
only non-spectral witnesses can help in the identification of bound entangled states,
an attempt has been made to identify entanglement in bound entangled states

using CSTRE criterion and the details of this investigation is given in Chapter 6.

Finally, in the seventh chapter, the concluding remarks of the investigations
carried out in the thesis are given along with a lead to future directions of research

in this area.

The end of the thesis contains a Bibliography, the list of Publications and
a list of Seminars/Conferences/Workshops participated during the period of re-

search.The Bibliography contains a list of all reference materials cited in the thesis.
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Chapter 2

A new entropic separability
criterion using Conditional
version of Sandwiched Relative

Tsallis Entropy

In this chapter, a non-commuting version (the so-called sandwiched version) of
Tsallis relative entropy is introduced [62]. Using this sandwiched Tsallis relative
entropy, its conditional form is identified [62]. It is established that whenever the
conditional version of sandwiched Tsallis relative entropy (CSTRE) is negative,
the state under consideration is entangled [63] indicating its usefulness in detecting
entanglement when a density matrix and its marginals are non-commuting [62].
The CSTRE is shown to reduce to the Abe-Rajagopal (AR) g-conditional entropy

when the reduced density matrix of a state is maximally mixed.

The contents of the chapter are organized into five sections. Sec. 2.1 introduces
the sandwiched relative Tsallis entropy and its conditional version. It is proved
that the negative values of this conditional form necessarily imply quantum en-
tanglement. The various separability ranges in symmetric one parameter families
of three- and four-qubit noisy states involving W-, Greenberger-Horne-Zeilinger
(GHZ) states and an equal superposition of W-, obverse W states are identified

through the conditional form of the sandwiched Tsallis relative entropy in Sections

20
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2.2, 2.3, 2.4. A comparison of these separability ranges with those obtained us-
ing von-Neumann conditional entropy, Abe-Rajagopal ¢-conditional entropy and
Peres partial transpose criterion is carried out for each state under consideration.

Section 2.5 contains a summary of the results in the chapter.
2.1 Sandwiched Tsallis Relative Entropy and its

Conditional Version

The generalized entropies, the Rényi and Tsallis entropies, denoted respectively
by SF(p), ST (p) are given by [31-33, 45, 46]

1
R _
Sp(p) = 7= . log Tr[p]
Tr[p?] — 1
1—q
Here, ¢ is a real positive parameter. Both these reduce to von Neumann entropy

in the limit ¢ — 1.

The traditional quantum relative Rényi entropy for a pair of density operators
p and o is defined, by ignoring the ordering of the density matrices, as [61]
log Tr (plo!'=7)

Di(pllo) = P if g € (0,1) U (1,00)

(2.1)
= Trp(logp —logo)] when ¢ — 1;

Recently a generalized version of quantum relative Rényi entropy was intro-
duced by Wilde et al. [56] and Miiller-Lennert et al. [57] independently:

1
qg—1

1—¢q 1—¢q

DR(pllo) = 1ogTr[<aWpaT)q] when ¢ € (0,1) U (1,00). (2.2)
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The quantum relative Rényi entropy in Eq. (2.2) reduces to the traditional one
given in Eq.(2.1) when the density matrices p and ¢ commute and hence the new

version 1s an extension to non-commutative case.

It can be recalled that the traditional form of Tsallis relative entropy is given

by
Tr (plot™1) —1

g—1 ’

Quite analogous to the non-commuting form of relative Rényi entropy given in Eq.

Dy (pllo) = (2.3)

(2.2), the non-commuting or sandwiched Tsallis relative entropy is defined and is
given by [62],
1—q 1—q\ 4
- Tr{(aWpUW> }—1
DT = (2.4)
qg—1
It can be verified that when ¢ = I, I being the identity matrix, the sandwiched

Tsallis relative entropy given in Eq. (2.4) reduces to the Tsallis entropy S/ (p).
Also, in the limit ¢ — 1, it reduces to the von-Neumann relative entropy *. That
is,

lim D7 (pl|o) = Tr(p(log p — log o).

In order to make use of the sandwiched Tsallis relative entropy [)qT(pHa) to
detect entanglement in a bipartite state pp, its conditional version is to be defined.
This can be accomplished by taking p = pap and 0 = 14 ® pp (or pa ® Ig) in Eq.
(2.4) with pg = Tra[pan] (pa = Trglpap|) being the subsystem density matrices
of the bipartite state psp [62]. The conditional versions of sandwiched Tsallis
relative entropy (CSTRE) are given by [62]

i . o
Tr{ (1a ® pg) 2 pap(la @ pp) 2 } 1

DqT(PABH/?B) = 1—¢ - (2.5)

r 1-q 1-¢74
Tr{ (pa®Ip) 2 pap(pa @ Ip) 2 } — 1

Dl (pasllpa) = = : (2.6)

Tt may be noted that when ¢ = 1/2, Eq. (2.4) reduces to DT (p||o) = 2(F(p|o) — 1), the
2

1
2

negative of the Bures metric, with F(p|o) = Tr {(cﬁmﬁ) ] denoting the fidelity [1].
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. . T
In a more concise manner, one can write D, (pag||pp) as,

DCIT(PABHPB) = Qq(pAlB!qu) ! (2.7)
where
Qq(pasllps) = Tr { [([A ® PB)IQ;Q(ZPAB(IA ® PB)IQ;‘;} } . (2.8)

While the evaluation of the expression Q,(pap||ps) does not seem trivial, con-
struction of the unitary matrix that diagonalizes the subsystem density matrix pg
makes the calculation a feasible one. The details of evaluation of Q,(paz||ps) are

as given below:

Let Up be the unitary matrix that diagonalizes pp i.e., let

UsppUl = diag (A1, A, -, An) (2.9)
where \;, i =1, 2, 3...,n are the eigenvalues of pg. In view of the fact that
1-g 1-q 1-g 1-g
(Iy@pp)2 = 1" @ps* =14@pg" for any g,

one has,

(IA@UB)(IA(X)pB)Q;‘Iq(IA@UB)T = [,®Ugp Ul

= Iy ®@[diag(A\r, Aoy, A)] % (2.10)

1-q 1 1-q
= I, ®diag ()qu s AT ,...,)\n2q>.

On denoting
1—

1—g 1—-q
['=(I4®pp) 2 pap(la ® pp) 2 (2.11)

one can write

D= (Ia@pp) % (1a@Up)" (1a@Up)pap (1a@Up)" (1a@Up)(Ia@pp) = . (2.12)
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Notice that I' is unitarily equivalent to I'y where
Ty =(Is®@Up)(Iy®Ug) (2.13)

and ', I'y have same eigenvalues. Observing that

—q

(14 @ Up)(Is ® pg) ™ (In @ Up)' = I, ® diag ()\1 A )\n?q)

and in view of Egs. (2.12), (2.13), it can be seen that

1—q 1—q

1-g 1-g
FU = {]A®diag()\12q,)\22q,...,)\n2q)}(IA®UB)pAB(IA®UB)T

1-g 1-¢q 1-g
{IA ® diag (qu VI ) } . (2.14)

In fact, the construction of the unitary matrix Up using the orthonormal eigen-

vectors of pp and knowledge of the eigenvalues \; allows one to evaluate 'y and
because of the unitary equivalence with I', the eigenvalues of I';; are those of I'. It
is not difficult to see from Eqs.(2.8), (2.11), (2.13) that

Qq(pasllpp) = Tr (I')* = Tr (Ty)?

Thus an evaluation of the eigenvalues v; of I';; immediately leads us to the quantity

d
Qq(pasllps) = Z v, d = dimension of psp. (2.15)

i=1
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Finally an expression for the conditional form of sandwiched Tsallis relative en-
tropy? (CSTRE) DqT(pABHpB) is obtained [62] as

d q
; e |

DZ(ﬂABHPB) = 1—¢

Having defined the CSTRE DqT(pABHpB) in an operational manner ( Egs. (2.12),
(2.13), (2.15), (2.16)), the next task is to identify its use in detecting entanglement.
At this juncture, it is important to notice that the sandwiched conditional Tsallis

entropy (See Eq. (2.5)) reduces to AR g-conditional Tsallis entropy [33]

T o 1 Tr(qu)
So(AIB) =77 (1 Tl )

when the subsystem density matrix is a maximally mixed state?. It is well known [33—
40] that negative values of AR g-conditional entropy indicate entanglement in bi-
partite states and the so-called AR-criterion based on this fact has been employed
as a separability criterion for several classes of composite states [33—40]. Thus, for
CSTRE ﬁg(p B||pB) to be useful in detecting entanglement, one needs to prove
that whenever Dg’(p AB||pB) is negative, the state pap corresponds to an entangled

state. The following theorem establishes this fact.

2The expression for [)qT(p AB||pa) can be obtained in an analogous manner and it is given by

d
dYim wi — 1

D] (pasllpa) = 14

where w; are the eigenvalues of the matrix
Qu=(Ua®Ip)Us @ Ip)"

which is unitarily equivalent to

1-g 1-g
Q= (pa®Ip) 2qquB(pA ® Ip) e
Here U4 is the matrix that diagonalizes the subsystem density matrix p4 of pap.
3That is, Dg(pABHpB) = SqT(A|B) when pp is maximally mixed and DqT(pABHpA) =
SqT(B\A) when p,4 is maximally mixed.
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2.1.1 Sufficient condition for quantum entanglement in terms
of conditional version of sandwiched Tsallis relative

entropy

Theorem: Negative values of the conditional version of the sandwiched Tsallis
relative entropy (CSTRE) [)qT(pABHpB) with ¢ > 1 necessarily imply entan-
glement in the state pap [63].

Proof: For any two positive semi-definite operators p and o, the trace func-
1—gq

tional [64] Q,(p||o) = Tr { [012;; p UT} q} satisfies the inequality [64]
Q.(pllo) < Qu(pllp) for ¢>1 whenever p < o. (2.17)
Notice that when p is a density matrix, Q,(p||p) = Trp = 1 implying that
Qq(pllo) <1 when p<o and ¢> 1. (2.18)
With p = pap, 0 = 4 ® pp and denoting
Qq(pas||la ® pp) = Qu(panllps),
Eq. (2.18) gives

Qq(pasllps) = Tr { [(IA ® pB)lgquAB(IA ® PB)IQ;qq} q} <1 (219)

when pap < Iy ®pp and ¢ > 1.
It can now be recalled that for all separable states pag,

pa — ({2 ®pp) <0 (2.20)

according to reduction criterion [65]. Thus, as pap < Ia ® pp for all separable

states pap, one has

Qq(pasllps) <1 whenever ¢ > 1. (2.21)
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It can now be readily seen that

Qq(panllps) — 1
l—q

DZ(PABHPB) =

with ¢ > 1 is non-negative for all separable states. In other words, negative
values of the conditional version of sandwiched Tsallis relative entropy (CSTRE)
D:{(PABHPB) (¢ > 1) indicate entanglement in the state pap thus proving the

theorem?.

Through Theorem 1, it is established that ‘negativity’ of CSTRE ([?qT(p AB|pB)
(¢ > 1)) is a ‘sufficient criterion’ for the bipartite state pap to be entangled. This
fact is used in one-parameter family of mixed symmetric states to identify the
value of the parameter x at which f)qT(pABH pg) (¢ > 1) changes from positive
to negative or vice versa in the limit ¢ — oo. In other words, identification of
the ‘zeroes’ of DqT(,oABHpB) when ¢ — oo lead to the separability range(s), the

range(s) of the parameter z in which lim,_, D:;F(PABHPB) > 0.

2.2 Symmetric one-parameter family of noisy

W states

The symmetric one parameter family of N-qubit mixed states, involving a W-state

is given by
1—=x
pw(z) = <N - 1) Py + 2|Wx){(Wy| (2.22)
Here 0 < z <1 and
N N N N N
P:E — M — M =—, — =1, ,— 2.23
N . ‘27 ><27 ‘7 27 2 ) ’ 2 ( )

denotes the projector onto the symmetric subspace of N-qubits spanned by the

N N

N + 1 angular momentum states ‘%, M>, M=35,5-1-- ,—% belonging to

the maximum value J = % of total angular momentum. In fact Py /(N +1) is the

4In an analogous manner it can be shown that qu(p AB|lpa) > 0 for separable states pyp for
all ¢ > 1.
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identity operator in the N + 1 dimensional maximal multiplicity space and hence
the name ‘noisy state’ is justified for the family of states in Eq. (2.22). Notice
that as x = 1, the noisy state becomes the pure symmetric N qubit W-state [51]

1
(Wh) = —=[[1105- - - On) + |0119 -+ - On) + -+ - +[0,0503- - 15)]  (2.24)

3

and when x = 0, the state becomes a completely noisy state Py/(N + 1) in

the symmetric subspace. It is not difficult to notice that [Wy) = |5, 5 — 1) is
one among the basis states of the N + 1 dimensional symmetric subspace. As
the maximal multiplicity subspace is spanned by the angular momentum states
%, M), M = %, % -1, ,—% is a symmetric subspace (states belonging to it
are invariant under interchange of qubits) the states in Eq. (2.22) are symmetric

states.

A systematic attempt to examine the separability ranges of the noisy one pa-
rameter family of W states using the AR-criterion has been carried out in Ref. [40].
While they could obtain a result matching with that of positive partial transpose
(PPT) criterion [21] for the 2-qubit states py' (x), the range of separability iden-
tified by them is weaker than that through PPT criterion, for the states p)y ()
when N > 3. In this section, the separability ranges in different partitions of the
state pw (z) are determined using CSTRE criterion when N = 3, N = 4. It is
identified that the non-maximal mixedness of the subsystem states (and hence non-
commuting with the global density matrix) of the density matrix py' (z), py’ ()
plays a major role in the AR-criterion not yielding strictest separability range in
all bipartitions. The separability domain inferred through non-negative values of
CSTRE is shown to be stricter compared to that obtained from AR-criterion and
von-Neumann conditional entropy criterion. It is also shown that in some of the
bipartitions, the CSTRE criterion yields a weaker separability range than that
obtained through PPT criterion. The next two subsections contain the details on
the determination of separability ranges in all possible bipartitions of the states

oy (), py¥(x) through different separability criteria.
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2.2.1 Bipartite separability in one parameter family of three

qubit noisy W-states

The symmetric one parameter family of 3-qubit mixed W-states are defined as

V() = (1 - ) Py + 2 Wa) (W (2.25)

Here 0 <z < 1and P = ), %,M><%,M

being the basis states of the four dimensional symmetric subspace. These states

, with [, M), M =31 -1 -3

27207 27 2

{}%, M >} are given explicitly in terms of the single qubit basis states [0) = | 1),
1) =] ) as follows,

3 =3

§§> — atste), ‘5,7>=!¢A¢B¢c>,

;a %> = |W3) = Lg (Hatste) + [TalsTo) + [Tatsle)),  (2.26)

'é —_1> _ |W3>:%<|¢A¢B¢o>+|¢A¢B¢c>+|¢A¢BTC>>-

The density matrix of the state is explicitly given by

Lz 0 0 0 0O 0 0
143z 1+37) 1+3x)
O ( 12 ) ( 12 0 ( 12 0 O 0
(143z)  (143z) (14-3x)
O 12 12 0 12 0 O 0
0 0 0 1z 0 l.z 1=z
W 12 12 12
p3 (z) = (1+3z)  (1+32) (1+3x) (2.27)
O 12 12 0 12 0 O O
1—x 1—x —x
0 0 0 0
1—x 1—x 1—x
0 0 = 0 = &% 0
0 0 0 0 0 0 L=

The non-zero eigenvalues of py' () are seen to be

1—=x

1
and Ay = 1_1(1 + 3z)
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2.2.1.1 Separability of p}¥(r) in its 1 : 2 partition

In the 1 : 2 partition of py’ (x), one needs to consider the single qubit marginal as
the first subsystem i.e., p4 = Troz py' (z) and the second subsystem denoted by B
is a two-qubit marginal obtained by tracing out the first qubit of p}'(z). In fact,
owing to the symmetry of the state py'(x) under interchange of qubits, the single
qubit and two-qubit marginals remain the same irrespective of which qubit/s are

traced out.

It can be seen that
3tz
pa=Trp) (x)=1{ © (2.28)

with eigenvalues (3 £ x)/6 and

% 0 0 0
- 0 itz 1tz
pp = Tripg (z) = 0 e 1 E (2.29)
6 6
11—z
0 0 0 =*
with non-zero eigenvalues

1 1l—x 14z

H1 = 37 2 = 3 y M3 = 3 .

With the knowledge of the eigenvalues of pg, py (), the respective von-Neumann

entropies

S(B) ==Y pilog, mi, S(A B)=-> X log, \

are given by

1—=x 1—2 1+3x 1+ 3x
1 1 (1—-u2) l—2 1+x I+
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The von-Neumann conditional entropy for the state p' () in its 1 : 2 partition is
given by S(A|B) = S(A, B)—S(B) and can be readily evaluated using Egs. (2.30),
(2.31). The plot of S(A|B), as a function of z, is shown in Fig. 2.1. Identifying the
zero of the curve S(A|B) = 0 the separability range of p}'(z), in its 1 : 2 partition
is obtained as (0, 0.5695).

S(AIB)

0.4F

0.2r

‘ ‘ ‘ ‘ - X
02 04 O 0.8 1.0
-0.2¢

FIGURE 2.1: The von-Neumann conditional entropy S(A|B) as a function of z,
for the state py' (z), in its 1 : 2 partition.

In order to evaluate the 1 : 2 separability range of py’ () using AR-criterion,

one needs to evaluate the Abe-Rajagopal (AR) g-conditional entropy

T _ 1 Tr (pan)?
sy = [1- s

as a function of z and identify its zero/s. Knowing the eigenvalues \; of py' ()

and p; of pp one has

1 —a2\? 1432\
Trply = > M=3
e = 3 (4)+(4)

1\¢ 1—z\*? 14+ 2\1
T d = q: —
i = 3= (5) + (57) ()

which facilitates the evaluation of S](A|B) as a function of z and ¢. The plot

(2.32)

of SJ(A|B), as a function of z, for different values of ¢ is shown in Fig. 2.2. It
can be seen that in the limit ¢ — 1, py¥(x) is separable in the range (0, 0.5695)
which is the 1 : 2 von-Neumann separability range obtained earlier. As ¢ — oo,
the 1 : 2 separability range of py’ (z) is seen to be (0, 0.2) [40]. It is clear that
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the 1 : 2 AR-separability range of py' () is stricter than the 1 : 2 von-Neumann

separability range.

———— q:]_

— —— =10
S (AIB) -—-- (=100
0.5 —— =1000
0.4
03-—___
0.2 TS

~

0.1~ — N

FIGURE 2.2: The AR g-conditional entropy S;F(A|B) as a function of z for
different values of g, in the 1 : 2 partition of the state py' (z).

It is to be noticed that the subsystems p4, pp are not maximally mixed implying
that the conditional version of sandwiched relative entropy (CSTRE) will not
match with the AR ¢-conditional entropy. In order to evaluate CSTRE (See Eq.
(2.5)) for p¥¥(z) in its 1 : 2 partition, one has to find out

= 1-g 1-g\ 9
Qulpasllon) = T { (L4 ® pp) 7 pan(La @ pa) =)'}
with pap = py' (z) and
pp = Trapy (z) = Tri py' (v)

being the two-qubit marginal of py' (z). Also, [4 = I5 is a 2 X 2 unit matrix in the

subsystem space A. To make this calculation feasible, one needs to construct the
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unitary operator Up that diagonalizes pg. It can be seen that

1 0 0 0
1 -1
o 0 L =L o
00 0 1
1 1
0 L L 0

®

and facilitates in the evaluation of I'y; = (I, ® Up)I'(I, ® Up)" where

l1—gq

T'=(I,®pp) = py (2)(I, © pp) =

is the sandwiched matrix. The non-zero eigenvalues of I';y and I' are found to be,

q

we () ()T e () 6E)
= (59)6)
Y= (12%) (%)1 [1+201+2)]

One can now readily evaluate the expression for CSTRE (See Eq.(2.16))

7~ Zz %(‘1 —1
D?(PABHPB) = 1—_q

(2.33)

Q|

1—

[(1 — x)%q +2(1 +x)Tq]

for different values of ¢ and obtain DI (p¥¥ (z)||p5) as a function of z and ¢. The
plots (Figs. 2.3 and 2.4) illustrate the variation of f)g(pgv(x)HpB) with respect to

x for different values of q.

It can be seen through Figs. 2.3, 2.4 and the identification of zeroes of D(ZT(,OXV(;E) lpB)
in the limit ¢ — oo that, the 1 : 2 separability range in the one-parameter family
of 3-qubit W states is 0 < = < 0.1547 through CSTRE approach [62]. It is to
be recalled (See Fig. 2.4) that AR criterion yields a weaker separability range [40]
0<z<0.2.
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FIGURE 2.3: The CSTRE Dg(pgv(w)HpB) as a function of x for different values
of ¢, in the 1 : 2 partition of the state pgv(x)

Having determined the 1 : 2 separability range in py’ (z) through different en-
tropic criteria, it would be of interest to evaluate this separability range through
Peres Partial Transpose criteria. Towards this end, we evaluate the partially trans-
posed density matrix of py’ (z) in its 1 : 2 partition. The 1 : 2 partially transposed

density matrix of py¥ () is explicitly given by

(1+3z)  (1+3z)

1TTI O O O 0 12 12 0
(1+3z)  (143z) 1—x
0 12 12 0 0 0 0 12
(143z)  (14+3z) I
0 12 12 0 0 0 0 12
0 0 0 L= 9 0 0 0
T 12
S 0 0 o0 &g 0 0 (234)
(1+3x) 11—z 11—z
% 0 0 0 0 & 1 0
(1+3z) 1—x 1—x
B 0 0 0 0 - 1w 0
1—x 1—x 1—x
0 - 1w 0 0 0 e




Chapter 2. Sandwiched Relative Tsallis Entropy and its conditional version — 35

X
0.5
0.4

03!
0.2\*—\—— ———————————————————

0.1

1 50 100 150 200 250 300

FIGURE 2.4: Implicit plot of DqT(pgv(a?)HpB) = 0 as a function of ¢ (solid line)
indicating that = — 0.1547 as ¢ — oo in the 1 : 2 partition of the state p3' (z).
In contrast, for the same partition of pgv (z), the implicit plot of Abe-Rajagopal
g-conditional entropy Sg(A\B) = 0(dashed line), leads to x — 0.2 as ¢ — oc.

q

On evaluating the eigenvalues a? of (p’)?, the trace norm |[p”|| =, a; and the
negativity N(p) is calculated using the relation N(p) = ”pT#.
1—2 I+ 3z
« —= o =
1 12 ° 2 12

(2.35)

L V
Q3 = 17 — 22 4+ 4922 £+ 5(1 — 2)V9 + 462 + 7322,
o 12v2 ( )

1
o = —F
5/6 12\/§

\/17 — 22 + 4922 + (5 + 32)V9 — 34z + 8922.

The plot of negativity N(p) as a function of x is shown in Fig. 2.5. One can observe
through Fig. 2.5 that N(p) remains zero till = 0.1547 and its value increases
monotonically with z. Thus, according to PPT criterion, in the 1 : 2 partition
of py¥(x), it is separable in the range 0 < x < 0.1547 and entangled in the range
0.1547 <z < 1.
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FIGURE 2.5: The plot of negativity of partial transpose as a function of x, for
p¥(z) in its 1 : 2 partition.

2.2.1.2 Separability of p)¥(z) in its 2 : 1 partition

In the 2 : 1 partition, the two qubit and single qubit marginals of p}¥(z) form
the first and second parts A, B respectively. Owing to the symmetry of the state

oy (r) under interchange of qubits, it can be seen that
pa = Trip3 (x) = Trz p3' (x) = Trz py’ (x)

and is given in Eq. (2.29). Similarly,

L.
pp = Tria p3' (x) = Trag p3 (x) = 6 diag (3 +x, 3 —x)

The eigenvalues of pg being pu; = (3 + x)/6, us = (3 — x)/6, the entropy of the
subsystem B is given by

3+ 3+r 3-uw 3—x
S(B) =— 5 log, - log, 5 (2.36)

With the entropy of the global state p3' () given in Eq. (2.30), and S(B) given
in Eq. (2.36), the von-Neumann conditional entropy S(A|B) of the state py ()

in its 2 : 1 partition can be readily evaluated as

11—z l—2 1432 143z
S(A|B) = —3( 1 )log2 R log, 1

+3+x10 3+I+3—ZL‘10 3—x
6 25 6 6 2 6

(2.37)
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Through the identification of the zero of S(A|B) given in Eq. (2.37), one can
obtain (0, 0.7645) as the 2 : 1 von-Neumann separability range of p' (z).

The AR g-conditional entropy of py'(x) in its 2 : 1 partition can be readily
obtained as
[ ey -
=1 Ey
The plot of S] (A|B) in Eq. (2.38), as a function of x, for different values of ¢
is shown in Fig. 2.6. From Fig. 2.6, it is evident that lim,_,, S} (A|B) = S(A|B)

yielding the separability range (0, 0.7645) as obtained through von-Neumann con-

Sq (AlB) =

ditional entropy. But as ¢ — oo the AR g-conditional entropy SqT(A|B) changes
sign from positive to negative at x = 0.4286 yielding the 2 : 1 separability range of
o3 (x) as (0, 0.4286). The 2 : 1 AR-separability range is thus seen to be stricter

than the 2 : 1 von-Neumann separability range.

———— q=1
—— g=10
S'(AIB) —— ¢=100
, -—-- g=1000
0.5/
[ - 1 1 1
0.2 08 10
| AN
~05- AN
[ A

FIGURE 2.6: The AR qg-conditional entropy S{(A|B) as a function of x for
different values of ¢, for pgv(a:), in its 2 : 1 partition.

In order to employ CSTRE criterion to obtain the 2 : 1 separability range in
¥ (x), recall that

~ > —1
DqT(PABHPB) = 1—_q
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with v; being the eigenvalues of

1—gq

= (I,® pp) = pif (x)(Is @ pp) =

The single qubit marginal pp being diagonal, the eigenvalues of I' can readily be
evaluated thus facilitating the evaluation of the CSTRE ZNDqT(p 4B||pp) of the state
oy (x) in its 2 : 1 partition. Now on evaluating Dg(p aB|lpp) for different values
of ¢, one can find its variation with respect to the parameter x for each value of
q. Fig. 2.7 illustrates that, in the limit ¢ — 1, the CSTRE criterion gives the
2 : 1 von-Neumann separability range (0, 0.7645) but in the limit ¢ — oo one can
obtain (0, 0.3509) as the 2 : 1 CSTRE separability range. Though (0, 0.3509) is
stricter than von-Neumann and AR-separability ranges, it is found to be weaker
than the corresponding 1 : 2 separability range. Also, it is noticed that py ()
being a symmetric state, the 1 : 2 and 2 : 1 separability ranges of the state must
be the same. But none of the entropic separability criteria are able to capture
the symmetry of the state as they are yielding different 1 : 2, 2 : 1 separability
ranges. But the PPT criteria accommodates the symmetry of the state and yields
the equal separability ranges in the 1 : 2, 2 : 1 partition of the symmetric state
py (x). This is evident from the fact that the partial transpose of the state py' ()
in both the partitions match with each other.

2.2.2 Bipartite separability in one parameter family of four
qubit noisy W-states

The symmetric one parameter family of noisy mixed states involving four-qubit

W-states are given by

1 —
PV (z) = ( - x) P+ a|W) (W, 0<z<1 (2.39)

where

Py=) |2, M)(2, M|

M
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FIGURE 2.7: The CSTRE Dg(pgv(w)HpB) as a function of x for different values
of ¢, for ,ogv(x), in its 2 : 1 partition.

is the projector onto the symmetric subspace of four-qubits spanned by the five
angular momentum states |2, M), M = 2,1,0,—1,—2 which are basis states of

the maximal multiplicity subspace with J = 2.

There are only two distinct non zero eigenvalues for the state p)' (z) and they

are given by

1—2 1
s = = (1 +4z). 2.40

In the following, the separability of p}’ () in its different partitions, is investigated

)\1:)\2:/\3:)\4:

through various separability criteria.

2.2.2.1 Separability of p}¥(z) in its 1 : 3 partition

In the 1 : 3 partition, the single qubit marginal of p}¥(x) forms the first part A

and is given by

=}
!
8

24z
PAZTT234PXV<$):< S ) (2.41)
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whereas the subsystem corresponding to the remaining three qubits corresponds

to the second part B. It can be seen that

411 0 0 0 0 0 0 0
0 HE NE 0 HE 0 0 0
0 HE NE 0 HE 0 0 o0
11—z -2 1—x
P o0 0 5 0 7 5 0 (2.42)
142 142z 1+2z
0 ¢ &t 0 000
11—z l-z 11—z
o0 0 5 0 F 5 0
1—x -2 11—z
o0 0 F 0 5 5 0
o 0 0 0 0 0 L=
The nonzero eigenvalues of pp are given by
1 1—x 1
pm=7, pe=p3=—p—, pa=y(1+22). (2.43)

The entropy S(B) of subsystem pp and S(A, B) of the global state p)’ (z) are

obtained respectively as

1 1—=x 11—z 1+ 2z 1+ 22
—4(1 —x 1—z 1+4z 1+ 4x
S(A, B) = % logy —=— — =" log, —= (2.45)

and the conditional entropy S(A|B) = S(A, B) — S(B) in the 1 : 3 partition of
the state can readily be evaluated. The plot of S(A|B) as a function of x is as
shown in Fig. 2.8. As S(A|B) becomes negative when x > 0.5193, (0, 0.5193) is

the 1 : 3 von-Neumann separability range of p}¥(z).

The evaluation of AR g-conditional entropy in the 1 : 3 partition of p}’ (z) leads
to [40]

srap) - L 1- HE)H (2.46)

-1 ()20 + ()
The plot of S] (A|B) in (2.46), as a function of z, for different values of ¢ is as shown
in Fig. 2.9. It can be seen that in the limit ¢ — 1, the state p}' () is separable in
the range (0, 0.5193) which equals the 1 : 3 von-Neumann separability range. But
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as ¢ — oo the 1 : 3 separability range of p}¥(x) is found to be (0, 0.1666) [40].

-0.1-
_0.2’

FIGURE 2.8: The von-Neumann conditional entropy S(A|B) as a function of z,
for the state py' (), in its 1 : 3 partition.
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FIGURE 2.9: The AR g-conditional entropy Sg(A\B) of py(x), in its 1 : 3
partition, as a function of x for different values of q.

In view of the fact that pp given in Eq. (2.42) is not a diagonal matrix,
one needs a unitary matrix Ug which diagonalizes pp so that the eigenvalues of
'y = (I, ® Ug)T'(I, ® Ug)' unitarily equivalent to

1—gq

1—g 1-q
I'=(L®pg) 2 py (z)(L @ pp) =
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can be found out. The eigenvectors of pgp in Eq. (2.42) facilitate us to find out
Up and it is given by

10 0 0 0 0 0 0
00 0 0 0 0 0 1
1 1 1
000 0 L o0 L o0
11 1
|0 mH 0 F 0 0o
B — 1 =1
005 2 0 0 0 0 0
1 —1
000 0 & 0 L o0 o0
0=t =0 2o 0 0
—1 -1 /2
000 0 3 0 /20

With p;, i = 1, 2, 3, 4 being the eigenvalues of pp (See Eq. (2.43)), the non-zero
eigenvalues ; of the matrix I'y = (I, ® Up)['(Iy ® Up)' unitarily equivalent to the

sandwiched matrix

]

1-q
I'=(L®pg) ™ py (2)(L®pg) ™,

are given by,

9 1—q

- (1;:1;) (121)1;772:(1;93) G)
s (1?) Gl); [2(1—9[;)1%‘ +2(1+2g;)?}

Y = (124‘70) G); [143(1+20) 7]

One can now readily evaluate the expression for CSTRE Dg(p}l’v(x) ||pp) inits 1 :3

partition as .

DY o) = =2
Fig. 2.10 indicates the variation of the CSTRE Dg(p}fv(a:) ||p) with z for increasing
values of ¢ > 1. The 1 : 3 separability range of the state p}*(x) is obtained as 0 <

< 0.1123 through identifying the zero of the function lim,_,o. DI (p}(z)||p5) [62].
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FIGURE 2.10: The CSTRE f)qT(va (x)||pB) as a function of x for different values
of ¢, in the 1 : 3 partition of the state p)" ().
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FIGURE 2.11: The implicit plots of ﬁqT(pXV(x)\|pB) = 0 (solid line) and

Sg(A|B) = 0 (dashed line) as a function of ¢ for the state py' (), in its 1 : 3
partition.

q

Notice that x — 0.1124 according to the implicit plot [?qT(va(x)HpB) =0
while z — 0.1666 in the implicit plot of AR g¢-conditional entropy, both in the
limit ¢ — oo.

To obtain the 1 : 3 separability range in p)’ (z) through PPT criterion, the
eigenvalues o? of pT (pT)T = (pT)2 with p being the partially transposed density

matrix of p)¥ (x) transposed either with respect to the first subsystem (single qubit
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marginal p4) or with respect to the second subsystem (three-qubit marginal pg)
are required. On an explicit evaluation of the eigenvalues a? of (pT)Q, one gets

11—z _1+4x _1—x

20 * BT T 0 MT T

;. = Q9 =

(2.47)

1
55 = %\/13 + 4z + 5822 £+ 6(1 — 2)\/4 + (22 + 49z),

1
Qrg = m\/% + 2(38 + 161x) & 3(2 + 32)1/16 + (241z — 32).

thereby leading to the evaluation of N(p) = 1 (3, a; —1). The plot of N(p) as
a function of x is shown in Fig. 2.12. The negativity remains zero till x = 0.1123
and increases thereon. Thus, according to partial transpose criterion the 1 : 3
separability range of the state p)’ (z) is seen to be 0 < x < 0.1123. It can be seen
that 1 : 3 CSTRE separability range matches with that obtained through PPT

criterion, for the noisy state p)' (z).
N(p)

0.4}

0.3}

0.2}

0.1;

L L L L L L L L L L L L L L L L L L X

02 04 06 08 10

FIGURE 2.12: The plot of negativity of partial transpose as a function of z, for
the state py' (), in its 1 : 3 partition.

2.2.2.2 Separability of p}¥(r) in its 3 : 1 partition

In the 3 : 1 partition the three qubit marginal of p}’ () forms the first part A and
the single qubit marginal of p}¥ (x) forms the second part B. Due to the symmetry
of the state,

pa=Trypy (x) =Tripy (x), i=1,2 3 (2.48)
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and is as given in Eq. (2.42). Also,
L.
pp = Triss py (x) = Trozg py' (x) = 2 diag (2 +x, 2 — x) (2.49)

and the entropy of pp is given by

2—x
4

24+ x 24x 2—=x
S(B) = ——— logy —— — —— log,

(2.50)

With S(A, B) given in Eq. (2.45), the conditional entropy S(A|B) = S(A, B) —
S(B) in the 3 : 1 partition of p}¥(x) can be evaluated. One can also obtain

(0, 0.8222) as the 3 : 1 von-Neumann separability range of p} (z).

With the knowledge of eigenvalues of the single qubit marginal pg and that of
oy (z), the AR g-conditional entropy for p)¥(x) in its 3 : 1 partition is given by

A (lzz)\7 o (Lidz)9
ST(AlB) = — (1 - ((_;: ((%)3 ) (251)
The plot of S] (A|B) as a function of z, for different values of ¢ is shown in Fig. 2.13.
From Fig. 2.13 one can observe that in the limit ¢ — 1, ST(A|B) > 0 when
0 <z < 0.8222 leading to the 3 : 1 von-Neumann separability range (0, 0.8222)
for p)¥(x). But as ¢ — 0o, ST (A|B) > 0 when 0 < z < 0.5454, yielding (0, 0.5454)
as the 3 : 1 AR separability range for the state p} (z).

The second subsystem pp, the single qubit marginal of p}'(z) in its 3 : 1

partition being diagonal, one can readily evaluate the eigenvalues v; of

1—

I'=(Is®pp) = py (2)(Is © pp) &

can readily be evaluated. Using Eq.(2.16), one can obtain DI (p{¥(z)||p5) as a
function of x and ¢. The variation of DqT(pXV(:B)H pp) with = for different values
of ¢ is as shown in Fig. 2.14. While the zero of lim, [)qT (pY¥ (2)||pp) yields the
3 : 1 von-Neumann separability range (0, 0.8222), the CSTRE separability range
is found to be (0, 0.4174) through identifying the zero of f)qT(pXV(x)HpB) in the
limit ¢ — oo. This range is weaker than the 1 : 3 CSTRE separability range and
the symmetry of the state is not obeyed in CSTRE approach. But PPT criteria

respects the symmetry of the state p)'(z) under interchange of qubits and it is
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FIGURE 2.13: The AR qg-conditional entropy Sg(A|B) of the state py' (z), in
its 3 : 1 partition, as a function of z for different values of ¢.

observed that the tracenorm of partially transposed density matrix of p}¥ (x) in its

1:3 and 3 : 1 partitions are same. Thus (0, 0.1123) is the 3 : 1 as well as 1 : 3
PPT separability range for the symmetric state py' (z).

2.2.2.3 Separability in p)’(z) in its 2 : 2 partition

In the 2 : 2 partition of p)'(x) both pa, pp are two-qubit marginals and due to
the symmetry of the state p4 = pp given by

=20 0 0
0 2tz 24z
_ 12 12
PA =P8 = 0 2tz 24z (2.52)
12 12
0 0 o0 L=
The nonzero eigenvalues of pp are
24+ 1—x

= (g = = ) 2.53
H1 = 2 6 3 3 ( )
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FIGURE 2.14: The CSTRE Dg(va (x)||pp) as a function of x for different values
of g, in the 3 : 1 partition of p}' (z).

The von-Neumann conditional entropy S(A|B) in the 2 : 2 partition of p}’ (z) is
explicitly given by

4(1 — z) l—z 144z 1+ 4x
AlB) = — =71 - 1
S(A|B) = logy — e logy —
1—x l—z  2(2+02) 242

+ 3 log, 3 + 6 log, 6

It can be identified that (0, 0.6560) is the 2 : 2 von-Neumann separability range
of pyV(x).

The AR g-conditional entropy for p}’ (z) in its 2 : 2 partition is explicitly given

by
SI(A|B) = b (1 _AE) T+ (R) ) (2.54)

i\ e
The plot of SqT(A|B ) with respect to x, for different values of ¢ is shown in Fig. 2.15.
It can be seen that in the limit ¢ — 1, ST (A|B) is non-negative in the range
[0, 0.6560] verifying that lim,; S] (A|B) = S(A|B). In the limit ¢ — oo, the
2 : 2 AR-separability range is obtained as (0, 0.2105) [40].

In order to employ the CSTRE approach to obtain the 2 : 2 separability range
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FIGURE 2.15: The AR qg-conditional entropy S;F(A|B) as a function of x for
different values of ¢, in the 2 : 2 partition of the state p)’ ().

of py¥(z), it is necessary to find out the unitary matrix Up which diagonalizes
the two qubit marginal pg. With the knowledge of eigenvectors of pg one can

construct Ug as

1 0 0 0
0 = L 0

Up = veove (2.55)
0 & = 0
00 0 1

The unitary matrix Up that diagonalizes pp leads to I'y = (I, ® Ug)I'(I; ® Up)T,

the unitary equivalent of the sandwiched matrix

l1—gq

1—g 1—gq
I'=(li®pp) 2 py (z)(11 @ pp) 2 .

Through the determination of eigenvalues ~; of I'yy, one can evaluate the expres-
sion for CSTRE DY (p}¥ (2)||p5) in Eq.(2.16) as a function of z and ¢. Fig. 2.16
illustrates that in the limit ¢ — 1, the CSTRE gives the 2 : 2 von-Neumann sepa-
rability range. The identification of zeroes of Dg(pXV(x)H pp) in the limit ¢ — oo,
leads to (0, 0.2105) as the 2 : 2 CSTRE separability range of the state p} (z).

On an explicit evaluation of the partially transposed density matrix p? of p}" (z)
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FIGURE 2.16: The CSTRE Dg(pXV(w)HpB) of py(z), in its 2 : 2 partition. as

a function of = for different values of q.

in its 2 : 2 partition, the tracenorm ||p?|| and the negativity N(p) are obtained

as functions of x. The variation of N(p) with respect to x is shown in Fig. 2.17.

The negativity remains zero till z = 0.0808. Thus, according to partial transpose
criteria, the state p)’ (z) is separable in the range 0 < z < 0.0808 and entangled
in the range 0.0808 < z < 1, in its 2 : 2 partition.
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FIGURE 2.17: The plot of negativity of partial transpose as a function of x, in
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the 2 : 2 partition of the state py' (z).
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2.3 Symmetric one-parameter family of noisy GHZ

states

The symmetric one parameter family of N-qubit mixed states, involving a GHZ

state is given by

1—
Py =", IN/2, M)(N/2, M]is the projector onto the N+1 dimensional maximal
multiplicity subspace of the 2V dimensional space of N-qubits. The N-qubit GHZ
state is given [52, 53| by

1

|GHZy) = 7

10005+ 0x) + 1115 -~ 15)] (2.57)
2.3.1 Bipartite separability in symmetric one parameter
family of three qubit noisy GHZ states

The symmetric one parameter family of mixed states involving a three-qubit GHZ

state is given by

1 —
pSH (7)) = ( 1 x) Ps + z|GHZ3) (GHZ3| (2.58)

and its explicit density matrix is as shown below:
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The non-zero eigenvalues of p§H%(x) are seen to be
M= do= Ay = 1;“3, A4=i(1+3x). (2.60)
and
S (p§"%(x)) = S(A, B) = -2 log, Loe  I4se log, ! —2313 (2.61)

4 4 4

is the entropy of the global state p§%(z) with any two subsystems A, B. Quite

similar to the symmetric one parameter family of states involving W states, the
separability of p§H%(x) in its 1: 2, 2 : 1 partitions are investigated here, through

various separability criteria.

2.3.1.1 Separability of p§"4(x) in its 1: 2 partition.

The first subsystem p4 (the single qubit marginal) and the second subsystem pp

(the two qubit marginal) of p$t%(x) are seen to be

110
= Troz p$M(2) = = 2.62
PA I3 p3 (T) 9 ( 01 ) ( )
2+
209 0 0
0 =z 1=
pp = Try p§T% () = o0 (2.63)
0 1= 1=
6 6
0o 0 0 ==
The nonzero eigenvalues of pg and its entropy S(B) are respectively given by
11—z 2+
= = i3 = 2.64
H1 3 M2 = [3 6 ( )
1 —x l—z 22+2) 2+
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The von-Neumann conditional entropy S(A|B) of the state p$H4(z) in its 1 : 2

partition is given by

o (52 (1) ()0 (5
+ (1 ;x> log, (1;13) I (2Jga:) log, (2;;3:)

The plot of S(A|B) as a function of  is shown in Fig. 2.18. From this plot, one

can obtain (0, 0.5482) as the 1 : 2 von-Neumann separability range of p§%(x).

~0.2}
~04}

FIGURE 2.18: The von-Neumann conditional entropy S(A|B) of p§1%(z) in its
1: 2 partition, as a function of z.

The AR g-conditional entropy for p$t%(x) in its 1 : 2 partition is given by

ST(AIB) = —— (1 - 3((_) - (w):) (2.66)

4
1\ 2

(0, 0.1428) as the 1 : 2 AR separability range [40]. From this observation it is
clear that the 1 : 2 AR-separability range is stricter than the 1 : 2 von-Neumann

separability range.

In fact, as the single qubit marginal of the state is maximally mixed thus com-
muting with the global density matrix p$'%(z), the CSTRE separability range
should match with the AR-separability range. To check this, we employ the
CSTRE criteria to obtain the 1 : 2 separability range in p$t4(z) and compare

the results.
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The unitary operator Up which diagonalizes pp is as follows

1 0 0 0
I 0O 0 0 1
B = 11
0 L =0
1 -1
07550

This unitary matrix leads us to the evaluation of I'yy = (I, @ Up)I'(I, ® Up)' where

1-g 1-g
[ = (I, ® pp) = ps"*(x)(1, © pp) =

is the sandwiched matrix of p$%%(z) in its 1 : 2 partition.

The non-zero eigenvalues of I'y (and of I') are found to be,

B 11—z 24+ %q B 1+ 3x 24+ %q
7= 4 6 y V2 = A 6

1—x 1\ @ 1-g x5
Y ( ; )(g) {2(1_@ 1 +2<1—|—§> ] (2-fold degenerate)

One can now readily evaluate the expression for CSTRE in Eq.(2.16) for different

values of ¢ and obtain DT(p§%(z)||pp) as a function of z. Fig. 2.19 illustrates

the stricter 1 : 2 separability range in p$™(z), for increasing values of g.

~T
Dq (03" (Xl ) S
04’ —— q=10
0.3--_ -—-- =100
Tl —— =1000
02’ \\\
01~ R
N
o2 04 b 08 10
—0.1; | \ \\
—02t It -

FIGURE 2.19: The CSTRE DI (p§H%(z)||pp) of p§H%(x), in its 1 : 2 partition,
as a function of x for different values of q.
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It can be seen through Fig. 2.19 that 0 < x < 0.1428 is the 1 : 2 separa-
bility range of the one-parameter family of 3-qubit GHZ states obtained through
CSTRE approach, in the limit ¢ — oo [62]. This separability range is in complete
agreement with that obtained through AR criterion, as expected owing to the

maximally mixed and hence commuting nature of p4.

Now to obtain the 1 : 2 separability range in p$'4(z) through PPT criterion,

we consider the partially transposed density matrix of p§H%(x) in its 1 : 2 partition.

It is given by

B0 00000 5k
0 o0 0 0 0 Ly
0 F F 0 0 0 0
o 0 0 & £ 0 0 0

,OT: 12 12 (267)
o o0 0 § += 0 0 0
w0 0 0 0 G 0
o0 0 0 0 S 0
0 N 0 0 0 0 ke

The square root of the eigenvalues of (p”)? are seen to be
Tr—1 1+ 52
= = 2.

“ 2 T T (2.68)

1
a3 =y = —\/17+2$+17x2—|—(5+:v)\/9+3x(11:1:—2)

V288

1
as =g = \/ﬁ\/l7+2$+17x2— (5+ )9+ 3z(11z — 2)

allowing for the evaluation of the trace norm |[p|| = >, a;. The negativity N(p)

. : . _ "=t
is calculated using the relation N(p) 5

The plot of negativity of the partially transposed density matrix p’, as function

of x is shown in Fig. 2.20. The negativity remains zero till x = 0.1428 and

increases thereon. Thus, according to partial transpose criterion, the state ngZ(:v)
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is separable, in its 1 : 2 partition, in the range 0 < x < 0.1428 and entangled in
the range 0.1428 < x < 1.

N(p)
0.5¢

0.4¢
0.3¢
0.2¢
0.1;

L L L L L L L L L L L L L L L L L X
02 04 06 08 10
FIGURE 2.20: The plot of negativity of partial transpose as a function of z, for
the 1 : 2 partition of the state pH%(z).

2.3.1.2 Separability of p§"%(z) in its 2 : 1 partition.

In the 2 : 1 partition, the two qubit marginal of p§%(x) forms the first part A

and the single qubit marginal of p§"%(z) forms the second part B. The two qubit

marginal p4 of p$t4(x) is given by

HTI 0 0 0
0 == 1=
=T =| 0T
0 5 < 0
24z
0 0 0 =*
and its nonzero eigenvalues are
-z 24z

H1 = 3 H2 = p3 = 6
The density matrix pp, the single qubit marginal of p$'%(z) is maximally mixed

with its entropy being S(B) = 1. That is,

) 1 1
pg = Trip p?HZ(x) = diag (5, 5) ,

1 1 1
S(B) = ) log, 27 9 log,

1
Z =1
2
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The von-Neumann conditional entropy S(A|B) = S(A, B) — S(B) of the state

p$H%(z) in its 2 : 1 partition is given by

st -5 (57 Yoy (157) - (152 e (152 -

The identification of the zeroes of S(A|B), one can obtain (0, 0.7476) as the

2 : 1 von-Neumann separability range of p$'%(z), which is much greater than the

corresponding 1 : 2 separability range.

The AR g-conditional entropy in the 2 : 1 partition of p§H%(z) is obtained after

substituting the eigenvalues corresponding to global and single qubit marginal of
p§H%(x) in the expression for ST (A|B).

T ot o3 ()
STAIB) = —— (1 10k ) (2.69)

By obtaining the zero of S;[(A]B) = 0 in the limit ¢ — oo, the 2 : 1 AR separability
range of p$t%(x) is obtained as (0, 0.3333).

Now, the CSTRE criterion is employed to obtain the 2 : 1 separability range
in pSHZ(x). As the subsystem B, the single qubit marginal of p{H%(z) is already

in the diagonal form one can readily evaluate the sandwiched matrix

1—

1-q 1-q
I' = (L®pp)™ ps"(z)(I4 ® pp) >

and determine its eigenvalues ;. On evaluating the expression for CSTRE in
Eq.(2.16), DqT(ngZ(a:)HpB) is obtained as a function of x and ¢. Fig. 2.21 illus-
trates that in the limit ¢ — 1, the 2 : 1 von-Neumann separability range (i.e.,
(0, 0.7476)) results and in the limit ¢ — oo, (0, 0.3333) is obtained as the 2 : 1
CSTRE separability range. Here too, the 2 : 1 CSTRE separability range is weaker
than the corresponding 1 : 2 separability range. This discrepancy between 1 : 2
and 2 : 1 CSTRE separability range again suggests that, to obtain the better sep-
arability range, the global density matrix must be sandwiched between the biggest

marginal of the bipartition under consideration.
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FIGURE 2.21: The CSTRE Bg(pg}HZ(w)HpB) of p§H%(x), in its 2 : 1 partition,
as a function of x for different values of q.

Finally, it can be observed that the 2 : 1 separability range in p$%(z) obtained

through Positive Partial Transpose criterion is the same as the corresponding 1 : 2
separability range. This is expected because PPT criterion respects the symmetry
of a state and hence the 1: 2, 2 : 1 separability ranges are equal. In fact, though
the 1 : 2 PPT separability range of p$"%(z) given by (0, 0.1428) matches with
its 1 : 2 CSTRE separability range, the 2 : 1 CSTRE separability range given by
(0, 0.3333) is much weaker in comparison with the PPT separability range.

2.3.2 Bipartite separability in one parameter family of four

qubit noisy GHZ-state

The symmetric one parameter family of 4-qubit mixed GHZ-states are given by

11—z

p?H@%:(TT)}1+ﬂGH&MGH&| (2.70)

Here 0 < x < 1 and P, = ),, |2, M)(2, M| denotes the projector onto the

symmetric subspace of 4-qubits spanned by the 5 angular momentum states |2, M),
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M = 2,1,0,—1,—2 belonging to the maximum value J = 2 of total angular

momentum.

The distinct non-zero eigenvalues of p§'4(x) are,

1—=x
5 )

1
>\1:/\2:)\3:)\4: )\523(1—1—41‘)

In the following, the bipartite separability of p{"(z), in its different partitions, is

investigated through various separability criteria,

2.3.2.1 Separability of p{"%(x) in its 1: 3 partition

In the 1 : 3 partition, the single qubit marginal of p$%(x) forms the first part A

and the remaining three qubit marginal of p$"(z) forms its second part B. The

single qubit marginal ps or the subsystem A of p§t%(x), in the 1 : 3 partition, is

a maximally mixed state. That is,

1 1 0
pa=Trm i (x) = 5 ( 0 1)

The density matrix pg corresponding to subsystem B is given by

2o 0 0 0 0 0 0
1—x 1—x 1—x
0O % &% 0 5% 0 0 0
1—x 1 1—x
O % % 0 5 0 0 0
0 0 0 i== o 1= 1= 0
B = Tr1 pSHZ(m) — e 12 - 12 12 (271)
0 % % 0 5 0 0 0
1—x 1—x 1—x
0 0 0 5% 0 F % 0
1—x 1—x 1—x
0 0 0 5% 0 5% 5% 0
0o 0 0 0 0 e
The distinct nonzero eigenvalues of pg are
11—z 14+

P =He == M3 = B4 = =



Chapter 2. Sandwiched Relative Tsallis Entropy and its conditional version — 59

The von-Neumann conditional entropy of the state p§H(z) in its 1 : 3 partition

is given by

S(AIB) = — (@) log, (1;33) B (124@«) o, (1+54x>
+2 (1;‘”) log; (1;:”) +2 (12“")10& (115"’)

The plot of S(A|B) as a function of x is shown in Fig. 2.22. It can be readily

seen that (0, 0.4676) is the 1 : 3 von-Neumann separability range of p$%%(x).

The AR g-conditional entropy of the state p§"%(z) in its 1 : 3 partition can be

S(AIB)
0.4}

——— X
02 04 N06 08 1.0

-0.2¢

~04}

FIGURE 2.22: The von-Neumann conditional entropy S(A|B) as a function of

z, for p§H%(z) state, in its 1 : 3 partitions.

evaluated as

T\ 2T
Identifying the zero of SJ (A|B) = 0 in the limit ¢ — oo, the 1 : 3 AR separability
range of the state p§Z(z) is obtained as (0, 0.0909).

ST(A|B) = b (1 A+ (%)q> (2.72)

In order to evaluate the CSTRE for the state p$t%(x) in its 1 : 3 partition, it

is necessary to evaluate the unitary matrix Ug which diagonalizes the three qubit
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marginal pg. It can be seen that

10 0 0 O O O O
11 1 1
00 % % v wn V0
T 1 1 -1
00 % % % »n 0 0
-1 1 1 1
v,—-| %% % 00 %%
OO\/LG\/LE:/—%OOO
-1 1 1 -1
00 % % 0 0 7% &
-1 1 —2
00767600760
o1 0 O O 0 0 0

and one can evaluate I'y = (I, ® Ug)T'(I, ® Ug)' which is the unitary equivalent
of

1—

T'=(L®ps) = pi"(x)(Ir @ pp) =
The non-zero eigenvalues of I';; are found to be,

q 1—gq

= () () ()

- <1+54x> <11—:p>1;q7%: (1;1:) G)é [3<1_I)%+(1+I)%q

The expression for CSTRE DY (p$1(z)||pg) can now be evaluated as a function

of z, g using Eq.(2.16). The plot Fig. 2.23 illustrates the stricter 1 : 3 separability

range of p{t%(x), for increasing values of q. The 1 : 3 separability range 0 <

x < 0.0909 of the one-parameter family of 4-qubit GHZ states, obtained in the

limit ¢ — oo through CSTRE approach [62], is in complete agreement with that
obtained through AR ¢-conditional entropy.

To obtain the 1 : 3 separability range in p$"%(z) through PPT criterion, the
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FIGURE 2.23: The CSTRE f)qT(prZ(:p)HpB) as a function of z for different

values of ¢ in the 1 : 3 partition of p$H%(z).

partially transposed density matrix (p”) of p{%(x) in its 1 : 3 partition is evalu-

ated and the square root of eigenvalues of (,oT)2 are obtained as

B 1—=x B 14+ 92
T Ty 2T Ty
11—z 11z —1
- - 2.73
Qa3 4 ) Qy 20 ) ( )

1
as = ag = %\/13 + 2(14 + 237) + 2(3 + 22)1/4 + 2(2 + 192),

1
ar = ag= %\/13 + 2(14 4 232) — 2(3 + 22)/ (4 + 2(2 + 197)

The plot of negativity of the partially transposed density matrix p? as a function

of x is shown in Fig. 2.24. One can obtain (0, 0.0909) as the 1 : 3 PPT separability

range of p§{t%(x).

2.3.2.2 Separability of p{"%(x) in its 3 : 1 partition

In the 3 : 1 partition, the three qubit marginal of p{"%(z) forms the first part A

and the remaining single qubit marginal of p§*%(x) forms the second part B. The
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FIGURE 2.24: The plot of negativity of partial transpose of the state pGH%(x),
in its 1 : 3 partition, as a function of .

three qubit marginal p4 of p$t%(x), in its 3 : 1 partition is given by

L2 o9 0 0 0 0 0 0
1—x 1—x 1—x
0 % % 0 7% 0 0 0
1—x 1—x 1—x
0O &% &% 0 % 0 0 0
0 0 0 =z g l== 1= 0
pa = Try pSH2(z) = R 12 o 12 12
0 % % 0 % 0 0 0
1—x 1—x 1—x
o 0 0 5w 0 F 7 0
1—x 1—x 1—x
O 0 0 5% 0 5% 5w 0
o o0 o0 o0 0 o0 0o 4=
The nonzero eigenvalues of p4 are
B B 11—z B B 1+
M1 = P2 = 1 M3 = g = 1

The density matrix pp corresponding to subsystem B is a maximally mixed state
I, /2 characteristic of GHZ states and noisy states involving them. Thus, S(B) = 1
and the von-Neumann conditional entropy of the state p$H%(z) in its 3 : 1 partition

is given by

S(AlB) = - (4“7_‘”)) log, (“%) - (1 24‘”) log, (1 *’54‘”> 1

From the identification of the zero of S(A|B), one can obtain (0, 0.7868) as the

3 : 1 von-Neumann separability range of the state p{t%(x).
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The AR g-conditional entropy for the state p$H%(x) in its 3 : 1 partition is

given by

T AT ()
SiAIB) = —— (1 10k ) (2.74)

By obtaining the zero of ST (A|B) = 0 in the limit ¢ — oo, one can obtain
(0, 0.375) as the 3 : 1 AR separability range of the state p{"%(z) and it is stricter

than the corresponding von-Neumann separability range.

In view of the fact that the single qubit marginal pg is in the diagonal form,
the matrix

1—¢q

= (Is® pg) = pSH2(x)(Is © pp) =

can readily be evaluated. An explicit evaluation of DT (p§H%(x)||pp) as a function

of z and ¢ can be done with the knowledge of eigenvalues of I'. Fig. 2.25 illustrates
that in the limit ¢ — 1, CSTRE criterion yields the 3 : 1 von-Neumann separability
range (0, 0.7868) and in the limit ¢ — oo it gives the strictest separability range
(0, 0.375). This range matches with the 3 : 1 AR-separability range and this is
due to the fact that CSTRE [)g(pABH pp) reduces to AR g-conditional entropy
when the single qubit marginal pp is maximally mixed. Notice also that the 3 : 1
CSTRE separability range is weaker than the corresponding 1 : 3 separability

range of the state p{™%(z).

It is evident that the 3 : 1 PPT separability range is the same as 1 : 3 PPT
separability range owing to the fact that the eigenvalues of partial transpose of
any density matrix in its a : b partition and b : a partition are same. In fact the
3 : 1 PPT separability range (0, 0.0909) though equivalent to the 1 : 3 CSTRE
separability range, it is much stricter than the 3 : 1 CSTRE separability range
(0, 0.375).

2.3.2.3 Separability of p{"%(z) in its 2 : 2 partition.

In the 2 : 2 partition of p$"%(z) both the subsystems p, pp contain two qubits

and due to the symmetry of the state, they are identical. On explicit evaluation,
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FIGURE 2.25: The CSTRE Dg(pEHZ(x)HpB) as a function of x for different

values of ¢ in the 3 : 1 partition of p$H%(z).

one gets,
24x
= 0 0 0
0 1z 1=
pa = pp = Trig p§ () = °
0 5 5 0
2+
0 0 0 =*
The nonzero eigenvalues of p4, pp are
24z -z
pi=Ha = = 3 = g

The von-Neumann conditional entropy of the state p$H%(x) in its 2 : 2 partition

is given by

(952 (52) (45 (52
N ((1 ;:c)> log, (1;95) L ((2295)) log, (2255)

The 2 : 2 von-Neumann separability range of p$t%(x) is obtained as (0, 0.6560).




Chapter 2. Sandwiched Relative Tsallis Entropy and its conditional version — 65

The AR g-conditional entropy for the state p§t4(x) in its 2 : 2 partition is

1 4 (iz2)7 4 (Lt
STAIB) = (1 - ((T)) . 2((% ))q) (2.75)
In the limit ¢ — oo, S/(A|B) changes sign from positive to negative and be-
comes zero when x = 0.2105. Thus the 2 : 2 separability of the state p$"%(x) is
(0, 0.2105) [40] according to AR~criterion. It is clear that the 2 : 2 AR-separability

range (0, 0.2105) is stricter than the 2 : 2 von-Neumann separability range.

given by

In order to evaluate CSTRE in the 2 : 2 partition of the state p§"(z), construc-
tion of the unitary Up that diagonalizes the two qubit marginal pp is necessary

and it is given by

1 0 0 0
1 1
Uy = 0 5 7 0
0o =L L o
2 2
0 0 0 1

The unitary equivalent 'y = (I; ® Up)T'(I, @ Ug)' of the matrix

1—¢q

1—gq
['= (L& pg) = py"*(x)(1y © pp) =

can now be evaluated and its eigenvalues 7; help in the evaluation of CSTRE (See

Eq.(2.16)) [)qT(prZ(m)HpB) as a function of x and ¢. Fig. 2.26 indicates that in
the limit ¢ — oo, (0, 0.2105) is obtained as the 2 : 2 separability range of p§H%(z).
This range is in complete agreement with that obtained through AR criterion. On
an explicit evaluation of the partially transposed density matrix p? of p§H%(x) in
its 2 : 2 partition, the tracenorm ||p?|| and the negativity N(p) are obtained as
functions of x. The plot of negativity of a partial transpose as a function of x is
shown in Fig.2.27. N(p) remains zero till x = 0.0625 and increases thereon. Thus,
according to partial transpose criteria, the state p$t%(x) is separable in the range

0 <2 <0.0625 and entangled in the range 0.0625 < x < 1, in its 2 : 2 partition.
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FIGURE 2.26: The CSTRE [?g(prZ(w)HpB) of p§H%(x), in its 2 : 2 partition,
as a function of x for different values of q.
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FIGURE 2.27: The plot of negativity of partial transpose in the 2 : 2 partition

of the state p$''%(x) as a function of x.
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2.4 Symmetric one parameter family of noisy
states involving equal superposition of W-

and obverse W states [WWy)

The symmetric one-parameter family of noisy N-qubit WW-states are defined as

. 1—=x - -
puW(z) = <N - 1) Py + 2| WW ) (WW y | (2.76)
where .
W) = —= ([Wa) + [Wa) (277)
and
- 1
(W) = \/_N[|0112 c ) 100013 An) Ao Ao 1< O] (2.78)

is the so-called obverse W state.
2.4.1 Bipartite separability in one parameter family of noisy
states involving the states [WW3)

The three qubit symmetric one parameter family of noisy states involving the

states [WW3) are given by

- 1 — _ _
oy W(z) = ( I ”3> P+ 2 |WW3) (WW3|; 0<z<1 (2.79)
The state [WW3) is of the form

[WW3) = i(s ]001) + [010) + |100) + |[110) + |101) + |011)] (2.80)
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and its density matrix is explicitly given by

e g0 0 0 0 0 0
1+x 1+x x 1+x x x
0 % % 6 1 6 ¢ 0
14z 14z z 1tz z z
0 55 95 6 T 6 ¢ VU
WW 0§ & 5 & % 90
pa () = 0 z 1tz =z 1z 2z z 0 (2.81)
12 12 6 12 6 6
x T 1+x x 1+x 1+x
0O & & 1 6 12 1 VU
z z l+z 14z 14w
0O 5§ & % 6 1 1 U
o 0 0 0 0 0 0 &=
The distinct non-zero eigenvalues of p}fvv—v(x) are
1—z (1+ 3x)
M=de=dy= 0, N= (2.82)

The entropy of the state py'V(z) is given by

S(A,B) = —3 (1;””) log, (1;“;) _ (1 2356) log, (123”3) (2.83)

2.4.1.1 Separability of png(x) in its 1: 2 partition

) (2.84)

The single qubit marginal of png(:v) is given by

pa = Trog p3'W () = (

WIR N~
NI w8

The two qubit marginal of pi¥V(x) is seen to be

2—x T x

% ¢ o6 U
x 14z 14z x

— 6 6 6 6 2
PB « lte 1tz « ( 85)
6 6 6 6
T x 2—x

0 6 6 6
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The non-zero eigenvalues of pp are

1—=x 2—ux 2+ 3x
T 3 y T2 6 , 13 6 ( )

The entropy of the subsystem pp is given by

S(B):_(lgx) log, (1;33) - (2;@) log, (2;«) B (223;@) log, (2 + 3x)

(2.87)
With the entropy of the global state p3'WV(z) given in Eq. (2.83) and S(B) given
in Eq. (2.87), the von-Neumann conditional entropy S(A|B) of the state pi'"V (z)

in its 1 : 2 partition can be readily evaluated.

i = 517 (5)- (52 (15

+(1;x) log, (1gx) N (Qg:v) log, (2;:5)
+(2 4—63x) log, (2 —ESx) (2.88)

Through the identification of the zero of S(A|B), one can obtain (0, 0.6530) as

the 1 : 2 von-Neumann separability range of py'WV(z).

One can now readily evaluate AR ¢-conditional entropy to find the 1 : 2 sepa-

rability range in py W (z) as

) = (1_< 3 (45" (1+43x2q )q)

qg—1

The plot of S (A|B) as a function of z, for different values of ¢ is shown in
Fig. 2.28. From the Fig. 2.28, in the limit ¢ — 0o, one can obtain (0, 0.3333) as
the 1:2 AR separability range of png(x).

To employ the CSTRE criterion to obtain the 1 : 2 separability range in png(x)

one needs to diagonalize the two qubit marginal pg. The unitary matrix which
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FIGURE 2.28: The AR g-conditional entropy S{ (A|B) in the 1 : 2 partition of

the state py'WV (), as a function of x for different values of g.

diagonalizes the two qubit marginal pg is given by

—1 1
0 N 0
2 -1 -1 2
Up = 5 V10 V10 5
B =1 0 0 1
V2 V2
12 2 1
V10 V10 V10 V10

=

This unitary operator U leads to I'y = (I, ® Up)T'(Is ® Up)T with

1—g X 1—g
I'=(L®pg) 2 py " (z)(lr® pp) 2 .

From the non-zero eigenvalues +;’s of sandwiched matrix I' one can evaluate the

expression for CSTRE of the form

Z?:l %q —1

D (o™ (@)lop) = =5

(2.89)
The plot of f)qT(ngW(a:)H pp) as a function of x, for different values of ¢ is shown
in Fig. 2.29. It can be readily seen through Fig. 2.29 that the state py¥"V (x) is
separable in the range 0 < z < 0.1896, in its 1 : 2 partition [63]. It is to be noticed
(See Fig. 2.28) that AR g-conditional entropy yields a weaker separability range
0 < x <0.3333 for the 1 : 2 partition of png(x).
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FIGURE 2.29: The CSTRE f)qT(ngW(x)HpB) as a function of = for different
values of ¢, in the 1 : 2 partition of py' W ().

To find the 1 : 2 separability range in pgvv_v(x) through PPT criterion, the
partially transposed density matrix p” of pY"W () in its 1 : 2 partition is evaluated

and it is given by

11—z 14z 14z x
4 0 0 0 0 12 12 6
0 142 14z z 0 z x 1+x
12 12 6 6 6 12
0 1+ 14z T 0 T z 1+
12 12 6 6 6 12
z z 1tz
pT _ 0 6 6 12 0 0 0 0 (2 90)
1+x x x ’
0 0 0 0 Yz oz =z g
1tz z T 0 x 142 14z 0
12 6 6 6 12 12
1tz z T 0 x 1+z 14z 0
12 6 6 6 12 12
x 14+ 14z 11—z
6 12 12 0 0 0 0 4

2 one can obtain the tracenorm

On explicit evaluation of the eigenvalues o? of (p”)
[p"]] = >°, @i and the negativity N(p) = (||p"|| — 1)/2. The plot of N(p) as a
function of x is shown in Fig. 2.30. From the Fig 2.30 one can obtain (0, 0.1895)
as the 1 : 2 PPT separability range which exactly matches with the 1 : 2 CSTRE

separability range.
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FIGURE 2.30: The plot of negativity of partial transpose in the 1 : 2 partition
of the state py' W (z) as a function of z.

2.4.1.2 Separability of p)'V(z) in its 2 : 1 partition

In the 2 : 1 partition of pyWV(z), its two qubit marginal is considered as the first
subsystem p4 and the single qubit marginal is the second subsystem pg. It can

be seen, due to the symmetry of the state py¥WV(x), that
pa = Try p(x) = Ty oI (x) = Tog oV ()
and is given in Eq. (2.85). Similarly,

pp = Trip P?;VW (x) = Tras P:\),NW(X) = T3 png(x)

and is given in Eq.(2.84) The eigenvalues of pp being p; = @, o = %, the

entropy of the subsystem pp is given by

(34 22) (3+2z) (3—22) (3 —2x)

S(B) =~ logy ~——— — ———"logy —

(2.91)
With the entropy of the global state p3'WV(z) given in Eq. (2.83) and S(B) given

in Eq. (2.91), the von-Neumann conditional entropy S(A|B) of the state py'WV(x)

in its 2 : 1 partition can be readily evaluated.

o - 515 () (5 (52)
. (322;5) log, (3 +62;c) . <3—62az’> log, (3—62x)(2‘92)
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Through the identification of the zero of S(A|B), one can obtain (0, 0.8248) as

the 2 : 1 von-Neumann separability range of py'WV(z).

The AR g¢-conditional entropy of py¥™W (z) in its 2 : 1 partition is obtained as

1 3 (45)" + (H)°
ST(AB) = —— |1 — -2 4 (2.93)
q q— 1 (3—&-6%)‘1 + (3 621:)‘1

It can be seen that lim,,, S} (A|B) = S(A|B) yielding the separability range
(0, 0.8248) as obtained through von-Neumann conditional entropy. But as ¢ — oo
the S} (A|B) changes sign from positive to negative at # = 0.6 yielding the 2 : 1
separability range of py'"W(z) as (0, 0.6). The 2 : 1 AR-separability range is thus

seen to be stricter than the 2 : 1 von-Neumann separability range.

In order to employ CSTRE to obtain the 2 : 1 separability range in png(m),

the eigenvalues ; of the sandwiched matrix

1 = 1—

D=(L®pp) ™ pyV(z) (4@ pp) ™

is to be determined and that can be done through evaluation of the eigenvalues of
the unitarily equivalent matrix I'y = (I; ® Up)I'(I; ® Up)'. The unitary matrix
Up that diagonalizes the single qubit marginal pp is given by

(33

and the CSTRE f)qT(ngW(x)HpB) given by
~ A > 1
Dy (p3™ (@)llpp) = =———

1—gq

S
Sl

is readily evaluated.

Fig. 2.31 illustrates that in the limit ¢ — oo, the zero of Eg(png(a:)HpB)
occurs at x = 0.4104 yielding (0, 0.4104) as the 2 : 1 CSTRE separability range.
Though this is stricter than von-Neumann and AR-separability ranges, it is found
to be weaker than the corresponding 1 : 2 separability range. Also, it is noticed

that png(a:) being a symmetric state, the 1 : 2 and 2 : 1 separability ranges of
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the state must be the same. But none of the entropic separability criteria are able
to capture the symmetry of the state as they are yielding different 1 : 2, 2 : 1
separability ranges. But the PPT criteria accommodates the symmetry of the
state and the 1 : 2, 2 : 1 PPT separability ranges of py'WV(z) are same. This is
evident from the fact that the partial transpose of the state png(x) in both the

partitions match with each other.

———— q:l
I — —— @=10
Da (o (0llpe) . it
0.8; _
. F — q=1000
0.6 T~
04/ TSl
0.2} N
- = > =~ X
02 O ~.06 08 10
-0.2f ‘ \ AN
-0.4f o R
1 \

FIGURE 2.31: The CSTRE Eg(png(x)||p3) as a function of z for different
values of ¢ in the 2 : 1 partition of py'W (z).

2.4.2 Bipartite separability in one parameter family of noisy

states involving the states |[WW,)

The four qubit symmetric one parameter family of noisy states involving the state
|[WW,) are given by

_ 1— _ _
oV (z) = ( - ”’) P+ 2 |[WWy) (WWy|; 0<a<1 (2.94)
The state [WW,) is explicitly seen as

_ 1
IWW,) = 7= [10001) +0010) +]0100) + [1000) + [1110) + [1101) + [1011) + [0111)]
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The distinct non-zero eigenvalues of py'W(z) are

Xy = %(1 +4z). (2.95)

2.4.2.1 Separability of p}'V(z) in its 1 : 3 partition

To find the 1 : 3 separability range in pXVW(ZL‘) one has to obtain its single qubit and

three qubit marginal. The single qubit marginal of pXVW(a:) is maximally mixed

m:%(é (1)) (2.96)

The three qubit marginal of p)W(z) is given by

and is given by

2200 5 0 %0
2+x 24-x 2+x T
0 ¢ 55 0 5 0 0 g
0 FF 5 0 F 0 0§
z 0 0 2z g 2tz 24z
PB = ° 2z 24z y 21a y ’ z (2.97)
0 55 % 0 5% 0 0 3
T 2+x 2+4+-x 2+x
s 0 0 FF 0 FFE ZE 0
T 24x 2+x 24x
§ 0 0 FF 0 FFE OO0
x T x 2—x
o 5 5 0 5 0 0 =5
The eigenvalues of pp are
11—z 14+
M=m=—7— B=m=—F1 (2.98)

In order to find the 1 : 3 separability range in p)'"W (z) through AR criterion, the

AR g-conditional entropy for pXVW(x) in its 1 : 3 partition is evaluated and it is

ST(AIB) = (1—4(%)(]“%)(1) (2.99)

given by

T\ T
Identifying the zero of the AR g-conditional entropy SqT(A\B ), in the limit ¢ — oo,
one can obtain (0, 0.0909) as the 1: 3 AR separability range in p}'WV(z).
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In order to obtain the separability range through CSTRE criterion one needs
to diagonalize the three qubit marginal pg. The unitary matrix which diagonalizes

the three qubit marginal pp is given by

V3 —1 —1 —1
2 00 355 0 355 2 \0[
-1 —1 —1 3
0 553 0 =g 0 0 %
0 0 0 %5 0 ;—; 0 0
1 —1
. 0 L =L 0 0 0 0 0
Pl 0 2o 0 o0
N 3
000 0 S 0 % /2o
o 1 10 i 0 o 1
1 1 1 1
z 00 5 0 5 5 0

Using Up and with the knowledge of eigenvalues of pg, one can evaluate the
diagonal matrix I'y = (I, ® Ug)I'(I; ® Up)' unitarily equivalent to
1-g X 1-g
I'= (I, ®pp) 2 p)" (x)(I @ pp) =
Now the expression for CSTRE DT (p}{"V()||ps) in its 1 : 3 partition can be

evaluated as

~ A i 'ng -1
DT (o (2)pp) = 2201

l—gq

The Fig. 2.32 illustrates the behavior of D(IT(pXVW(m)HpB) as a function of z, for
different values of ¢q. From Fig. 2.32 one can get (0, 0.0909) as the separability
range for p)'W(z), in its 1 : 3 partition [63]. It is to be noticed that 1 : 3 AR sep-
arability range is also same as that of the one obtained through the CSTRE. This
again supports the fact that whenever a marginal is maximally mixed, the CSTRE
reduces to AR ¢-conditional entropy and hence both the separability ranges match

with each other.

The 1 : 3 separability range in p"WV(z) through PPT criterion is evaluated
through explicit evaluation of the partially transposed density matrix of pXVV_V(x)
and determination of its trace norm. The plot of negativity of partial transpose of
pW(z), in its 1 : 3 partition, as a function of z is shown in Fig. 2.33. From the

Fig. 2.33, one obtain (0, 0.0909) as the 1 : 3 PPT separability range of pi"WV(x).
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FIGURE 2.32: The CSTRE f)g(pXVW(x)HpB) as a function of = for different
values of ¢ in the 1 : 3 partition of p)'WV ().
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FIGURE 2.33: The plot of negativity of partial transpose in the 1 : 3 partition
of the state p)' W (z) as a function of z.

It is exactly seen to match with the 1 : 3 CSTRE separability range for the family
of states p)VWV(x).

2.4.2.2 Separability of ,oXVV_V(x) in its 3 : 1 partition

In the 3 : 1 partition, the three qubit marginal is considered as the first subsystem
pa and the single qubit marginal the second subsystem pp. It can be seen that,

due to the symmetry of the state p}'WV(z),

pa=Tra )™ (x) = Try p}V (x)
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and is given in Eq. (2.97). Similarly,

11

pB = Tris3 PXVW(X) = Trazy PXVW(X) = diag (5’ 5)

The entropy of the subsystem pp is given by

S(B) = —2 (%) log, (%) (2.100)

Through the identification of the zero of S(A|B) = S(A, B) — S(B), (0, 0.7868)
is obtained as the 3 : 1 von-Neumann separability range of pi'WV(z). The AR

g-conditional entropy of pXVW(x) in its 3 : 1 partition is given by

r LAt ()
ST(A|B) = pa [1 Ok ] (2.101)

It is seen that in the limit ¢ — oo, the monotonically decreases function S] (A|B)

becomes zero at x = 0.375 yielding the 3 : 1 separability range of pWV(z) as
(0, 0.375).

In view of the fact that the single qubit marginal of pXVW(x) being diagonal,

one can readily evaluate the eigenvalues v; of the sandwiched matrix

= (woa|(3) 7 (5) 7 ]) o (o | (3) 7 (3) 7).

On evaluating the expression for the CSTRE DqT(pXVW(x) llps) = Z’%ﬁf its varia-
tion with respect to the parameter x is plotted for different values of ¢ in Fig. 2.34.
It is seen that in the limit ¢ — oo, (0, 0.375) is obtained as the 3 : 1 CSTRE
separability range. Though this is stricter than von-Neumann separability ranges,

it is found to be weaker than the corresponding 1 : 3 PPT separability range.
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FIGURE 2.34: The CSTRE DqT(pXVW(x)HpB) as a function of = for different
values of ¢ in the 3 : 1 partition of p}*WV ().

2.4.2.3 Separability of p}"V(z) in its 2 : 2 partition

In the 2 : 2 partition of p)"W(z) both p4, pg are two-qubit marginals and due to

the symmetry of the state ps = pp given by

=0 0000
0 2z 2tz
pa = pp = i s (2.102)
0 55 F5 O
0 0 0 %=z

12
The non-zero eigenvalues of pp and its entropy S(B) are respectively given by

_2+x 1—=x

M1 = p2 = 6 M3 = 3

s =2 (57 o (557) - (57) v (157)

The von-Neumann conditional entropy S(A|B) in the 2 : 2 partition of p}'W (z)

can be explicitly evaluated and it is seen that the 2 : 2 von-Neumann separability
range of p'WV(x) is (0, 0.6560).
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The AR g-conditional entropy for pXVW(x) in its 2 : 2 partition is given by

SI(AIB) = —— (1 - t(%)q - (1+54w)q)

qg—1

By obtaining the zero of of SJ(A|B) = 0 in the limit ¢ — oo one can obtain
(0, 0.2105) as the 2 : 2 AR separability range in p}'WV(z).

To employ the CSTRE criterion to obtain the 2 : 2 separability range in pXVV_V(a:)
one needs to diagonalize the two qubit marginal pg. The unitary matrix which

diagonalizes the two qubit marginal pp is given by

(2.103)

=

oy

|
_ o O =
o =~ = O

The unitarily equivalent matrix I'y = (Iy ® Up)I'(I4 ® Ug)T of the sandwiched
matrix

1—¢q

1—q <
U= (Li®pp) = p) ™ (2)(14 © pp) =

allows for the evaluation of the eigenvalues v; of I' and thereby the evaluation of
the CSTRE DqT(pXVW(a:)HpB) in its 2 : 2 partition through

Zi%q_l

Dy (o™ (@)lps) = =

Fig. 2.35 illustrates the behavior of DqT(pXVW (x)||pp) as a function of z, for different
values of ¢. The 2 : 2 CSTRE separability range of p)'"WV(z) is obtained to be
(0, 0.2105). On an explicit evaluation of the partially transposed density matrix
pT of pVW(z) in its 2 : 2 partition, the tracenorm ||p”|| and the negativity N(p)
are obtained as functions of z. The variation of N(p) with respect to z is shown
in Fig. 2.36. The negativity remains zero till x = 0.0625 and increases thereafter.
Thus, according to partial transpose criteria, the state pXVV_V(x) is separable in the
range 0 < x < 0.0625 and entangled in the range 0.0625 < z < 1, in its 2 : 2

partition.
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FIGURE 2.35: The CSTRE Dg(pXVW(x)Hp]%) as a function of x in the 2 : 2
partition of p}'W ()
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FIGURE 2.36: The plot of negativity of partial transpose of pXVW(x), inits 2:2

partition as a function of x

Table 2.1 summarizes the results of the analysis carried out on the one param-
eter family of W-, GHZ-, WW states.



TABLE 2.1: Comparison of separability range of one parameter families of states through positivity of conditional entropies

S(A|B), limg—so ST (A|B), limg—e Dg(pAB]\pB) and Peres’ PPT criterion

Quantum Von-Neumann AR
State conditional | g-conditional CSTRE PPT
entropy entropy
ps' (x)
1 : 2 partition | {0, 0.5695} {0, 0.2} {0, 0.1547} | {0, 0.1547}
2 : 1 partition | {0, 0.7645} {0, 0.4286} | {0, 0.3509} | {0, 0.1547}
GHZ
ps "~ (x)
1 : 2 partition | {0, 0.5482} {0, 1/7} {0, 1/7} {0, 1/7}
2 : 1 partition | {0, 0.7476} {0, 1/3} {0, 1/3} {0, 1/7}
WW
ps " (2)
1 : 2 partition | {0, 0.6530} {0, 0.3333} | {0, 0.1895} | {0, 0.1895}
2 : 1 partition | {0, 0.8248} {0, 0.6} {0, 0.4104} | {0, 0.1895}
W
pa (2)
1 : 3 partition | {0, 0.5193} {0.0.1666} | {0, 0.1123} | {0, 0.1123}
2 : 2 partition | {0, 0.6560} {0, 0.2105} | {0, 0.2105} | {0, 0.0808}
3 : 1 partition | {0, 0.8222} {0, 0.5454} | {0, 0.4174} | {0, 0.1123}
GHZ
ps ()
1 : 3 partition | {0, 0.4676} {0, 0.0909} | {0, 0.0909} | {0, 0.0909}
2 : 2 partition | {0, 0.6560} {0, 0.2105} | {0, 0.2105} | {0, 0.0625}
3 : 1 partition | {0, 0.7868} {0, 0.375} {0, 0.375} | {0, 0.0909}
WW
pa ()
1 : 3 partition | {0, 0.4675} {0.0.0909} | {0, 0.0909} | {0, 0.0909}
2 : 2 partition | {0, 0.6560} {0, 0.2105} | {0, 0.2105} | {0, 0.0625}
3 : 1 partition | {0, 0.7868} {0, 0.375} {0, 0.375} | {0, 0.0909}

U01S.490 [DU0KIPUO0D $31 puD fidosjusy Sps. [ 90110]a}] paysmpung g Ioyder))

¢8
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It is to be recalled here that the conditional entropies used hitherto, in the

analysis of symmetric one parameter families of states, are
S(A|B) = S(A, B)—S(B)

1

ST(A|B) = F(l

~ Qq(pasllps) — 1
DY (panllon) — Zlearllen) =1

and the conditional entropies

S(BJA) = S(A, B) — S(A)

T _ 1 Tr(pap)?
ST(B|A) = 1 (1 e (:A)q >

~ Qq(panllpa) — 1
DY (panllon) — LellaolPn =2

could as well have been used for the present analysis. In fact, Table 2.2 gives
the results of the analysis carried out using the positivity of conditional entropies

S(BJ|A), limg_, S (B|A), limg_,o D] (pas||pa) on the one parameter family of
W-, GHZ-, WW states.

It can be readily seen that the separability ranges in the 1: 2, 1 : 3 partitions
given in Table 2.1 are equivalent to the corresponding 2 : 1, 3 : 1 separability
ranges given in Table 2.2. As 1 : 2 separability of a state must be equivalent to
its 2 : 1 state for a symmetric state, one can conclude that suitable conditional
entropies (either A|B or B|A) are to be chosen in discerning the A : B, B : A

separability ranges using entropic criteria.

Through Table 2.1 (and Table 2.2) it can be concluded that the CSTRE ap-
proach yields a separability range that is either equal to or stricter than the range
obtained through AR criterion and it matches with PPT criterion in 1: 2, 1: 3

bipartitions.
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2.5 Summary

In this chapter, motivated by the recently introduced sandwiched Rényi relative
entropy [56, 57], the corresponding version of Quantum Tsallis relative entropy
for a pair of non-commuting density matrices is defined. The CSTRE is seen to
reduce to the traditional form of Tsallis conditional entropy (AR g-conditional en-
tropy) developed by Abe and Rajagopal [33] when the subsystem density matrix
under consideration is a maximally mixed state. A theorem which states that the
negative values of CSTRE necessarily imply entanglement is proved. Using the
result of this theorem, the CSTRE is employed to investigate bipartite separabil-
ity of symmetric noisy one parameter family involving 3 and 4 qubit W, GHZ,
WW states when ¢ — oo. For the case of one parameter family of 3-, 4-qubit W
states, CSTRE criterion yields the 1 : 2, 1 : 3 separability ranges stricter than
that obtained using AR criterion and matching with the PPT separability range.
For the case of one parameter family of 3-, 4- qubit GHZ states, the 1 : 2, 1 : 3
separability ranges obtained using CSTRE-, AR- and PPT criteria match with
one another. While the 1 : 2 CSTRE separability range of one parameter family
of 3-qubit WW state is stricter than the corresponding AR-separability range and
matches with the PPT separability range, the 1 : 3 CSTRE separability range
of the one parameter family of 4-qubit WW states is seen to be equivalent to
the corresponding AR-, PPT separability range. It is also observed that for the
one parameter family of 4-qubit WW states, separability ranges in all bipartitions
match with the corresponding separability ranges of the one parameter family of
4-qubit GHZ states. The results of this chapter clearly identify that the new en-
tropic separability criterion using conditional version of sandwiched Tsallis relative
entropy is superior to the AR-criterion. The separability ranges obtained using
Peres” PPT criterion in some bipartitions of the symmetric one parameter families
of states considered here are seen to be either equivalent or stricter than the ones
obtained using CSTRE criterion thus implying the superiority of PPT criterion

over entropic criteria.

kK ok ok ok ok sk ok ok sk ok ok ok



TABLE 2.2: Comparison of separability ranges of one parameter families of states through positivity of conditional entropies

S(B|A), limg_oe ST (BJA), limg_e0 Dg(PABHPA) and Peres’ PPT criterion

Quantum Von-Neumann AR
State conditional | g-conditional CSTRE PPT
entropy entropy
ps (z)
1 : 2 partition | {0, 0.7645} {0, 0.4286} | {0, 0.3509} | {0, 0.1547}
2 : 1 partition | {0, 0.5695} {0, 0.2} {0, 0.1547} | {0, 0.1547}
GHZ
ps 7 (x)
1 : 2 partition | {0, 0.7476} {0, 1/3} {0, 1/3} {0, 1/7}
2 : 1 partition | {0, 0.5482} {0, 1/7} {0, 1/7} {0, 1/7}
WW
ps " (x)
1: 2 partition | {0, 0.8248} {0, 0.6} {0, 0.4104} | {0, 0.1895}
2 : 1 partition | {0, 0.6530} {0, 0.3333} | {0, 0.1895} | {0, 0.1895}
W
Py ()
1 : 3 partition | {0, 0.8222} {0, 0.5454} | {0, 0.4174} | {0, 0.1123}
2 : 2 partition | {0, 0.6560} {0, 0.2105} | {0, 0.2105} | {0, 0.0808}
3 : 1 partition | {0, 0.5193} {0.0.1666} | {0, 0.1123} | {0, 0.1123}
GHZ
Py (x)
1 : 3 partition | {0, 0.7868} {0, 0.375} {0, 0.375} | {0, 0.0909}
2 : 2 partition | {0, 0.6560} {0, 0.2105} | {0, 0.2105} | {0, 0.0625}
3 : 1 partition | {0, 0.4676} {0, 0.0909} | {0, 0.0909} | {0, 0.0909}
WW
py - (2)
1 : 3 partition | {0, 0.7868} {0, 0.375} {0, 0.375} | {0, 0.0909}
2 : 2 partition | {0, 0.6560} {0, 0.2105} | {0, 0.2105} | {0, 0.0625}
3 : 1 partition | {0, 0.4675} {0.0.0909} | {0, 0.0909} | {0, 0.0909}
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Chapter 3

Bipartite separability of
symmetric N-qubit noisy states
using conditional quantum

relative Tsallis entropy

The present chapter (Chapter 3) is an extension of the analysis carried out on the
bipartite separability of one-parameter families of symmetric noisy states involving
3-, 4-qubit W-, GHZ, WW states to their N-qubit counterparts. In particular,
the 1 : N — 1 separability ranges of the symmetric one parameter families of states
involving N-qubit W, GHZ and WW states are obtained using CSTRE criterion.
A comparison of the result obtained using CSTRE criterion is compared with that

due to other entropic and Peres’ PPT criteria.

Chapter 3 is organized as under. In Sec. 3.1, the symmetric one parameter
family of states involving a symmetric N-qubit pure state is defined. In Sec.
3.2, the eigenvalues of the sandwiched matrix of the one parameter family of
states involving 5-, 6- qubit W states in their respective 1 : 4, 1 : 5 partitions
are evaluated (Secs. 3.2.1, 3.2.2). Sec. 3.2.3 details the generalization of these
eigenvalues for arbitrary N > 3 and obtaining the 1 : N — 1 separability range
for the symmetric one parameter family of states containing N-qubit W states.

Secs. 3.3, 3.4 outline similar procedure carried out for the one parameter family
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of states involving N-qubit GHZ, WW states respectively. In Sec.3.5, the CSTRE
criterion is made use of, to find out the separability range in higher dimensional
systems such as qubit-qutrit and qutrit-qutrit systems. Sec. 3.6 gives a summary
of the results in this Chapter.

3.1 Symmetric one parameter families of noisy

N-qubit mixed states

The symmetric one parameter family of noisy N-qubit mixed states are given by

11—z

with Py = 2527% ‘%, M> <%, M‘ being the projector onto the N + 1 dimen-
sional maximal multiplicity subspace of the collective angular momentum of N-
qubits spanned by the basis states |5, M), M = 5 to —Z in unit steps. [®y) is
any pure state belonging to this symmetric subspace. Notice that x is a parame-
ter lying in the range [0, 1] and when = = 0 the state py(x) is maximally mixed
(in the symmetric subspace) whereas it is a pure state |®y) when z = 1. The
separability range of one parameter family of mixed states refers to the
range of values of the parameter = in which the state py(z) is separable,
in a chosen bipartition of the state. The separability ranges differ for each
bipartition and the 1 : N — 1 bipartition of the state py(x) is analyzed in this

section.
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3.2 1: N—1separability in symmetric one-parameter

family of noisy W-states

It can be recalled here that the symmetric one-parameter family of noisy W states
are defined in Sec. 2.2 (See Eq. (2.22)) and are of the form

1—=x
M) = (§55) P+ alWa)(Wal, 0< o<1

N N N N N
Py — E:_M 2ovl o= 2
N M‘27 ><27 '7 272 ) 9

where [Wy) = |5, § — 1) is one among the basis states of the N 4 1 dimensional
symmetric subspace of collective angular momentum of N-qubits. In Sec. 2.2.1
it has been shown that using the Abe-Rajagopal g-conditional entropy [33], the
1 : 2 separability range of the 3-qubit state py'(z), is found to be [0, 0.2] while
the PPT criterion gives the stricter separability range [0, 0.1547] [40, 62]. In the
1 : 3 partition of the 4-qubit state p}’ (x) also, the AR-criterion leads to the weaker
separability range [0, 0.1666] compared to the range [0, 0.1123] obtained through
PPT criterion. An observation of the fact that the single qubit density matrix
of p¥ () is not maximally mixed led Rajagopal et.al., [62] to make use of the
non-commuting version of the Tsallis relative entropy [56, 57] to obtain a better
separability range for the case under examination. They proposed the conditional
version of the sandwiched relative entropy [62] (CSTRE) DqT(p as||ps) and showed
that the negative values of ﬁg(p g||pp) indicate entanglement in the state pap.
Quite in accordance with the expectations, the CSTRE criterion resulted in a
better separability range [62] than that through AR-criterion and it even matched
with the 1 : 2, 1 : 3 separability ranges of py' (), py (z) obtained through PPT
criterion. Continuing further with the use of AR criterion, the 1 : N —1 separability
range of the one-parameter family of noisy W states has been obtained in Ref. [40]
and it is found to be

0 < x< L (3.2)
T e .
- T N+2

for any N > 3. This has been a generalization of their result for py' (), py’ (z),

in their respective 1 : N — 1 partitions, to pX (z). As it is seen that [62] for
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3- and 4-qubit noisy W-states the CSTRE criterion yields a stricter 1 : 2, 1 : 3
separability range than that obtained through AR criterion, the immediate interest
is to generalize the 1 : N — 1 CSTRE separability range to N-qubit states py (z),
for any N > 3. This is carried out in the following.

In Sec. 2.1, the conditional version of Tsallis relative entropy (CSTRE) of a
bipartite state pap, corresponding to its A : B partition is given by (See Egs.
(2.7), (2.8))

Qq(panllpr) — 1
I—q

f?f(pABpr =

where
Qq(PABHPB) = Tr { ((I ® PB)lQ;quAB([ ® pB)%>q} )

In order to find the 1 : N — 1 separability range of the state p} (x), one need to

evaluate the eigenvalues \; of the sandwiched matrix,

1—gq

T'= (I ® pp) = pN () (s © pp) =,

with pp being the subsystem density matrix of p) (x) corresponding to N — 1
qubits, so that (See Egs. (2.12), (2.15))

N+1

QqpN (2)llp5) = Z Al (3:3)

and Mol
Zi:l )\zq B 1.

1—gq

Here, as the interest is to find out the 1 : N — 1 separability range, it is considered

Dy (px ()llp5) = (3-4)

that the subsystems A, B to correspond respectively to a single qubit and the
remaining N — 1 qubits (as the state p) (x) is symmetric, it does not matter which

qubit is taken as subsystem A).

According to CSTRE criterion, the 1 : N — 1 separability range of pX\s () is the
range in which the parameter x gives non-negative values for [?qT(p})\,v(x)HpB), in

the limit ¢ — oo.

The non-zero eigenvalues \;, i = 1, 2,..., N + 1 being crucial in the evaluation

of [)qT(pX,V(x)H pi), the form of these eigenvalues is examined when N = 3, 4, 5, 6
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to analyze whether a generalization to the case of any NV is possible. An explicit

evaluation of the eigenvalues \; of the sandwiched matrix (/4 ® pB)lgqu}’vv(x)(I A®
pB)lTQq is carried out when N = 3, 4,5, 6. In fact, as the detailed evaluation

of the eigenvalues \; of the corresponding sandwiched matrices in the 1 : 2,1 : 3
partitions of 3 and 4 qubits has been carried out, the eigenvalues of the sandwiched

matrices in the 1: 4, 1:5 partition of pi¥(z), py (x) are evaluated here.

3.2.1 1:4 separability in symmetric one-parameter family

of noisy W-states with 5 qubits

The 5 qubit symmetric one parameter family of noisy W-states is given by

1 —
py (x) = (—x) P+ |W;5) (Ws]; 0<z<1

6
)
=M §,M
2 2

is the projector onto the symmetric subspace of 5-qubits spanned by the six angular

Here,

momentum states ]%, M), which are the basis states of the maximal multiplicity
subspace with J = 5/2.

The distinct non-zero eigenvalues of the state pY' () are given by

l—=x ~ (1+52)
i Ao = e (3.5)

M=A=A=M=X=

In the 1 : 4 partition, the single qubit marginal of pi¥(x) forms the first part A

and is given by

5+3z 0
pa = Trazs ng(x) = w0 532 (3.6)
0 10

The four qubit marginal of p}¥(z) forms the second part B.
The non-zero eigenvalues of pg are given by

11—z _1+3$

5 y s = 5 .

= 2 =13 =14 =

57
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With the knowledge of the eigenvalues of pp and that of p¥¥(z) both the von-
Neumann conditional entropy S(A|B) and the AR g-conditional entropy of p\¥ ()
in its 1 : 4 partition are evaluated. The AR ¢-conditional entropy is explicitly

given by

st - L1 Tl
)

The 1 : 5 AR separability range of p¥¥(x) is obtained as (0, 0.1428) whereas the
von-Neumann conditional entropy yields the 1 : 5 separability range as (0, 0.4854).

It is observed that pp is not a diagonal matrix but it can be diagonalized by
a unitary matrix Upg, which is constructed using the orthonormal eigenvectors of

pp. The unitary matrix Up is given by

1 0 0 0 0 0O O O O O O O O 0 O
o+ 4 0 5 0 0 0O 4 0 0 0 0 0 O
o 2 0 3zt 0 0 0o 3z 0 0 0 0 0 O
000%0%%00%%0%00
0\%;—;000000000000
0000%000;—%000000
oo o o o0 o0 O 4 0 0 0 3 0 3 12
UB:()oooooo%ooo%o%l%l
oo 0 0 0 0 0 55 0 0 0 Z% 0 0 0
oo 0 0 0 0 0 0 0 0 0 0 0 5 =
00 0 5% 0 =% 0 0 0 0 0 0 0 0 0
oo 0 0 0 0 &5 0 0 Z% 0 0 0 0 0
oo 0 0 0 0 0 0 0 0 Z% 0 5 0 0
oo o 5 o & 0o o 0o 0o F o F 0 0
000;—%0;—%%00\%\;—1&20;—%00
o0 0 o0 0O O O O O O O 0O 0 0 O

_ O O O O O O O O o o o o o o o
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The unitary equivalent matrix of

= (I, ® pp) % p (x)(L @ pp)
is given by I'y = (I,®@Up)T'(I,®Up)" and the non-zero eigenvalues v; of I'yy (hence

of I') are given by

(1 — x) (1 - x) w (3-fold degenerate),
- (1;1’) (%)q (3.7)
(555) (1) o= 2000

v = (1253”) (%);[1+4(1+3x)131

One can now readily evaluate the expression for CSTRE DqT(ng(m) l|pp) inits 1:4

Y3 =

partition as

~ > -1

Dy (p3' (2)llps) = 1o
The zero of the function limy o DI (pd (2)|[pp) = 0 gives 0 < z < 0.0883 as
the 1 : 4 separability range of the state p¥ () [63]. Fig. 3.1 illustrates the 1 : 4
separability range of p}¥ (z) when different conditional entropies are used to discern
its separability. To obtain the 1 : 4 separability range in p¥'(z) through PPT

criterion, the eigenvalues a? of (pT)2 with p! being the partially transposed density
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— SAIB)
-—— §AB
~T W
—  Dq4(ps Xllps)
4.x1077| e
2.x1077]
.i ‘ ‘ ‘ ‘ - X
EO.Z 04| 06 08 10
—2.x107"} |1
]
-4.x1077 |4
FIGURE 3.1: Plot of conditional entropies, limg_ D:{(pgv(:c)ﬂpg),
limg—s o0 S;F(A\B), S(A|B) of p¥¥(z), in its 1 : 4 partition, as a function of

x.

matrix of pY¥(x) is evaluated. From the eigenvalues a? of (pT)Q,

11—z
ap = 062:043:( 30 )7
0 — (1+5x)7
30
1 —
as = a6:< ?) (3.8)

302

374 x(118 + 421x) £ (7 + 172) /25 + x(553z — 2)
Qg/10 = .
30v/2

(37+ﬁd22+2%h)i7@t—1)v@5+xO42+4mhj>
ar/8 = )

the trace norm ||p”|] = >, @i and the negativity N(p) is evaluated using the
relation N(p) = HPT%. The plot of N(p) as a function of x, is shown in Fig. 3.2.
It can be seen that, according to PPT criterion, the state p¥'(z) is separable in
the range 0 < 2 < 0.0883 and entangled in the range 0.0883 < z < 1, inits 1:4
partition. Here it can be noted that the 1 : 5 CSTRE separability range (0, 0.0883)
matches with the PPT separability range, whereas the 1 : 5 AR separability range
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N(p)
0.4+

0.3}
0.2}

0.1}

: : : : - X
0.2 0.4 0.6 0.8 10
FIGURE 3.2: The variation of negativity of partial transpose of the state pgv(x),
as a function of z.

(0, 0.1428) is weaker than both PPT and CSTRE separability range.

3.2.2 1:5 separability in symmetric one-parameter family

of noisy W-states with 6 qubits

The symmetric one parameter family of noisy W-states with 6 qubits is given by

o (2) = (1;90) Pyt x|Wa) (Wel: 0<a<1 (3.9)

where
3

Ps= )Y 3, M)(3, M|

M=-3
is the projector onto the symmetric subspace of 6 qubits spanned by the angular
momentum states |3, M) which are basis states of the maximal multiplicity sub-
space with J = 3. There are only two distinct non zero eigenvalues for the state

oV (x) and they are given by
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The single qubit marginal of py' () is given by

1 342z 0
pa = Troguse p (2) = 6 ( 0 3—9g ) (3.10)

The non-zero eigenvalues of pp, the five-qubit marginal of py’ (), are given by

1—=x _1+4x

6 3 Tle = 6 .

= N2 =13 =1M4 =15 =

1
67

The AR g-conditional entropy for the state py' (), in its 1 : 5 partition is given by

, 1 6 ()" + (452 )
ST(AIB)=——|1—
q( ’ ) q 1 < (%)q 4(1—x q 1+4a;)q

The identification of the zero of the monotonically decreasing function SqT(A\B ), in
the limit ¢ — oo occurs at = 0.125 yielding (0, 0.125) as the 1 : 5 AR separability
range. In order to evaluate the conditional sandwiched Tsallis relative entropy of
p&(x) in its 1 : 5 partition, the eigenvalues 7; of the matrix
1-g 1-g
I'=(L®pp)™ pg () (I @ pg) >
are to be evaluated. Towards this, it is necessary to construct the unitary matrix
Up which diagonalizes pg. On constructing Ug using the orthonormal eigenvectors

of pp the eigenvalues ~; of the sandwiched matrix I' can be evaluated as the

eigenvalues of the unitary equivalent matrix I'y = (L@ Up)T'(I,®Ug)!. Explicitly,

1—¢q

1-— 1-— e
Moo= ( 7:]6)( 6x> , 4 — fold degenerate

Yo =

(
Ny = (1;“@) (é)é [4(1 — ) +2(1—|—4x)%} (3.11)
(

! J;6I> (%)1 [1 +5(1+ 4x)1%"]
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The expression for CSTRE ﬁg(pgv(x)HpB) in its 1 : 5 partition is evaluated using

the expression
) v —1
l—q

Fig. 3.3 shows the variation of von-Neumann conditional entropy S(A|B) and the

Dy (pg' (2)llp5) =

g-conditional entropies limy o ST(A|B), limy oo DI (pd (z)||p5) of pi¥ (z), in its

1: 5 partition. The zero of the monotonically decreasing function DqT(ng(x)H PB)

—— SAB)
-—— S§AB
~ T
45107 ——  Dqlog llpe)
2.x1077}
Y I TR I
o102 o4 06 08 10
-2.x10°" |
—4.x1077 |1

FIGURE 3.3: Plot of conditional entropies, limg_ Dg(pgv(:):)HpB) ,
limg o0 Sg(A[B), S(A|B) of p¥(x), in its 1 : 5 partition.

is identified at x = 0.0727, in the limit ¢ — oo. The 1 : 5 separability range of
p&¥ () is thus obtained as (0, 0.0727). It is seen that the 1 : 5 PPT separability
range of the state py' (z) is also (0, 0.0727) while the corresponding AR-separability
range (0, 0.125) is weaker. The plot of negativity of partial transpose of pi¥ () as

a function of z is shown in Fig. 3.4.

3.2.3 Eigenvalues of the sandwiched matrix in the 1 : N —1
partition of p¥ (z) and its 1: N — 1 separability

The Table 3.1 provides the non-zero eigenvalues of the sandwiched matrix

1-g

1—¢q
I'=(14®pp) 2 pN(z)(Ia @ pB)

when N =3, 4,5, 6 [63] .



1— 1—
TABLE 3.1: The non-zero eigenvalues +; of the sandwiched matrix (14 ® pB)T;Zp}’VV(x)(IA ® pB)qu for N =3to6

Number "
of (N —2) fold Y2 V3 V4
qubits (V) degenerate

] 1—¢q

N=3 [(F) ()7 0T | @ [0 v W] | ) @) 120

I—gq T—q 1—q ] 1—q ]

N=14 [ (2)(E) 7 [ ()07 | () @) 20— +20+20) 7] | (252) (3)7 [14+3(1+20) 7

I—gq T—q 1—q 7] 1—q ]

N=5 (5 (57 | (507 () () B0 -0 20480 (52) ()7 [1a0 430

1—q ]

N=6 | () ()7 (07| ()G 10 -0 20440 4) ()7 [1450 4+ 40)

HY.LSH buisn sayvys fisrou orupowwlis fo figyrqoindas agundig ¢ 103der))
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FIGURE 3.4: The plot of negativity of partial transpose of the state pgv(m) in
its 1 : 5 partition as a function of x.

On observing the nature of each eigenvalue presented in Table 3.1 one can
obtain the eigenvalues v; of the sandwiched matrix I' for arbitrary N and they are

explicitly given below.

1—q

1—=x 1—x2\ ¢
o= (N+1>( N ) , (N —2) fold degenerate;

T2 =

Zr—t
+

,_;%2
N—
7N
2,_.
N—

(3.12)

(v
w <Jif+ )(%) (V=2)(1 = 2) 3" +2(1+ (N = 2)2) 7],
(

N“) <_);[1+(N_1)(1+(N—2)g;)1;"],

On making use of the values of v;, i = 1, 2, 3, 4, the zero of CSTRE Dg(pyvv(m) |pB)
(See Eq.( 2.7)) can be identified for any N in the limit ¢ — oco. It can be seen that

Y4 =

Dg(py\,v(x)H pp) is a monotonically decreasing function for all values of N when

g > 1. In the limit ¢ — oo, DqT(p}’VV(:c)HpB) changes sign from positive to negative
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at its only zero which occurs at

~N+ 2NN —1)
= 3 . (3.13)

N( )

Thus, the 1: N — 1 separability range of the state pX\ (z) (N > 3), obtained using
CSTRE criterion is found to be [63]

_N+\AN(N =1
0<w< 7 = g ). (3.14)

N( )

Note that Eq.( 3.14) is different from the AR result in Eq.(3.2). One can assert

here that it is the non-commutativity of the single qubit marginal given by

T

N+ (N —2)x N—(N—2):1:>

P1 = P2 PN 13%( ON ) IN

with p¥ (z) that results in a stricter separability range through CSTRE criterion
compared to its commuting version, the AR criterion. Notice also that one can
immediately recover the range (0, 0.1547), (0, 0.1123) respectively for the states
oy (), py (x) using the relation Eq.( 3.14) and this is in accordance with the
range obtained using the CSTRE criterion directly for the 3-, 4- qubit states
oy (), pyV () in Ref. [62]. One can also obtain the separability ranges (0, 0.0883),
(0, 0.07275) in the 1 : 4, 1 : 5 partitions respectively for the 5- and 6- qubit states
of the family of noisy W-states. It is verified that these separability ranges (for
N =3, 4, 5, 6) match with those obtained through PPT criterion. One can thus
conjecture that the CSTRE separability range in Eq. ( 3.14) for the 1 : N — 1
partition of the states p)y (x) is also the PPT separability range.

Fig. 3.5 illustrates the relatively rapid convergence of the value of z to 0.1
for AR g-conditional entropy in comparison with the convergence of x to 0.0538
for the CSTRE f)qT(ng(x)HpB). From Eq. (3.14) and the discussion following
it, it can be readily seen that the 1 : N — 1 separability range of p)y (x) reduces
considerably with the increase in N. Thus, for large N (macroscopic limit), one
can expect that a single qubit and its remaining N — 1 qubits are entangled for
the whole range 0 < x < 1 in the state py (z) (See Fig. 3.6).
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FIGURE 3.5: Implicit plot of DqT(pXV(m)HpB) = 0 as a function of ¢ (solid line)

indicating that x — 0.0538 as ¢ — oo. In contrast, the implicit plot of Abe-

Rajagopal g-conditional entropy Sg(A[B) = 0 of the state py' (), inits 1 : 7
partition(dashed line), leads to z — 0.1 as ¢ — oo.

o ———— N=5
Dq(on )l pB) N=6
; -—-- N=7
4.x1077" —— N=8

2.x1077}

| | AR

- 002 004 [0ds '0.08) 0.10
—2.x1077} ! :
L 1
~4.x1077} : :

FicUure 3.6: Illustration of the reduction of 1 : N — 1 CSTRE separability
range in p) (z) with increase in the number of qubits N from N =5 to N =8
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3.3 1: N—1separability in symmetric one-parameter

family of noisy GHZ-states

The symmetric one-parameter family of noisy GHZ states with N-qubits is given
by (See Eq. (2.56))

1—=x
) = (5 ) P -+alGHz s (CHz), 0 <a <1

In chapter 2 it has been shown that for the 3-, 4-qubit states p$t%(z), p$H%(x),

their respective 1 : N — 1 separability ranges obtained using CSTRE criterion
matched exactly with that through AR- and PPT-criteria [62]. Here, this result

is generalized to N-qubit states pG%(z) and the 1 : N — 1 separability range of

pSHZ(x) is explicitly obtained.

3.3.1 1:4 separability in symmetric one-parameter family

of noisy GHZ states with 5 qubits

The symmetric one parameter family of noisy GHZ-state with 5 qubits is given by

1 —
pSHZ (1) = ( - ””) Ps + 2 |GHZs) (GHZs|; 0<z <1 (3.15)

There are only two distinct non zero eigenvalues for the state pSt%(x) and they

are given by

Ll W 0} (3.16)

M=X=A3= =)=
1 2 3 4 5 6 6

The single qubit marginal ps of pS%(x) is a maximally mixed state

110
pa = Tragys P?Hz(x) = B < 01 ) = 1/2
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The remaining four qubit marginal of pp has only two non-zero distinct eigenvalues

and they are
11—z 24 3x

T
The AR ¢-conditional entropy for the state pS%(x) is seen to be

Th =12 =13 =

L[, () (e
SH(AIB) = —— |1— . L
R e 5]

(3.17)

As the 4-qubit marginal pp of pSH%(x) is not in the diagonal form, one needs

the unitary matrix which diagonalizes pp so that the eigenvalues of I'y = ([o ®

Up)T'(I, ® Ug)' which is unitarily equivalent to the sandwiched matrix
D= (Lpp) = p§™(x) (I @ pp) =

can be readily evaluated. In order to employ the CSTRE criterion to obtain the

1 : 4 separability range in p$H%(x) . The explicit form of the unitary matrix is

given by
1 0o 0 0 0O 0O 0O O O O O O O 0 O
o & 0 5 0 0 O F 0 0 0 0 0 O
0 0 0 %a 0 % \/Lé 0 0 %@ %@ 0 \/Lé 0 0
o0 o0 o o0 o o0 4 0 0 0 4+ 0o L 4
o+ L 0o L 0o o 0o 3z 0 0 0 0 0 0
0O % % 0 0 0 0 0 0 0 0 0 0 0 0
00 0 0 5% 0 0 0 % 0 0 0 0 0 0

U= oo o o o o o 4 0 0 o0 3§ o F
00 0 0 0 0 O \/% 0 0 0 ;—; 0 0 0
oo 0 o0 O O O O O 0O 0 0 ©0 w% ;—g
0 0 0 V% 0 ;—; o 0 0 0O 0 0 0 0 ©0
00 0 0 0 0 J% 0 0 ;—g 0O 0 0 0 0
oo 0 0O O O 0O O 0 O \—/—g 0 \/% 0 0
o0 o0 2 0 4 0 0 0 0 F 0 F 0 0
0 0 0 J—l% 0 J—l% %ﬁ 0 0 %ﬁ J—l% 0 J—l% 0 0
o0 0 o0 0O O O 0O O O O 0O 0 0 O

_ O O O O O O O O o o o o o o o
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The non-zero eigenvalues of I';; and hence of I' are found to be,

1—gq

1— 1—z\ @
" o= * * (2-fold degenerate),
6 5
B 1—x 2+ 3x o
2=\ 10
1+ 5z 2+ 3x o
_ 1
= (57) (5 629

b = (1 g x> (%) ! [4(1 _ x)%q + (1 + gx) ’ ] (2-fold degenerate)

One can now evaluate the expression for CSTRE DI (p§%%(z)||pp) in its 1 : 4

partition as

- Zz 7 =1
D} (p§"™()lpp) = =
q
Fig. 3.7 indicates the decreasing 1 : 4 separability range of pSt%(x) when the von-

Neumann conditional entropy, CSTRE DI (p51%(z)||p5) are respectively employed

to discern the separability. One can obtain (0, 0.0625) as the 1 : 4 separability

range of pSM%(z) which matches with the AR separability range. In order to obtain

—S(AIB)

By (pSZ()llos)
4.x107"¢

2.x107"}

‘ ‘ ‘ - X
5 2 10-7 02 04 06 08 10
—2. X107 "¢

—4.x1077}

FIGURE 3.7: The variation of von-Neumann conditional entropy S(A|B) and
limg 00 DqT(ngZ(x)HpB) as a function of = for the state pSH%(x), in its 1 : 4
partition.
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the PPT separability range of pS$™%(z), in its 1 : 4 partition, the negativity of the

1 : 4 partially transposed density matrix of pSit%(z) is evaluated. The graph of
negativity as a function of x is as shown in Fig. 3.8. One can obtain (0, 0.0625)
as the 1 : 4 PPT separability range and it matches with both AR and CSTRE

separability range of pStZ(x), in its 1 : 4 partition.

N(p)
0.5

0.4
0.3
0.2
0.1

L | L L L | L L L | L L L | L L L | X
02 04 06 08 10
FIGURE 3.8: The graph of negativity of partial transpose of the state p$H%(z)
as a function of x

3.3.2 1:5 separability in symmetric one-parameter family

of noisy GHZ-states with 6 qubits

The symmetric one parameter family of noisy GHZ states with 6-qubits are given
by
1 —

where 0 <z < 1 and |GHZg) is the six qubit GHZ state.

There are only two distinct non-zero eigenvalues for p§t%(x) and they are given

by
11—z )\_(1+6x)
7 T

M=X==M=X =)=
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The single qubit marginal p4 of pS$™%(z) is a maximally mixed state I5/2 and the

non-zero eigenvalues of pg, the 5- qubit marginal of p§t%(x) are

11—z 142z

6 y s =T = 6 .

T ="T2=1"13 =14 =

With the knowledge of \;, 1;, The AR g-conditional entropy of the state p§H4(z),

in its 1 : 5 partition is evaluated as

SF(AIB) = — (1 S SO ) (3.20)

One can obtain (0, 0.0454) as the 1 : 5 AR separability range, through the iden-
tification of the zero of S} (A|B) in the limit ¢ — oco.

In order to make use of CSTRE criterion to obtain the 1 : 5 separability range

in pS$M%(z) the 5-qubit marginal pp is to be diagonalized by the unitary matrix

Up. On constructing the unitary matrix Up through the orthonormal eigenvectors

of the 5-qubit marginal pg, one can obtain I'y = (I, ® Up) I" (I, ® UB)T where

1-g

T = (L®pp) % (I ® Ug)pS™(x) (I, ® Up)' (I ® pp) = .

The non-zero eigenvalues of I'y which are the eigenvalues of the unitarily equivalent

sandwiched matrix I are found to be,

1—q

1— 1—z\ 7
" o= < 796)( 6x> (3-fold degenerate),

1;1;) (12295)14‘1 3.21)

(
w = () ()
(

1 _ 1 q 1—q 1—q
:c) (_) [5(1 —z) e +(1+22) (2-fold degenerate)

Yo =
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The expression for CSTRE f)qT(,oGGHZ(x)HpB) in its 1 : 5 partition can be ex-
plicitly evaluated through

Zi%q_l

T/ GHZ
D, (pg“(2)|lpB) = -

It can be seen through Fig. 3.9 that the state p$'%(z) is separable in the range 0 <
x <0.0454, in its 1 : 5 partition and this range is much stricter than 0 < 0.3601,
the separability range obtained using von-Neumann conditional entropy. Note
that the CSTRE separability range matches with the AR separability range [63]
here and this is expected because whenever p,4 is maximally mixed, DqT(p AB|lpB)

reduces to the AR g-conditional entropy S (A|B). The 1 : 5 separability range

—SAIB)

Dq (0" (0lIps)
4.x1077;

2.x10771

: : : : = X
02 D4 06 08 1.0
-2.x10°7}
—4.x1077}

FIGURE 3.9: The variation of von-Neumann conditional entropy S(A|B) and
CSTRE limg o DqT(pg'HZ(x)HpB) as a function of x for p$M%(z), in its 1 : 5
partition.

of p§f%(z) through PPT criterion is also evaluated through determination of the
negativity of its partial transpose. The graph of negativity of partial transpose of
p$H%(x), in its 1 : 5 partition, as a function of x is shown in Fig. 3.10. It can be
seen that the 1 : 5 PPT separability range of p$™2(z) is (0, 0.0454) and it matches
with that obtained through AR- and CSTRE criteria. Here, one can observe that
all the three separability criteria that is PPT, AR and CSTRE yields the same

separability range (0, 0.0454).
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N(p
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FIGURE 3.10: The graph of negativity of partial transpose of p$T%(z), in its

1: 5 partition, versus x.

3.3.3 Eigenvalues of the sandwiched matrix in the 1 : N —1

partition of p§t'%(z) and its 1: N — 1 separability

The Table 3.2 provides the non-zero eigenvalues of the sandwiched matrix (/4 ®
pp) = P (x)(In ® pp) = when N =3,4,5,6 [63].

1

The eigenvalues ; of the sandwiched matrix (14 ® pg) 2 p§H2(z)(I4 @ pB)lTizq
for N = 3,4, 5, 6 are given in Table 3.2. Here too, there are only four distinct
non-zero eigenvalues of the sandwiched matrix, two of which have N —3 and 2-fold
degeneracies respectively. As in the case of p) (z), here too the calculation of the
eigenvalues for general N is obtained by observing the trends of each column in
Table 3.2 for N = 3,4,5,6. This leads to the four non-zero eigenvalues for all N

and they are given below;

1—gq

1—=x 1—=x q
e <N+ 1> ( N ) , (N — 3)-fold degenerate;

C(1-a)\ [2+z(N-2\
2T AN+ 9N ’

e () ey

o= = G{;ﬁ) (%)1 [(N—1)(1_x)1qq+(H(g_l)x)qu];




1

_ 1—
TABLE 3.2: The eigenvalues ~; of the sandwiched matrix (14 ® pB)qup%HZ(x)(IA ® pB)qu for N=3,4,5,6

Number " Va
of (N — 3)-fold Y2 V3 2-fold
qubits (N) degenerate degenerate
=2 =2 T =) =
N=3 - (59 () 7 | () )7 | () @) 20— - 1t/

e I e I R e R O IO LR R

N5 () ()T | (R E T ) T () (0 10T 4 (3 7]

Vo6 ()T () )T () ()T ()@ 00T 127

HY.LSH buisn sayvys fisrou orupowwlis fo figyrqoindas agundig ¢ 103der))

80T



Chapter 3. Bipartite separability of symmetric noisy states using CSTRE 109

The eigenvalues ~; in Eq.(3.22) allow for the evaluation of ﬁg(pﬁHZ(a:)HpB) =

N+1_q ~
Ei%fl and the zero of the monotonically decreasing function D] (o5 (z)||ps)

is found to be at x = when ¢ — oco. One can thus obtain the 1 : N — 1

2
N?FN+2
separability range of the state p{%(x) using CSTRE criterion as [63]

2
0<

=TSN N2 (3:23)

for any NV > 3. One can recall here that, in Ref. [40], the separability range in the
1 : N —1 partition of the one parameter family of GHZ states was found using AR
g-conditional entropy criterion and it matches exactly with Eq. (3.23). This is to
be expected as, the CSTRE criterion and AR criterion give the same results when
the single qubit reduced density matrix turns out be a maximally mixed state thus
commuting with its original density matrix [62]. Such a situation occurs in the
case of one parameter family of noisy GHZ states [62] as the single qubit density
matrix turns out to be %1. Thus the results of CSTRE criterion match exactly
with that of AR criterion in the case of one parameter family of noisy GHZ states.
But the difference between the CSTRE and AR criteria even in this case lies in the
different modes of convergence of the parameter x with the increase of ¢. In fact,

m when CSTRE criterion is used whereas
the convergence of x is relatively fast for AR criterion. This feature for p§t%(r)

is illustrated in Fig. 3.11.

x converges slowly to the limit

Quite similar to the case of p¥ (z) (See Fig. 3.6), the 1 : N — 1 separability
range in the family of states p{%(x) decreases with increasing N and this fact is

illustrated through Fig. 3.12.

It is to be noticed that PPT criterion also gives the same 1 : N — 1 separability
range for N = 3,4,5,6 for one-parameter family of GHZ states. Therefore, one
can conjecture that Eq. (3.23) gives the PPT separability range in the 1 : N — 1

partition of the one parameter family of noisy GHZ states p§H2(z). It is also

Tt is to be noticed here that if the CSTRE lNDqT(p%HZ ()||pa) with respect to the subsystem
A is evaluated in the 1: N — 1 partition of the state pG%(x), then py = % is the single qubit
marginal. Thus, the sandwiched matrix is given by
1-g

1-gq 1-q I I 1-g
(pa®Ip) 7 pM%(x)(pa @ Ip) 20 = (52 ® Ip) 2 P%Hz(f)(g ® Ip) =

and it can be seen that ﬁ:{(p%Hz(x)HpA) = ST (BJA)
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FIGURE 3.11: Implicit plots of bg(pg}HZ(x)Hpg) = 0 as a function of ¢ (solid
line) and Abe-Rajagopal ¢-conditional entropy SqT (A|B) = 0 (dashed line) of
the state ngZ (), in its 1 : 5 partition. The relatively slow convergence of the
parameter x to 0.04545 with the increase of ¢ in the case of CSTRE criterion is

readily seen.

5T GHZ T N=
Dq (PR X)llp8) — — - N=6
[ -—=-= N=7
4.x1077} ——— N=8
2.x107 "¢
— TR
, 0.02] p. 0d6 0.08 0.10
-2.x1077} i : !
r 1
—4.x1077} | ! :
[ S '

Ficure 3.12: Ilustration of the reduction of 1 : N — 1 CSTRE separability

range in p](%,HZ(a:) with increase in the number of qubits N from N =5to N =8

GHZ V2-1

observed that for large N (macroscopic limit), = ~ <5 for p§H'%(z) and = ~

for p (z). Thus with the increase of N, the 1 : N — 1 separability range decreases
much faster for one parameter family of GHZ states than for one parameter family

of W states.
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3.4 1: N—1separability in symmetric one-parameter

family involving the states [WW )

Having examined the 1 : N — 1 separability of the state py(z) (See Eq. (3.1))
when |®y) corresponds to the N-qubit W-; or GHZ- state, it would be of interest
to evaluate 1 : N — 1 separability range of the state py(z) when |®y) corresponds
to another symmetric N-qubit state [WW ), the equal superposition of the states

W) and its obverse counterpart |[W).

3.4.1 1:4 separability in symmetric one-parameter family

of noisy WW-states with 5 qubits

The five qubit symmetric one parameter family of mixed WW-state are defined as

pW () = (1 g x) Ps+2|[WW5) (WWs5|; 0<a<1 (3.24)

The distinct non-zero eigenvalues of the state png(x) are

- |
A=Ay = Ay = Mg = As = 65“, Aﬁ—@.

(3.25)

The single qubit marginal of png(m) is a maximally mixed state I5/2. The non-
zero eigenvalues of the remaining four qubit marginal pp are

1—=x _2+3:c

=1 = . 3.26
5 y T4 5 10 ( )

m=12=1"3=

The AR g-conditional entropy for the state png(x)in its 1 : 4 partition is given
by
1 5 (L=z)? 4 (L)
ST(AB) = —— [ 1 - —~-F 6 (3.27)
A e ey
Identifying the zero of ST (A|B) in the limit ¢ — oo, one can obtain (0, 0.0625)
as the 1 :4 AR separability range.
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The unitary matrix

@
—
|
—
|
—
|
—

- -1

00 0 Wi 0 om0 0 A& om0 ;A 00
2 —1 —1 —1 —1

0 0 0 0 o @ 0 0 5= 3£ 0 5E O 0
3 —1 -1 —1

0 0 0 0 0 o £ o 0 5% 35 O 5K O 0
2 —1 —1

0 0 0 0 0o 0 0 0 0 /2 Z o =2 0o o0
1 —1

0 0 0 0 0 0 0 0 0 o 5 0 # 0 0

0 B = 0 E 0 0 0 5K O 0 0 0 0 0

0 0 2 o % 0o 0o 0o £ 0o 0o 0o 0 0 0

Un — 0 0 0 0o 5 0 0 o 4 0 0 0 0 0 0

0 0 0 0 0 0 0 - 0 0 0 sk 0 5k 5k

0 0 0 0 0 0 0 0 0 0 0 2 0 ;—% %

0 0 0 0 0 0 0 0 0 0 0 0 0 % %

—1 —1 —1 -1

0 5% 35 0 5% O 0 0 ;£ 0 0 0 0 0 0

% 0 0 0 0 0 0 % 0 0 0 % 0 % %
1 1 1 1 1 1

0 0 L A Y L T 0

1 1 1 1
(1) % x= 0 = o0 0 (1) = 0 0 (1] 0 (1) (1)
= 0 0 0 0 0 0 5 0 0 o £ 0 £ X

which diagonalizes the four qubit marginal pg leads to the evaluation of I'y =

(I, ® Ug) T (I, ® Ug)! where the sandwiched matrix T is given by

T=(L®pp) % (I, @ Ug)pl™ (2) (I, ® Up)t (I ® pg) = .

One can now readily evaluate the expression for CSTRE f)qT(pgvv_v(x)HpB) in its

1 : 4 partition as

~ R Zz %q -1
DqT(/%NW(x)HPB) = Tq

Fig. 3.13 indicates the variation of the von-Neumann conditional entropy S(A|B)
and CSTRE lim, o DT (p¥W(z)||pp) with x. The 1 : 4 separability range of
the state png(.r) is obtained as 0 < x < 0.0625 through identifying the zero of
the function lim, Dg(png(x)ﬂpg) [63]. To find the PPT separability range of
png(x), in its 1 : 4 partition, the negativity of partially transposed density matrix
of p}fvw(x) is explicitly evaluated. The plot of negativity of partially transposed
matrix p? as a function of x is as shown in Fig. 3.14. It can be seen that (0, 0.0625)
is the 1 : 4 PPT separability range of png(x) which matches with that obtained
using CSTRE criterion.

O&‘»—‘OO&‘MOOOOOOOOOOO
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FIGURE 3.13: Both von-Neumann conditional entropy S(A|B) and CSTRE

limg 00 Dg(png(x)HpB) varying as a function of z for p)¥W(z) in its 1 : 4

partition. It can be readily seen that the 1 : 4 separability range obtained

through von-Neumann conditional entropy is weaker than the corresponding
CSTRE separability range.

N(p)
05:

04
03
02
0.1

0.2 0.4 0.6 0.8 1.0
FIGURE 3.14: The plot of negativity as a function of x for the state png(ac).

3.4.2 1:5 separability in symmetric one-parameter family

of noisy WW-states with 6 qubits

The six qubit symmetric one parameter family of mixed WW states are given by

PV () = (1;$> Ps+ 2 |WWg) (WWe|; 0<z<1 (3.28)



Chapter 3. Bipartite separability of symmetric noisy states using CSTRE 114

The distinct non-zero eigenvalues of the state png(:p) are

11—z 1+ 6x
M=de =g ==X = A= ——, A7=%.

The single qubit marginal of png(m) is a maximally mixed state I5/2. The non-
zero eigenvalues of the 5-qubit marginal of p‘GNW (x) are

11—z B _1+2a:
6 ) s = T = 6 .

h=T"T2="0nN3 =14 =

The AR g-conditional entropy for the state png(x), in its 1 : 5 partition can be

evaluated readily as

ST(A|B) = 1 (1 - 6(11_7:)qq+ (#f ) (3.29)

In order to employ the CSTRE approach to obtain the 1 : 5 separability range in
png(x), it is necessary to find out the unitary matrix Up which diagonalizes the
five qubit marginal pg. The unitary matrix Up that diagonalizes pg leads to the

evaluation of the eigenvalues ~; of the sandwiched matrix

]

1—q <
I'=(Iy®pp) = pg " (x)(1y @ pp) =

through its unitarily equivalent matrix I'y = (I, ® Up)I'(Iy ® Ug)'. One can now
evaluate the expression for CSTRE DT (pf"W(z)||pp) in its 1 : 5 partition as

q
DY @)lpw) = 2
Fig. 3.15 indicates the values of the parameter x at which the von-Neumann con-
ditional entropy S(A|B) and the g-conditional entropy lim, . [)g(png(a:)H PB)
change values from positive to negative. Whereas the von-Neumann separability
range is obtained as (0, 0.3601), the much stricter (0, 0.0454) is the 1 : 5 sepa-
rability range of p"W(z) obtained through both the g-entropic criteria [63]. The
matching of the AR- and CSTRE separability ranges can be attributed to the
maximally mixed nature of the single qubit marginal of p"WV(z). The 1 : 5 separa-

bility range in py' W (z) through PPT criterion is also evaluated explicitly through
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FIGURE 3.15: A plot illustrating the variation of conditional entropies S(A|B),
limg 00 Dg(png(x)|\p3) of p"W(z), in its 1 : 5 partition as a function of x.

the evaluation of the trace norm, negativity of the partially transposed density
matrix of png(x), in its 1 : 5 partition. The plot of negativity of partial transpose
as a function of x is as shown in Fig. 3.16. One can readily obtain (0, 0.0454) as

the 1:5 PPT separability range of py'™WV (x).
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FIGURE 3.16: The plot of negativity of partial transpose of the state png(ac)
in its 1 : 5 partition, as a function of x.

At this juncture some important points are to be noticed. One of them is that
the 3-qubit GHZ state |GHZ3) and |[WW3) are convertible into one another through
Stochastic Local Operations and Classical Communications (SLOCC). Both these
states belong to the family of three distinct Majorana spinors whereas the W-

state |W3) belongs to the family of two distinct Majorana spinors [66]. In spite
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of belonging to the same SLOCC family, the entanglement features of |GHZj)
and [WW3) are shown to be quite different in Ref. [66]. Such a feature is also
reflected in the symmetric noisy states containing these states. While the single
qubit marginal of p§%(x) is maximally mixed thereby yielding the strictest 1 : 2
separability range through AR-criterion itself, the corresponding p4 ® I4 does not
commute with pyW(z) hence requiring CSTRE criterion for proper identification

of its 1 : 2 separability range. In fact,

1 3 2 W
pa= ( , ; ) = p1 ® I, does not commute with py " ().
T

The 1 : 2 separability range (0, 0.3333) of the state pi'WV(x) identified through
AR-criterion is evidently weaker compared to (0, 0.1896) the separability range
obtained through CSTRE- as well as PPT criteria [63]. But the 1 : N —1 separabil-
ity range of the N-qubit state p}’VVW(x) where N > 4, carried out through a similar
m for N > 4. It
can be readily seen that this is identical to the 1 : N — 1 separability range for
the state p§H%(x) (See Eq.(3.23)). The AR-criterion is also found to give the same
1 : N—1 separability range 0 < & < 55575 (N > 4) for pWW (z). Tt is verified that
the equivalence of the 1: N — 1 separability ranges for p)y " (x) through CSTRE-

analysis as that for pY (z), p§H%(x) is found to be 0 <z <

and AR-criteria when N > 4 is due to the maximally mixed (hence commuting)
nature of single qubit density matrix of pWW(z) for N > 4 [63]. Thus one can
conclude that the 3-qubit symmetric noisy state py' W (z) stands out in showing

different entanglement features than its higher qubit counterparts pyvvw(x), N > 4.

Having used the conditional version of sandwiched relative Tsallis entropy to
find the separability range in symmetric one parameter family of noisy W-, GHZ
and WW states, the utility of conditional version of sandwiched Rényi relative
entropy in finding whether a bipartite state is entangled or not is also examined.
It is found that both Tsallis and Rényi entropies play the same role in the detection

of bipartite entanglement in a quantum state.

The conditional version of sandwiched Rényi relative entropy is given by

log | @ (pasllos)|
1—q

Df(pasllps) = (3.30)
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where Q,(pags||pp) is as shown in Eq.( 2.8). The range of the parameter x is
evaluated where [?f(pABHpB) is greater than zero and observed that the same
result as obtained through CSTRE is obtained for p¥ (), pS%(x) and pWW(z).
This implies that Rényi entropy which is additive plays the same role as the non-
additive Tsallis entropy in the identification of entanglement in the symmetric one-
parameter families of N-qubit states. One can expect that this feature remains
true for all bipartite states and one can either choose [?f(pABHpB) (Eq. (3.30))
or ﬁqT(,OABHpB) (Egs.( 2.7), ( 2.8)) for detecting bipartite entanglement.

3.5 Separability of qutrit-qutrit and qubit-qutrit
states using CSTRE criterion

In this section, an effort is made to illustrate that the applicability of CSTRE
is not restricted to symmetric one-parameter family of noisy states involving W,
GHZ and WW states. In fact, the CSTRE criterion is applicable for identifying
any bipartite entangled state and one can use it for obtaining the separability
ranges in chosen bipartitions of several one-parameter, two-parameter families of
states including X states, cluster/graph states. An example of the use of CSTRE
in identifying entanglement in an isospectral family of 2-qubit X states is illus-
trated in Ref. [62]. Also the applicability of CSTRE is not restricted to composite
quantum states with two level systems (qubits) alone and it encompasses mixed
composite states with qudits also. For instance, let us consider the one parameter

family of 3 x 3 isotropic state given by [67]

ule) = (F55) 1o+ (250 ) b (@l 19) = = (100) + 1)+ 122),

with 0 < <1, Iy is 3% x 3% identity matrix,

0) = (1,0,0), [1)=(0,1,0), [2)=(0,0,1) (3.32)
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are the basis states in the qutrit space. The density matrix of pg,(z) is given as

follows
e 0 0 =2 0 0 0 =iz
0 1_7” 0 0 0 0 0 0 0
0 0 1% 0 0 0 0 0 0
0 0 0 1_795 0 0 0 0 0
pap(z) =1 =L 0 0 0 = o0 o0 o0 ==
o o0 o0 0 o0 X 0 0 0
0 0 0 0 0 0 1%’3 0 0
0 0 0 0 0 0 0 1% 0
—IQ—ZQLB 0 0 0 _12—ng 0 0 0 1—&1-231’
The distinct eigenvalue of py(z) are
1—
)\1:)\2: )\8: 8x7 )\gzl’.

The single qutrit reduced subsystems p,, p, turn out to be I3/3 thereby commuting
with pap. The CSTRE criterion thus reduces to AR-criterion.

The AR g-conditional entropy for the state pq,(z) is given as follows

T _ (8 @
o = % (15

The plot of S7 (a|b) as a function of z, for different values of ¢ is shown in Fig. 3.17.

From this plot one can obtain (0, 0.3333) as the AR separability range, in the limit
q — o00. As the single qutrit density matrix of pg(z) is already in the diagonal

form, one can directly evaluate the sandwiched matrix I' = o py(z) o, where

1—gq 1—q 1—gq
) 1\ 2 [1\2 (1) 2
g = [3 ® dlag ((5) s (g) s (g) )

The non-zero eigenvalues of I' are found to be,

1—¢q 1—q
q

L—a\ [1\ ¢ 1
"= ( 3 ) (§) (8-fold degenerate), 7o = (g)




Chapter 3. Bipartite separability of symmetric noisy states using CSTRE 119

S (@lb)
T — === :1
10y “se ~—~ g=10
oo -—-- =100
05! N, T o=l
\\
N
______ i \\ .
02 04 06 DB 10
\
-05" LA ™

FIGURE 3.17: The AR g-conditional entropy Sg(a\b) as a function of x for
different values of q.

One can now readily evaluate the expression for CSTRE Dg(pab‘ |Pa) (Z DqT( Pab|] pb)>

for different values of ¢, as

ZZ"Y —1

1—g¢q

q
)

Dg(pab(l‘)Hpa)

a function of x, as shown in the Fig. 3.18. From Fig. 3.18 one can obtain (0, 0.3333)
as the CSTRE separability range [63]. Clearly the AR separability range matches
with the CSTRE separability range.

~T -——=- g=1
Dq(pap(X)lpa) — — — g=10
[ -—=-=- (=100
1.0p” 7 "7~ — (=1000
0.5 N
L \\
N
_____ SN
02 fo4 06 B8 10
[ | ! AN
-05 ' N

FIGURE 3.18: The CSTRE Eg(pab(x)Hpa) as a function of x for different values

of q.
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The partial transposed density matrix of p,;(x) is given by

e 0 0 0 0 0 0
0o = o0 =g 0 0 0 0
0 0o £ 0 0 0 =0 0
0 == 0 £ 0 0 0 0 0
plx)=1 0 0 0 0 Mk g 0 0 0
0 0 0 0 o == o0 =g
0 0 == 0 0 0o = 0 0
0 0 0 0 0o == 0 £ 0
0 0 0 0 0 0 0 0 Mk

—_
[\

The distinct eigenvalues of (p”(z)?) being a?, one has,

(1+ 32)
12

(1—3x)

o) = (6-fold degenerate), g = (3-fold degenerate).

On evaluating the negativity of partial transpose using «; and identifying the value
of x at which N(p) > 0, one can obtain (0, 0.3333) as the PPT separability range

of pap().
N(p)

1.0t

0.8;
0.6;
0.4;

02}

0.2

FIGURE 3.19: The plot of negativity as a function of x, for the state pqp(z).

The CSTRE criterion is also useful in identifying entanglement in d; x ds

dimensional states as can be seen through the example of a qubit-qutrit (2 x 3) X
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state [67, 68]. The state p’% () is given by [67, 68]

2 0000 8z
01000 O
X () = é 0 01 00 O
0 0010 O
0 0001 O
8 0 0 0 0 2

where 0 < z < 1/4 and its subsystem p, = Tr,(p2 (x)) corresponding to the qutrit
is found to be ¢ diag(3, 2, 3). The subsystem p, = Tr,(p2y(2)) corresponding to
the qubit is found to be 1 diag(1, 1).

The distinct eigenvalues of the the state p2 () are

_1—4w )\_1—1—495
Ty 0 Ty

1
M=h=M=M=g X

The partially transposed density matrix of the state p (), is given as follows

o O O O O kI=
o O O O o= O
S O 8 o= O O
S O wi= oy o O
O i O O O O
= O O O O O

Denoting the eigenvalues of (p)? as a2, one gets

B 1 1
o = 012—4, 043—044—8
—1 1
s = %7 046_%- (3.33)

and the negativity of partial transpose N(p) = (>, a; — 1)/2 can be readily
evaluated. The variation of N(p) with x is as shown in the Fig. 3.20. The PPT
separability range of the state p2 () is obtained as (0, 0.125).
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N(p)
0.12f
010"
0.08!
0.06!
0.04/
0.02;

‘ ‘ ‘ ‘ - X
005 010 015 020 025

FIGURE 3.20: The plot of negativity of partial transpose of the state p’ (z) as
a function of x.

The AR criterion to evaluate the separability range in pJy (), with respect to
qutrit, is given by

. 1 B Tr [(pab)?]
S, (alb) = -1 _1 Tr [(pp)9] ]

0 ‘1_<%>Q+<1z4w>q+4<é>q]
01 20+ ()

One can readily obtain (0, 0.125) as the AR separability range, in the limit ¢ — oc.
This AR separability range clearly matches with the PPT separability range.

Now the CSTRE criterion is employed to obtain the separability range in p’% ().
As the single qutrit density matrix of pX () is already in the diagonal form, one

can directly evaluate the matrix
3\ 20 1 2q 3 2q
r = |I di = - 2
(e ame ((5) () ()
. 3\ 20 1 2q 3\ 2¢
' (W ‘hag((é) )6)

(0.9]
v 3
L [0
L
N——— ~~—
N——— ~~—
e
She
ie
=
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The non-zero eigenvalues of I" are found to be,

24q —1

_2+q 1-qg -1
Y = 72:2 q7'y3:fy4:3q 87a

3

v = (1—dx) 2% 377", 5= (1+4a) 27 374

The expression for CSTRE [?qT(pg‘l;(x)Hpb) can be evaluated as

~ Zz %{J -1
DqT(PabH/)b) = 1—_q

The variation of [?qT(pri(x) ||pp) as a function of z, for different values of ¢ is shown
by the Fig. 3.21.

———— q=1
— — - =10
T -—-- =100
Ba (pa  (XIp) o100
0.8;
0.67 "7 TTT T ———e .
0.4¢ R
02
T e X
0.05 0.10 |9.15 0.20 0.25
0.2 \ N
\
-04" ' .

FIGURE 3.21: The CSTRE DqT(pﬁ)(x)Hpb) as a function of z for pX ().

From Fig. 3.21 one can obtain (0, 0.125) as the CSTRE separability range [63].
This matches exactly with that obtained through PPT criterion and AR-criterion.
As the single qubit density matrix p, of p% () is already in the diagonal form, the

sandwiched matrix

= (as((3) 70 (3) ) o) oben (e ((3) 7 (3) ) 1)
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The eigenvalues of I" are given by

142¢

v = 2 ¢ ; (4-fold degenerate)

1+qg

v = (1—da) 2 0, py=(1+4z)2 7.

One can now readily evaluate the expression for CSTRE ﬁg(pé%(x)“pa) as

q
N oyl —1
BT () lpw) = 2100~

1—g¢q

The variation of DqT(péi(x)Hpa) as a function of x, for different values of ¢ is shown

by Fig. 3.22. From Fig. 3.22 one can observe that DI (pX (z)||pa) > 0 for all values

JEE— q:]_

i -—-- g=1
Dg(pabx(x)llpa) _ gzlooo

1.2}

1.0F========mmee___ i

0.8 R

0.6}

0.4}

02,

02 005 010 015 020 0.25

FIGURE 3.22: The CSTRE lN?qT(pgi(x)Hpa) as a function of x for pX ().

of x € (0, 1/4) thus failing to capture the entanglement in the state [63]. This
example illustrates the need for suitable choice of marginals in making effective
use of CSTRE criterion.
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3.6 Summary

In this chapter, using the result that negative values of the conditional version of
sandwiched Tsallis relative entropy necessarily imply quantum entanglement in a
bipartite state and considering the limit ¢ — oo in Tsallis entropy, the separability
range of the symmetric one-parameter family of noisy N-qubit W, GHZ, WW
states is obtained, in their 1 : N — 1 partition. For the symmetric one-parameter
family of noisy W-states it is shown that the CSTRE criterion provides a stricter
1 : N — 1 separability range when compared to that obtained through AR q-
conditional entropy approach. The non-commutativity of the single qubit marginal
with the original density matrix of the noisy N-qubit W states is seen to be the
reason behind the supremacy of CSTRE criterion over AR criterion. The 1: N —1
separability range, obtained using CSTRE criterion, for the one-parameter family
of noisy GHZ states is shown to match with that through AR criterion. This
is due to the maximally mixed, thereby commuting nature of the single qubit
density matrix with the original density matrix in the symmetric one parameter
family of noisy N-qubit GHZ states. It is thus illustrated that CSTRE criterion
is a non-commuting generalization of the AR criterion and its equivalence with
the results of AR criterion in the commuting cases, wherein the marginals are
maximally mixed. In view of the fact that the 1 : N — 1 separability ranges
through CSTRE and PPT criterion match with each other, the work here has
provided the 1 : N — 1 PPT separability range for the symmetric one-parameter
families of states considered here. The analysis, using AR- and CSTRE criteria,
of the symmetric one parameter family of noisy state involving the state [WW),
an equal superposition of W, obverse W states, has revealed an interesting feature
that the 3-qubit state of this family shows a different entanglement feature than
its higher qubit counterparts. Further illustrations on the applicability of CSTRE
criterion to d x d as well as d; X dy states is given by considering a two qutrit

isotropic state and a qubit-qutrit X state.

koK 3k ok ok ok ok ok ok ok ok ok ok



Chapter 4

Biseparability of noisy
pseudopure and Werner-like one
parameter families of states using
conditional quantum relative

Tsallis entropy

In this Chapter, the CSTRE criterion is used to witness entanglement in noisy
one parameter families of N-qubit pseudopure states [69] and the N-qubit gener-
alizations of Werner-like one parameter states [19] involving W, GHZ states. It is
shown that the non-commutative CSTRE criterion is both necessary and sufficient
to detect entanglement in the (1 : N — 1) partitions of the one parameter families

of noisy multiqubit states explored here.

Chapter 4 is organized as under: Sec. 4.1 defines the Pseudopure family of
states and in Secs. 4.1.1-4.1.4, the CSTRE criterion is employed to identify 1 : 2,
1:3,1:4, 1: 5 separability range respectively in the psuedopure family of
states involving 3-, 4-, 5-, 6-qubit W states. In Sec. 4.1.5, using the results
of Secs. 4.1.1-4.1.4, the 1 : N — 1 CSTRE separability range for any N > 3 is
obtained for pseudopure family of states involving N-qubit W states. The1: N—1
CSTRE separability range obtained is shown to be necessary and sufficient for the

126
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pseudopure family of W states, in Sec. 4.1.6. Similar analysis to obtain the
1 : N — 1 separability range of Pseudopure family containing GHZ states, and
establish its necessary and sufficient status is carried out in Sec. 4.2. Werner-like
family of noisy states involving W- or GHZ states is defined in Sec. 4.3 and their
1 : N — 1 separability range is obtained using CSTRE criterion. The necessity
and sufficiency of the separability ranges for Werner-like family of states involving
W-, GHZ states is established in Secs. 4.3.5, 4.3.6 respectively. For each family of
states considered, the 1 : NV —1 separability range obtained using CSTRE criterion
is compared with the 1 : N — 1 separability ranges obtained using AR- and PPT

criteria.

4.1 One parameter family of N qubit Pseudop-

ure states involving W states

The pseudopure (PP) families of states are formed by mixing any pure state with
white noise [69]. They have played a crucial role in demonstrating quantum in-
formation processing possibilities in liquid state NMR spectroscopy [70, 71]. In
Ref. [69], different measures of quantum correlations of bipartite d x d pseudopure
(PP) states of the form

PP () = 2 (s ® ) — |6)61] + 216) o) (1)

(where |¢) is any arbitrary d x d pure entangled state and 0 < z < 1 denotes the
noisy parameter) are examined. An investigation of entanglement in the 1 : N —1
partition of the N qubit PP states, constructed using W and GHZ states, is
carried out here based on the CSTRE approach. An expression for the 1 : N — 1
separability range in the N-qubit pseudopure states involving W, GHZ states is
found out using AR-, CSTRE criteria and it is shown that CSTRE criterion always
fares better than AR criterion. The 1 : N — 1 separability range identified through
PPT criterion is shown to match with that obtained using CSTRE criterion.
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The one parameter family of N-qubit pseudopure states

1—=x
Py () = N 1 (IEN — [Wr) (W) + 2 W) (W]

obtained by considering the pure state |¢) in Eq. (4.1) to be the N-qubit W state:

1

(Wy) = i

(1105 On) 4 [0115 - On) 4 - 4 -+ - 4+ [0,0505 - - - 1 )]

and the d x d matrix I; ® I; replaced by its multiqubit counterpart ]§®N .

To make use of CSTRE approach for the determination of 1 : N —1 separability
range of the pseudopure (PP) states piy, (), the 1 : N — 1 separability range
when N = 3, 4, 5, 6 is explicitly evaluated in Secs. 4.1.1 to 4.1.4 and the result is
generalized for arbitrary N in Sec. 4.1.5.

4.1.1 1 : 2 separability in one parameter family of 3-qubit

pseudopure W-states

The one parameter family of 3-qubit pseudopure W-states are given by

PR () = T2 (T — [Wa){Wi) + ol W) (W (1.2

Here, Iy denotes the 8 x 8 identity matrix and |[W3) is the 3-qubit W-state.

The density matrix of the state ,05\}33 (x) is given by

0 0 0 0 0 0 0
0 HEoslo0 L o0 0 0
0 SoHE o0 %L 0 00 0
o 0 0 = 0 0 0 0
/)5\2 (:1:) - 8r—1 8x—1 ' 245z (4‘3)
0 21 21 0 =5~ 0 0 0
o 0 0 0 0 = 0 0
o 0 0 0 0 0 & 0
o 0 o0 0 0 0 0 L=
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The distinct non-zero eigenvalues of PEVF; (x) are given by

1—
)\1:>\2:"')\7: 7377 )\SZ.Z'. (44)

In the 1 : 2 partition, the single qubit marginal of p&i(w) forms the part A, and

2(542x) 0
pA = 2 (11—4z)
0 21

The density matrix corresponding to the remaining two qubit marginal of /)5\2(55)

it is given by

forms the part B and it is given by

542z
e R (N

O 542z 8xr—1 O
21 21
PB = 8r—1 5+2z (4.5)
0 21 ;1 0

2(1—x)
0 o0 o 22

The eigenvalues of pg are given by

2(1 —x) _ 2(2+ 52) 5+ 2x
7 ) N3 = 21 ) T4 = 21 .

h="mn=

The entropy S(B) of subsystem pp and the entropy S(A, B) of the global state

P\, (x) are obtained respectively as

S(A, B)=>" —Xlog, \i,  S(B)=>_ —milog,m (4.6)

7

and the conditional entropy S(A|B) = S(A, B)—S(B) in the 1 : 2 partition of the
state can readily be evaluated. The monotonically decreasing nature of S(A|B)
and the identification of its zero (the point where S(A, B) changes value from
positive to negative) at x = 0.7390, gives the 1 : 2 von Neumann separability
range of pyy, (x) as (0, 0.7390).



Chapter 4. 1: N — 1 separability of pseudopure, Werner-like family of states 130

The evaluation of the AR g-conditional entropy in the 1 : 2 partition of pg\g (x)

leads to

SI(AB) = —— [1 - M}

:;<1_ 7(52) + (a)f )
g1\ 2 () ()T ()

On identifying the zero of S} (A|B) in the limit ¢ — oo, the 1 : 2 separability
range of piy. () is found to be (0, 0.3636).

As pp given in Eq.(4.5) is not a diagonal matrix, there is a need for the con-
struction of an unitary matrix Up to diagonalize it in order to evaluate the quantity

TrT'Y T' being the sandwiched matrix

1—

1-¢q 1=¢g
I'=(I;®pp) = piy, () (2 ® pp) 2 .

It can be seen that

00 0 1
-1 1
v |03 # 0
1 0 0 0
1 1
0 % L0

The non-zero eigenvalues ~; of I' are now evaluated as the eigenvalues of the

unitarily equivalent matrix I'y = (I, ® Ug)T'(I, ® Ug)' and they are given by

1
L (1—z\s
Moo= 25" ( - x) (4-fold degenerate), (4.7)

B 1—x 54 2x o B 1—=x 4+ 10x o
Yo = 7 21 ) V3 = 7 21 )

s = (1) (%) (aa—i—ﬂbj:\/(aa+6b)2+504x(x—1)a6).

1-g 1-g

with a=0B+2z), [f=A+10x)c, a=(24+5z), b= (1+13xz).
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Now the expression for CSTRE bg(p&i(x)HpB) in the 1 : 2 partition of piy, (2)

can be evaluated through the expression

Zi%q_l

D (05, ) o) = 2572

The variation of conditional entropies ST(A|B), DI (p4F (x)||pp) both in the limit
q — oo and the von-Neumann conditional entropy with the parameter x is shown
in Fig. 4.1. It can be seen that (0, 0.3083) is the 1 : 2 separability range of

—— SAB)
——— §AB)

By (o5 llos)

4.x10° 7}
2.x1077}

————————
SN
o
(o))

‘ ‘ - X
0.2 08 10
—2.x1077}

—4.x107 7"

FIGURE 4.1: Plot illustrating the monotonic decreasing nature of S(A|B) ,
limg 00 ST (A|B), limg oo Dg(pgvi (x)||pp) with z, in the 1 : 2 partition of

P, ().

,05\}33 (x) using CSTRE criterion [72] and it fares better than the separability ranges
(0, 0.3636), (0, 0.7390) obtained using AR-, von-Neumann conditional entropy

criteria respectively.
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The 1 : 2 partially transposed density matrix of ,05\}33 (x) is given by

70 0 0 0 B B 0
0 bz sl 0 0 0 0 0
0 &b 2z o 0 0 0 0
0 0 0 L= 0 0 0 0
ph = ! (4.8)
0 0 0 0 = o9 0 0
s2=1 0 o 0 0 = 0 0
21 0 0 0 0 0 £ 0
o 0 0 0 0 0 0 L=
The square root of eigenvalues o of (p”)? are given by
1—
a; = ( - ?) (4-fold degenerate), (4.9)
_ (2+50) (14 13x)
Qo = 21 ’ a3 = 21 3
1
s = 5 <1l—|—x(137x—50)j:6\/§(1 —9:c+8:c2))

With the negativity of partial transpose being given by

-1

N(p) = lp 9 ) ||/)TH = trace norm = Z o,

)

one can obtain (0, 0.3083) as the 1 : 2 PPT separability range of p{y, (), matching
with that obtained using CSTRE criteria.

4.1.2 1 : 3 separability in one parameter family of 4-qubit
pseudopure W-states

The one parameter family of 4-qubit pseudopure W-states are given by

PR () = T (g — [Wa)(Wa) + 2 WA W, (4.10)
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Here, ;4 denotes the 16 x 16 identity matrix and |Wy) is the 4-qubit W-state.

The distinct nonzero eigenvalues of the state pg\i (x) are

1—=x
15

)\1 = )\2 = )\15 = )\16 = XT. (411)

The single qubit marginal of p&}z(aj), in its 1 : 3 partition is diagonal with diagonal

29+16 31—162
oo and =55

state piy, () is given by

entries (eigenvalues) . The remaining three qubit marginal of the

=0 0 0 0 0 0 0

T+8c  —1416z —1416z
0 % - 0 G- 0 0 0

—14+16z  7+8z —1416z
0 5% & 0 &% 0 0 0
0 0 0o B g 0 0 0

PB = —1+16z —1+16z T+8z
0 60 60 0 T60 0 0 0
0 0 0 0 0o B 0
0 0 0 0 0 0o B g
2(1—x)
0 0 0 0 0 0 5
and its non-zero eigenvalues are

2(1 —x) 1 +8z T+ 8

m=1"mn=-"=16= N = N = .

15 7 12 7 60

The 1 : 3 von Neumann conditional entropy S(A|B) = S(A, B)—S(B) of the state
P\, (x) can now be evaluated and on identifying its zero, (0, 0.6963) is obtained

as the the 1 : 3 von Neumann separability range of piy (2).

The AR g-conditional entropy of p&}z (x) system in its 1 : 3 partition is given
by

qu(ArB)Z—ll 1- 15q(11_5x)q+(x)q
— 2(1—z T x
1 6 (252) "+ (55) + ()’

Finding the zero of S} (A|B), in the limit ¢ — oo, one can obtain (0, 0.25) as the

(4.12)

1 : 3 AR separability range of the state p{y, ().

In order to evaluate the CSTRE to obtain the 1 : 3 separability range of the

state p&i (x), the three qubit marginal pg is to be diagonalized through a unitary
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matrix Up. The unitary matrix Up is given by

Up =

O O 0 o o o o ~
o o o o O&lw&l»—‘ o
o o oyl o5llsk o
o O 0 O = o o o
o o o oYL o
o O R, O o o o o
o R~ O O O o o o
_ O O O O O o o

This unitary matrix leads to the evaluation of I'yy = (I, ® Up)T'(Iy ® Ug)' and its
eigenvalues ~; which are the same as that of the eigenvalues of sandwiched matrix
1-q
2q

I = (I, & pg) = po () (I ® pp)

The non-zero eigenvalues of I'y; (hence of I') are found to be

1
o /1 — )\
o= (2)1q ( 151:) (12-fold degenerate), (4.13)

B 1—2x 7+ 8x % B 1—=x 1+ 8x %q
=\ Ts 60 R T 12 )

yis = (60)7 (%) [aa+6bj:\/(aa+ﬁb)2—|—1920:c(x—1)aﬁ].

1-g 1-g

where a=(T+8x), f=(0B+40z) <, a=(3+122), b= (1+44x).
One can now readily evaluate the expression for CSTRE DqT(PS\Z(ﬂU)HPB) in the
1 : 3 partition using the relation

> 1

DCIT(P%(JI’)HPB) = Tq

The variation of all the three conditional entropies S(A|B), limg o S; (A|B),
limg o0 DqT(ngP; (x)||pp) with the parameter x is shown in Fig. 4.2. One can obtain
(0, 0.1807) as the 1 : 3 CSTRE separability range of pyy. () [72] which is stronger
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—— SAB)
- —= §@AB

— D Mllos)
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2.x1077}
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—4.x1077}

R

FIGURE 4.2: Plot of the conditional entropies limg o Eg(pg\i(m)“pg),
limg—s o0 SqT(A\B), S(A|B) of pgvi(x), in its 1 : 3 partition, as a function of
.

than the corresponding range (0, 0.25) obtained using AR-separability criterion.

On explicitly evaluating the partially transposed density matrix p’ in the 1 : 3

partition of piy, (x) and the eigenvalues o of (pT)Q, one has,

1—
ap = ( 15x) (12-fold degenerate), (4.14)
1+ 4x 1+ 44z
w = g =
1 7 ,
T (19 + 16x(492 — 8) £8v3(1 — 17z + 162 )>

The negativity of partial transpose N(p) = 5(—14 Y, o) is thereby evaluated.
The 1 : 3 PPT separability range of piy. () is seen to be (0, 0.1807) thus matching
with the corresponding CSTRE range.
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4.1.3 1 :4 separability in one parameter family of 5-qubit
pseudopure W-states

The one parameter family of 5-qubit pseudopure W-states are given by

P56 () = T (s — W) (W) 2 W) (W (1.15)

Here, I35 denotes the 32 x 32 identity matrix and |W5) is the 5-qubit W-state.

The nonzero eigenvalues of the state piy, (x) are

1—=x

P Sy
1 2 31 317

/\32 = X. (416)

76448z

While the single qubit marginal ps of pi. (x) is diagonal with eigenvalues 252,

79—48z
155

by

, the distinct non-zero eigenvalues of the four qubit marginal pg are given

2 -2z 9+ 22z ~2(34597)
31 s = 155 Me = 155 .

The 1 : 4 von Neumann conditional entropy

m=mnN=-"="MN4=

S(A[B) = 5(A,B) = 5(B) = Z —Ailogy Ai + Z Mk 108y i
k

i

of the state ply, (z) can be readily evaluated using the eigenvalues X;, n,. The
zero of the monotonically decreasing function S(A|B) = 0 occurs at z = 0.6723

yielding (0, 0.6723) as the 1 : 4 von Neumann separability range of ps\i ().

The AR g-conditional entropy of pg}z (x) in its 1 : 4 partition is given by

ST(AB) = —— [1- 305 )+‘“’)q

31
-1 2(3+59z) \ 7
. 14 (2572)" + (552)" + (222)

In the limit ¢ — oo, the zero of ST(A|B) occurs at x = 0.1621 thus yielding
(0, 0.1621) as the 1 : 4 separability range of the state pig, ().

(4.17)
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The unitary Up which diagonalizes the four qubit marginal pp is given by

| —

| Nl (]
| e o
|,_. |

3

S O O O O O o o o o+ o o o o o
N
&

S O O O O O B O O O o o o o o o

|
—

|
—

O O O 0O o0 0O o0 o o o o o o w@ - O
no
O O 0O 0O 0 o0 o0 o o o o o mﬂl_ pi- O
O O 0O 0 OO0 o~ o0 o0 o0 o o o o o
O O 0O 0O O, OO0 o0 o0 o0 o o o o o
R = T S T S o B o B o S e B S o B o B < S o B S
O O O R OO0 O O o0 o0 o0 o0 o o o o
O O O 0O 0O o o0 o o o0 o o o o o
O R O 0O 0O 0 o0 o0 o o o0 o o o o o
— O O O O O O O O O O O © © O© O

(e T T e S B B e B e B e S < B e B e B B o S < T S Y
©c o o o oo oo oo ogS
R = T T B e B B e S o R B S S S S B e Sl
IR T = T e S T e B e S e S SO S e S S e S W W
o o o oo oo oo oLyl

and facilitates the evaluation of the eigenvalues v; of 'y = (I, ® Up)['(Iy @ Up)T
where I = (I, ®p3)12;jp$\}35 (x)(Iy ®pB)12;qq is the sandwiched matrix. The non-zero

eigenvalues of I' are seen to be

1
L (1—z\s
"no= (2)14( 311:) 28-fold degenerate, (4.18)

o (l—a\ 942\ T [1—a\ (641182 &
Y] 155 BT\ T3 155 )

Va5 = (155)_71 <%) {a a+ b=+ \/(aa+56)2+6200x($— 1) aﬁ] :

1-g 1-gq

where a=(9+22) 7, B=(6+118z) 7, a=(4+27z), b= (1+ 123x).
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One can now readily evaluate the expression for CSTRE Eg(ps\i ()||pp) in the

1 : 4 partition as

= Z@ %{1 —1
Dl (pw. (x)|lps) = B

Fig. 4.3 illustrates the stricter 1 : 4 separability range 0 < z < 0.1014 for ps\,};(x)

—  SAB)
- == §(AB)

— D Mllos)

4.x10°7;
2.x1077!

: : : - X
. 2 04 06| 08 10
-2.x107 "

—4.x107 7"

S

FIGURE 4.3: Identification of the zeroes of limg o Dg(p%i (@)|lpB),
limg—s o0 S;F(A\B) and S(A|B) to obtain the 1 : 4 separability range of pgvps (z)
using different entropic criteria

through the identification of the zero of the function lim, ... DI (o4 (z)||p5) [72]
in comparison with the corresponding separability ranges obtained using AR-

criterion and Von-Neumann conditional entropy criterion.

Evaluating the partially transposed density matrix p? of pg\g () inits 1 : 4

partition, the square root «; of the eigenvalues a? of (pT)2 are determined to be

11— 442

a = ( 311’) (28-fold degenerate), o = (—;T;x)’
S (3 + 59x) N _ 7—69x N 1 +123x
P15 0 T 18 0 7155
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Identifying the zero of the monotonically increasing function N(p) = $(—=1+, ;)
at x = 0.1014, one obtains (0, 0.1014) as the 1 : 4 PPT separability range of 95\2(1’)
and it matches with the CSTRE separability range.

4.1.4 1 :5 separability in one parameter family of 6-qubit
pseudopure W-states

The one parameter family of 6-qubit pseudopure W-states are given by

P (T) = ] (loa — [We)(Ws|) + 2|We)(We| (4.19)

Here, Ig4 denotes the 64 x 64 identity matrix and |Wg) is the 6-qubit W-state The

distinct nonzero eigenvalues of the state pg\}z (x) are

1—=x

N = Ao — - N —
1 2 63 637

)\64 = X. (420)

187+128x
378

and the non-zero eigenvalues of the remaining five qubit marginal pp

The single qubit marginal ps of pS\Z (x) is diagonal with eigenvalues

191—-128x
378

are
2 —2x 1+ 44x 11 4+ 52z

63 31 = 54 Tl32 = 373
The conditional entropy S(A|B) = S(A, B)—S(B) = — >, Xi logy \i+> ;. mi logy i

in the 1 : 5 partition of the state p&}z () can readily be evaluated and on iden-

m="z="""=1"s0 =

tifying its zero at z = 0.6621 one obtains (0, 0.6621) as the 1 : 5 von Neumann

separability range of ply, (z).

The AR g-conditional entropy of p{y. () in its 1 : 5 partition is given by

sram) = [1- 63 ()" + @)
q
q TEN a0 (M) () ()

(4.21)

In the limit ¢ — oo identifying the zero of the monotonically decreasing function
ST(A|B) occurs at = 0.1 and the 1 : 5 separability range of the state piy, () is
obtained as (0, 0.1).
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On explicitly evaluating the unitary matrix Up that diagonalizes the 5-qubit
marginal pg of pg\i (z) one can evaluate I'y = (I, @ Ug)T'(I, ® Up)' and its eigen-
values 7;. T' = (I, ® pB)g;qqps\}Z(:c)(Ig ® pB)IQ;qq being the sandwiched matrix of

P\, (x) in its 1 : 5 partition, one gets

1
o (1—x\s
"o o= (2)1q( 63x> (60-fold degenerate), (4.22)

C[l—z\ (11452 @ C(1—a\ (T+308z) T
= 763 378 BT 763 378 ’

Va5 = (378)%1 <%> {a a+ b+t \/(a a+p b)2+ 18144z(x — 1) « 6] )

1-g 1-g

with a=(11+452z)«, f=(T+308x) ¢, a=(5+58x), b= (1+314x).

as the eigenvalues of I'; and hence of I'. The expression for CSTRE [Dg(ps\i ()||pB)
in the 1 : 5 partition can now be evaluated as

= > — 1

Dy (pw, (x)lps) = =T

q

The variation of the two g-conditional entropies DqT(pEVP; ()|lps), Sy (A|B) in the
limit ¢ — oo and the von-Neumann conditional entropy S(A|B) as a function of
is shown in Fig. 4.4. The zero of the function limy_,c DI (p%F (2)]|pp) [72] is seen
to occur at x = 0.0552 and (0, 0.0552) is obtained as the 1 : 5 CSTRE separability

range of the state piy, ().

The square root of the eigenvalues of (,oT)Q, p! being the partially transposed

density matrix of pg\i (x), in its 1 : 5 partition, are found to be

1—
a = ( 63x> (60-fold degenerate),
N (5 + 58x) . (1+ 314x)
S T T T
1

\/41 + 42(51292 — 178) + 12v/5(1 — 652 + 6422).

Qyq/5 =

378
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—— SAB)
——— SAB)

— D Mllos)
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FIGURE 4.4: The conditional entropies limg oo Dg(pg}z(x)HpB) ,
limq%ooSgﬂ(A\B), S(A|B) as a function of z for pgvpﬁ(m), in its 1 : 5

partition.

On identifying the zero of the monotonically increasing function N(p) = (—1 +
> @;)/2 at = 0.0552, one can obtain (0, 0.0552) as the 1 : 5 PPT separability
range of pyy. (x) and it is identical to the CSTRE separability range.

4.1.5 1: N — 1 separability in pseudopure states involving
N-qubit W states

As the focus is on finding the 1 : N — 1 separability range of the W family of PP
states pyy, (¢) using CSTRE criterion, an evaluation of the eigenvalues 7; of the

sandwiched matrix

1—gq

I = (L®pp) ™ pyy(z) (L®pp) =

with pg = Tri[ply, (z)] being the N — 1 qubit marginal of piy, (), needs to be

carried out.

The following explicit structure of the eigenvalues ~; (for N > 3) is obtained
by generalizing the form of 5; obtained for the states py, (#) when N =3, 4,5, 6
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(See Eqs: (4.7), (4.13), (4.18), (4.22))

1q (1 —2x . N
M = (2) (2N—1) , (2 —4) fold-degenerate;

T2 =

11—z _<2N_1)+ (Z;y:32j*1 —Q(N—2)>:13 B
(QN— 1) N (2N —1) !
Lo [V D+ (D2 (N -2 2V - 2)) 2]
L (21N—1) ( N (2N — 1) ) ’

(4.23)

2

Vass = [N(QN—l)]ql(l) [aa+ﬂbi\/(aa+ﬁb)2+8N2(2N—1)x(x—1)ozB.

where

1—gq

N q
o = 2N—1+<ZQJ L _9(N — 2))33] :
j:

B = N+1+<Z2JI+ )(QN—2)>x] ,

a = (N—1)+<22j1—N+4> z, (4.24)
b = 1+<§:2j—1+(N—2)(2N—2)+N)I

1—gq
q

Substituting the values of 7; in the expression for CSTRE given by

(> 7)) -1

4.25
2 (4:25)

Dy (pasllps) =

a numerical estimation of the 1 : N—1 CSTRE separability range for N = 3, 4, 5, 6
has been carried out. This results in the separability range for the noisy parameter
x to be (0, 0.3083), (0, 0.1807), (0, 0.1014), (0, 0.0552) in the 1 : 2, 1 : 3,
1 :4, 1 :5 partitions of the noisy state ps\})N(x) with N =3, N =4, N =5,
N = 6 respectively. The results obtained based on the CSTRE, along with the

corresponding cut-off value of the parameter = obtained using the AR~ and the
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PPT criteria are listed in Table 4.1. This offers a direct comparison of different
approaches, each leading to the threshold values of the parameter z (beyond which

the noisy state is found to be entangled). From Table 4.1 it is clearly seen that,

TABLE 4.1: Comparison of the 1: N — 1 separability range (0, z¢) of the state
ps\,PN (z), for N =3, 4, 5, 6 through the threshold values zy obtained through
different separability criteria

Number | von Neumann AR CSTRE | PPT
of conditional | g-conditional
qubits (N) entropy entropy
3 0.7390 0.3636 0.3083 | 0.3083
4 0.6963 0.25 0.1807 | 0.1807
5) 0.6723 0.1621 0.1014 | 0.1014
6 0.6621 0.1 0.0552 | 0.0552

for the noisy state pyy (), CSTRE provides stricter separability range than the
AR-criterion. Moreover, the CSTRE separability range matches identically with
the PPT separability range.

In general, the CSTRE criterion (in the limit ¢ — oo) leads to,

N++VN -1
N -1

N<e<

<z < (4.26)
N + 2N

for the (1 : N — 1) separability range of the noisy N qubit PP state py, () for
N >3 [72]. Alternately, in the parameter region

N+ +VN -1

<zr <1,
N +2N /N —1

the CSTRE method witnesses entanglement in the (1 : N — 1) bipartition of the

noisy state pyy (.
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4.1.6 Necessary and sufficient condition for 1: N — 1 sepa-

rability of ply (z)

The pseudopure family of states (see Eq. (4.1)) with the pure entangled state |¢)

expressed in terms of Schmidt co-efficients wu;, i.e.,

d

|¢) = Z ui|iaip), (4.27)

i=1
with u; > ug > -+ > ug > 0 are shown to be separable iff [69, 73]

0<a< I+ uyus

< HdQ—(UﬂLQ) (4.28)

It is to be recalled here that the Schmidt coefficients are the positive square roots
of the eigenvalues of any of the subsystems of a pure state |¢). For the PP state
Py (2) with (1 : N — 1) bipartition under investigation, the Schmidt coefficients
are the square roots of the eigenvalues of the single qubit marginal of the N qubit

W state. They are given by [72],

N ? 27\/N'

Substituting the values of u;, uy in (4.29) and replacing d* by 2V in Eq. (4.28),

Uy = (4.29)

one can recover the result in Eq. (4.26) for the separability range. This estab-
lishes that the CSTRE approach serves as both necessary and sufficient to detect
entanglement in the (1 : N — 1) partition of the PP state py. ().

4.2 One parameter family of N-qubit pseudop-
ure GHZ-states

The noisy one parameter family of N qubit PP states PE%ZN (x) is given by

1—=x
Pz, () = ST (1IN — |GHZN)(GHZy|) 4+ z|GHZN)(GHZy|.  (4.30)




Chapter 4. 1: N — 1 separability of pseudopure, Werner-like family of states 145

where,
1

V2

To find the 1: N — 1 separability range of pgyy, (#) using CSTRE approach, the

corresponding separability ranges for pi, () when N =3, 4, 5, 6 are explicitly
evaluated in Secs. 4.2.1-4.2.4. The results are generalized in Sec. 4.2.5, to obtain

the separability range in pgyy,, () for arbitrary N.

4.2.1 1 : 2 separability in one parameter family of 3-qubit
pseudopure GHZ-states

The one parameter family of 3-qubit pseudopure GHZ-states are defined as

11—z

Pg}f)lzg (z) = 7 (Is — |GHZ3)(GHZ3|) + 2|GHZ3) (GHZ3| (4.31)

Here, I3 denotes the 8 x 8 identity matrix and |GHZs) is the 3-qubit GHZ-state.

The density matrix of the state piiyy, () is given by

e o0 0 0 0 0 =
o = 0 0 0 0 0 0
o 0 & 0 0 0 0 0
o 0 0 = 0 0 0 0
PP 7
,\T) = 4.32
pGHZ3( ) 0 0 0 0 1,733 0 0 0 ( )
o 0 0 0 0 = 0 o0
o 0 0 0 0 0 = 0
210 0 0 0 0 0 b=
The non-zero eigenvalues of piyy, (x) are
1—2
)\1:)\2:"')\7: 7 s )\8:1'- (433)

The single qubit marginal of pé%zg(x), in the 1 : 2 partition is maximally mixed

1 10
PA201

and is given by
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The density matrix pp corresponding to the remaining two qubit marginal of
PEF})%(:U) is

1
PE= 1] diag (3 + 4z, 4 —4x, 4 — 4z, 3+ 4x) (4.34)

The AR g-conditional entropy for piiy, () is seen to be

1 7(52) + (2)°
Sg(A|B) - F (1 - 5 (2—2:5;(1 9 3+4$)q> (435)

Through obtaining the zero of the monotonically decreasing function SqT(A|B ) in

the limit ¢ — oo, (0, 0.3) is obtained as the 1 : 2 AR separability range of the

state PGHZ3 ().

As the two qubit marginal pg is already in the diagonal form, one can evaluate

the sandwiched matrix I as

I = (12 ® pf?q) Pz, () (12 ® pg' )

and the non-zero eigenvalues of I' are evaluated to be

1—gq

1— 222\

M o= ( - x> < - I) ., (4-fold degenerate), (4.36)
1—xz\ [(3+4x o

Ny = ( - > < 7 ) (3-fold degenerate),

3+4x\ ¢
= .
3 14

One can now readily evaluate the expression for CSTRE DY (p&h,, (z)||ps) in the

1 : 2 partition using
i1

D} (pBha @)llpp) = =471

It can be readily seen that the zero of limq . ]N)T(pglazs( )||pB) occurs at x =
0.3 and hence (0,0.3) is the 1 : 2 separability range of piiz, () using CSTRE
approach.
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The 1 : 2 partially transposed density matrix of p(P;%Z3(x) is given by

s o 9 0 0 0 0 0
o = 0 0 0 0 0 0
o 0 = 0 0 0 0 0
0 0 0 Lz 81 0 0
= 8m7—1 11—4x (4.37)
0 0 0 =21 Lz g g 0
o 0 0 0 0 &= 0 o0
o 0 0 0 0 0 & 0
0o 0 0 0 0 0 0 b
The eigenvalues of (pT)2 being o, one gets
1—
ap = ( - :70)7 (4-fold degenerate),
1+6 3—10
ay = %, (3-fold degenerate), a3 = % (4.38)

The negativity of partial transpose N(p) = (=1 + > . «;)/2 is seen to be non-
zero for values of x > 0.3 thus yielding (0, 0.3) as the PPT separability range of

Pz, (*), in its 1 : 2 partition.
4.2.2 1 : 3 separability in one parameter family of four
qubit pseudopure GHZ-states

The one parameter family of 4-qubit pseudopure GHZ-states are given by

1—=x
Pz, (T) = E (I — |GHZ4)(GHZ,|) + #|GHZ4) (GHZ,| (4.39)

Here, I;5 denotes the 16 x 16 identity matrix and |GHZ,) is the 4-qubit GHZ-state.

The non zero eigenvalues of the state pgyy, () are

1—=x
15

/\1 = )\2 = )\15 = )\16 = X. (440)
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The single qubit marginal of pé%z (x), in the 1 : 3 partition is a maximally mixed
state I5/2. The remaining three qubit marginal of the state pgiy,, () is a diagonal
matrix with diagonal elements (eigenvalues of pg) being given by

2(1 —x) 144
15 ’ nr =18 = 10 .

The AR qg-conditional entropy for piiy (x), in its 1 : 3 partition is given by
1 15 (22)7 + (2)*
SHAIB)= —— | 1 - 4.41
TAIB) = — ( ol ey (441

2=20)7 ) (L
The zero of ST (A|B) occurs at 2 = 0.1666 and hence (0, 0.1666) is the 1 : 3 AR

separability range of the state pgyy, («) using AR criterion.

As pp is in the diagonal form, the sandwiched matrix

1—q 1—q
I = (12 ®pg" ) Pz, () (Iz ® pp’ )

and its eigenvalues 7; can be readily evaluated. The non-zero eigenvalues of I' are
found to be,

1—¢q

1—x 2—2x\ ¢
= -fol .
T ( 1 > < 1 > (12-fold degenerate), (4.42)
1—2 3+ 12z E
= -fol
V2 ( 15 > < 30 ) (3-fold degenerate),

(341 T
BT T30 ‘

The expression for CSTRE DqT(pE%Z4 (x)||pp) in the 1 : 3 partition is evaluated

using
Z /i

—q

The Fig. 4.5 illustrate the variation of the von-Neumann conditional entropy

Dy (pciiz, (2)llps) =

S(A|B) and lim, bCIT(pE%Z4(x)||pB) as functions of . The 1 : 3 separabil-
ity range of the state pgyy, (#) is obtained as 0 < z < 0.1666 through identifying
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the zero of the function lim, f)g;(pg%m (2)||pB) [72].

S(AIB)

~ T
Dy (0Grz, ®)llpB)

4.x107";
2.x1077"

—2.x107""

—4.x107 "¢

FIGURE 4.5: Variation of the Von-Neumann conditional entropy S(A|B) and
the CSTRE DqT(pEl;Z4 ()||pp) in the 1 : 3 partition of pE%ZI (z) when g — oo,
as a function of z.

With a? being the eigenvalues of (pT)z, p’ being the partially transposed

density matrix in the 1 : 3 partition of pg, (), one has

1—

a = ( 151;), (12-fold degenerate), (4.43)
1+14 11—

ay = %, (3-fold degenerate), a3 = %

and N(p) = (=14 ), o;)/2 is negativity of partial transpose. N(p) is seen to be
zero till x = 0.1666 and greater than zero thereafter. Thus (0, 0.1666) is obtained
as the PPT separability range of pgyz, (), in its 1 : 3 partition.
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4.2.3 1:4 separability in one parameter family of five qubit
pseudopure GHZ-states

The one parameter family of 5-qubit pseudopure GHZ-states are given by

1l—=x
Pglim (z) = 31 (I3 — |GHZ5)(GHZs5|) + x|GHZ5)(GHZs| (4.44)

where I3 denotes the 32 x 32 identity matrix and |GHZs) is the 5-qubit GHZ-state.

The distinct non-zero eigenvalues of the state pgyy, () are

11—z

A= Ny = -+ Aoy =
1 2 31 317

)\32 = X. (445)

The distinct non-zero eigenvalues of tne four qubit marginal pp = Try papy, (%)

are
2 —2x¢ B B 3+ 28x
31 s = Nie = 62

The AR g-conditional entropy for the state pghy, () in its 1 : 4 partition is given
by
1 31(1—z)q+(x)q
T _ 31
ST(A|B) = (1 (4.46)

=1\ ) (g

=712 =" 14 =

The zero of S (A|B) = 0 reveals that the state pGy,, (x) is separable in the range
(0, 0.0882) in its 1 : 4 partition in the limit ¢ — oo.

The four qubit marginal pp of pgyy. (¢) is a diagonal matrix and hence the

eigenvalues of the sandwiched matrix I' = (IQ ® (pBQ_q)) Perizs (2) (]2 ® (pB;q))

are readily evaluated to be

1—q
1—a 2—-2x\ ¢
m = ( 31 ) ( 3 > (28-fold degenerate), (4.47)
1—2) (3+282) 7
Yo = ( a1 ) < & ) (3-fold degenerate),

1-g

34982\ @
= I .
V3 62
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The expression for CSTRE ﬁg(pg%% ()||pp) in the 1 : 4 partition can now be

obtained using

~ ZZ /7;1 -1
D] (pGriz, ()llpB) = 1o

It can be seen that (0, 0.0882) is the 1 : 4 CSTRE separability range for pgh. (2).

S(AIB)

~T
Dq(0Ghz, llos)

4.x1076}
2.x 1075}

-2.x107°5;

—-4.x107%"

FIGURE 4.6: Variation of the Von-Neumann conditional entropy S(A|B) and
the CSTRE DqT(pEl;Z5 ()||pp) in the 1 : 4 partition of pé%zs (z) when g — oo,
as a function of x.

If o? are the eigenvalues of (pT)Q, it can be seen that

(1-2)

a = 31 (28-fold degenerate), (4.48)
1+ 30z 3 —34x
ay = % (3-fold degenerate), a3 = (6—2)

The negativity of partial transpose N(p) = (—1+ >, a;)/2 is seen to be greater
than zero in the range (0,0882,1) thus yielding (0, 0.0882) as the 1 : 4 PPT

separability range of piiy. ().
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4.2.4 1 :5 separability in one parameter family of six qubit

pseudopure GHZ-states

The one parameter family of 6-qubit pseudopure GHZ-states are given by

1—=x
Pz, (T) = 3 (Iss — |GHZg) (CGHZg|) + |GHZg) (GHZ| (4.49)

Here, Iy denotes the 64 x 64 identity matrix and |GHZg) is the 6-qubit GHZ-state.

The distinct non-zero eigenvalues of the state pgyy, (x) are

1—=x
63 ’

)\1 = )\2 = )‘63 = /\64 = . (450)

The five qubit marginal pp = Try pgyy, (@) is diagonal and its eigenvalues are

2 —2x 1+ 20x

63 ' M31 = M32 = 0

M ="mn2="""1M30 =

The AR g-conditional entropy [40] for the state pgyy, () in its 1 : 5 partition is
1 63 (&2)" + (2)*
STAB) = — [ 1— — - (4.51)
B R ) ey
Identifying the zero of Sg(A|B) = 0 in the limit ¢ — oo, the 1 : 5 separability
range of the state pgyy, («) is obtained as (0, 0.0454).

given by

Due to the diagonal nature of five qubit marginal pg, the sandwiched matrix
1-q 1-q
I = <[2 ® pg' ) PGtz () <12 ® ppt ) and its eigenvalues ~; can readily be

evaluated.

1—a2\ (2-20\ 7

Mo o= ( = > < 63 > (60-fold degenerate), (4.52)
11—z 3+ 60z s

Yo = ( &3 > < 196 ) (3-fold degenerate),

1-g

3460z T
= X .
s 126
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The conditional Tsallis relative entropy of the state pgyy, () inits 1 : 5 partition is
evaluated using the relation DI (pE, (2)||p5) = (3, 7§ — 1) /(1 —¢) and Fig. 4.7
illustrates the variation of DI (ph,, (%)||p5) as a function of z in the limit ¢ — oo.
The 1 : 5 separability range of the state pgyy, («) is obtained as 0 < z < 0.0454

S(AIB)

~T
Dy (0Grz, Xl oB)

4.x10°7t
2.x107 "¢
[ 0.2 04 0.6 0.8 1.0
—2.X10_7j
—4.x107";
Ficure 4.7 Plot of the conditional entropies S(A|B) and
limg 00 Dg(pléﬁzﬁ(m)HpB) of pé%zﬁ(x), in its 1 : 5 partition, as a func-

tion of x.
through identifying the zero of the function lim, ., [)(;{T(pg};lzs ()||pB) [72].

Evaluating the partially transposed density matrix p’ in the 1 : 5 partition
of the state pghy,(2), the trace norm [|p”|| = Y, @; and negativity of partial
transpose N(p) = (||p|| —1)/2 are obtained using the eigenvalues o of (pT)Z: It

can be seen that

1—

o = ( 63x)’ (60-fold degenerate), (4.53)
1+ 62x 1—22%

ay = %, (3-fold degenerate), g = %

It can be seen that (0, 0.0454) as the 1 : 5 PPT separability range of pgyy, ()
matching with the corresponding CSTRE as well as AR-separability range.
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4.2.5 1:N —1 separability in pgy, ()

On observing the structure of ;, the eigenvalues of the sandwiched matrix
e\ 1-g
I'= (I2 ® pg’ ) Perzy () <[2 ® pg’ )

when N = 3,4, 5, 6, an explicit structure of the non-zero eigenvalues v; of the

sandwiched matrix I" for any N > 3 can be arrived at [72] and they are given by

[ 1—2 ] [2(1— KB

1—g

g [ (DN )]

Yo = N ,  3-fold degenerate
2N — 1] ijl i

Y3 = T N

Sy
In general for any N > 3, one can obtain the following bound (See Table 4.2)

0<zr<

4.
2N 2 (4.55)

in the limit ¢ — oo, within which the PP state pgi, (%) is separable.

TABLE 4.2: The comparison of the 1 : N — 1 separability threshold values xq of
the state pE%ZN (z), for N =3, 4, 5, 6 obtained through different separability

criteria.
Number | von Neumann AR CSTRE | PPT
of conditional | g-conditional
qubits (V) entropy entropy

3 0.7225 0.3 0.3 0.3
4 0.6509 0.1666 0.1666 | 0.1666
5 0.5976 0.0882 0.0882 | 0.0882
6 0.5606 0.0454 0.0454 | 0.0454
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The CSTRE separability range obtained in Eq. (4.55) is seen to match with
that obtained using AR-criterion and also PPT criterion (See Table 4.2). The
matching of the AR-separability range with the CSTRE separability range is due to
the maximally mixed nature and hence commutativity of the single qubit marginal
with the global state pGy. (). But though the CSTRE and AR criteria result
in the same separability threshold for the noisy parameter x, they approach the
cut-off value with different convergence rates, which is depicted in Fig. 4.8, for

the specific case of N = 6. The separability range in Eq. (4.55) is also seen to

X

=== CSTRE

0.07\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\q
0

FIGURE 4.8: Implicit plots of ﬁg(pgﬁ% (x)||pp) = 0 and the Abe-Rajagopal

g-conditional entropy S;F(A|B) = 0 as a function of ¢ in the 1 : 5 partition

of the state pE%ZG (z). This demonstrates the relatively slower convergence of

the noisy parameter = to the cut-off value 0.04545 in the case of the CSTRE
approach, when compared with that of the AR method.

match identically with the necessary and sufficient condition (See Eq. (4.28) for
separability. This is readily seen on substituting the Schmidt coefficients u; =
uy = 1/4/2 associated with the (1 : N — 1) partition of the GHZ state. Thus, the
CSTRE method is found to serve as a necessary and sufficient condition to detect

entanglement in the 1: N — 1 partition of the N qubit PP state pghy ().
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4.3 Werner-like one parameter family of N qubit
W states

It can be recalled here (See Eq. (1.5)) that an example of a two-qubit mixed state
is referred to as Werner state and it is given by

(1 - %)[4

Po="—"71 +z|p1) (1], [P1) = L

=5 1100) +[11)] (4.56)

The state p,, is entangled when % < x <1 and is separable when 0 < z < %

The N-qubit generalizations of the state p, can be termed as Werner-like one
parameter family of states and they are given by

pon(@) = (-2 o |8y (@], 0<o< (4.57)

oN
When the pure entangled state |®) corresponds to the N-qubit W state (See Eq.
(2.24)), the noisy state

pwy(®) = (L= 2) 2+ [Wi) (Wi (4.58)

is obtained. In order to carry out the task of identifying the 1 : N — 1 separability
range of the state pw, (7) via the CSTRE method, one needs to evaluate the 2

eigenvalues ~; of the sandwiched matrix

]

1-g 1-g
['= (L@ pp) 2 pwy(@)(l2® pp) =

where pp = Tri[pw,(2)] is the N — 1 qubit marginal of pw, (z) obtained by
tracing over the first qubit. In Secs. 4.3.1 to 4.3.4, the form of ; is obtained for
N = 3,4,5,6 and the generalized form of these eigenvalues for any N is obtained
in Sec. 4.3.5.
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4.3.1 Separability in the 1 : 2 partition of three qubit Werner-

like family involving W-states

The Werner-like one parameter family of 3-qubit W-states given by
Iy

has non-zero eigenvalues \; where

1 1
W Y (4.60)

M=Xg= N\ = <

The single qubit marginal of pw,(z), though diagonal, does not correspond to
maximally mixed state. The density matrix corresponding to the remaining two

qubit marginal of pw, () is explicitly given by

o0 0 0
0 3tz z 0
12 3
pB = G (4.61)
0 5 5 0
1—x
0 0 0 =
The eigenvalues of pg are
I 3+ 3+ 5z
m="2= 1 » T3 = 127774— o

The AR g-conditional entropy for pw,(z) turns out to be

: ! () ()" )
S (A|B) = ——|1- : 4.62
KAl - - 1( T ) o

On identifying the zero of the monotonically decreasing function limg_,o S] (A[B)

+ |
—~
w
+
ot
8

one can observe that the state pw,(z) is separable in the range (0, 0.2727) accord-

ing to AR-criterion.
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The unitary operator Up which diagonalizes pp is as follows

00 0 1
-1 1
o 0 % L0
1 0 0 0
1 1
0 L L 0

This unitary matrix facilitates the evaluation of I'y = (I, ® Ug)pw, (x)(Iy @ Ug)T

which has the same eigenvalues as that of the sandwiched matrix
1—q e
I'= <I2 ® pg’ ) pw () (Iz ® pg’ ) :

The non-zero eigenvalues ~; of I'; and hence of I' are obtained as

1—q

1—z\ (1—2\ ©
v o= < Sx)( 43:) (4-fold degenerate), (4.63)

B 11—z 3+x %q Y 1—=x 3+ bx %q
2= 8 12 R 12 ’

Va5 = (i) (12)% (aa+6 b+ \/(aa+ﬁ b)2+512x2aﬁ>.

1-g 1-g

where a=0B+x)7, B=0B+5x) 7, a=(3+5z), b= (3+13z).

One can now readily evaluate the expression for CSTRE ﬁg(pwg(x)HpB) in the
1: 2 partition using ﬁ,IT(pW3(x)||pB) = (32,7 —1)/(1—q). The 1 : 2 separability
range of the state pw,(z) is obtained as 0 < z < 0.2095 through identifying the

zero of the function limg_,oc D} (pw,(2)||pp) at 2 = 0.2095 [72].

4.3.2 Separability in the 1 : 3 partition of four qubit Werner-

like family involving W-states

The distinct non-zero eigenvalues of the 4-qubit state pw,(z) are

1—=x 1+ 15z
)\1 :>\2 = "')\15 = 1—6, /\16: . (464)
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The three qubit marginal of the state pw,(z), obtained by tracing over the first
qubit of pw, () is explicitly given by

20 0 0 0 0 0 0
0 “fT”‘" n 0 n 0 0 0
0 b HTI 0 1 0 0 0
o 0 0 & 0 0 0 0
PB = T T 142
0 I I 0 = 0 0 0
0 0 0 0 0 1’7”” 0 0
0 0 0 0 0 0 I_T’” 0
o 0 0 0 0 0 o0 =
The distinct non-zero eigenvalues of pg are
o l-u 14z _ 1+5z
m=7mn=: M= 3 » Mt = g N = g

The AR g-conditional entropy [40] for the state pw,(z) in its 1 : 3 partition is

ST(AIB) = (1— 1 ()" + (H)” ) (4.65)

given by

=1\ 60+ () + ()
Identifying the zero of the monotonically decreasing function limg_, S;(A|B) at

x = 0.2, one can obtain (0, 0.2) as the 1 : 3 AR separability range of the state
PW,4 (ZE)

The unitary Up which diagonalizes the three qubit marginal pp is given by

00 00 0 001
00 00 0 010
00 00 0 100
-1 -1 2

g |0 F FOF 000
00 01 0 000

1 =1
0L 200000
10 00 0 000
1 1 1
0 % L0 X000

The non-zero eigenvalues v; of I'y = (I ® Ug)T'(I; ® Ug)' which are same as the



Chapter 4. 1: N — 1 separability of pseudopure, Werner-like family of states 160

1—g 1=g
eigenvalues of the sandwiched matrix I' = <1'2 ® pg" ) pw, () ([2 ® pg" ) are

seen to be,
1—=x 1—=x =
Moo= (12-fold degenerate), (4.66)
16 8
1-g 1-g
B 1—=x 44+4x\ ¢ (1-x 44 20x\ ¢
2= 16 32 TG 32 ’

Va5 = (i) (32)7Tl (aa—i—ﬁ b+ \/(a a+p b)2—|—3072x2 aﬂ).

1-g 1-g

where a=(A+4z) 7, B=(A+20z) 7, a=(4+12z), b= (4 + 44x).

One can now readily evaluate the expression for CSTRE l~?qT(pW4 ()||pp) in its

1 : 3 partition using DqT(pw4 ()||pB) = % The 1 : 3 separability range of

the state pw,(x) is obtained as 0 < x < 0.1261 through identifying the zero of the
function lim, . Dg(p\m (x)||pB) [72].

4.3.3 Separability in the 1 : 4 partition of five qubit Werner-

like family involving W-states

The Werner-like one parameter family involving 5-qubit W-states is given by

pws(a) = (1= 2) 22 4 & [Wy) (W, (1.67)

and its nonzero eigenvalues are

1-— 1+ 31
323: (31-fold degenerate), Ay = +32 L (4.68)

)\1:

The AR g-conditional entropy for the state pw,(z), in its 1 : 4 partition, is given

by
55<A13>:L1<1—14( 1)+ (52) )q> (4.69)

- T ) (R
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In the limit ¢ — oo, the zero of S} (A|B) reveals that the state pw; (z) is separable
in the range (0, 0.1351) in its 1 : 4 partition.

The unitary Ug which diagonalizes the four qubit marginal pg is given by

Up =

o%ﬂoﬁ“ooomwooooooo

[y

S B O O O O O O O o o o o o o o
S O O B O O O O o o o o o o o o
S O O O O H O O O o o o o o o o
S O O O O O B O O O o o o o o o
O O O O O O O =H O O O o o o o o
SO O O O O O O O O = o o o o o o
S O O O O O O o o o = o o o o o
S O O O O O O o o o o+~ o o o o
S O O O O O O o o o o o = o o ©
S O O O O O O o o o o o o = o O©
S O O O O O O o O o o o o o+~ o
o O O O O O O O O o o o o o o -

o o o o 5|m ©O O OvMk O O O © © O O
o oGt o E|L O O OoONk O O O O O o O
S o gl © E|‘H O O OoONk O O O O O O O

S

The non-zero eigenvalues of the matrix [y which is unitarily equivalent to the
1—g

sandwiched matrix I' = <]2 ® sz_q) pws () <]2 ® pgq) are found to be

1—gq

" o= <1 _ m) (1 _ x> ’ (28-fold degenerate), (4.70)

L fl—z\ (5+1la\ T (1—az\ (5+59\ 7
T T 80 » BT T3 80 ’
1

Va5 = <é_l> (80)7Tl (a a+ b+ \/(a a+ B D) + 1638422 « ﬁ) .

1-g 1-g

where a=0B+11z)7, B=(0(+59z) 7, a=(5+27z), b= (5+ 123).
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One can now readily evaluate the expression for CSTRE using Dg(Pws(f)H pB) =

Z:i%;:l and obtain DqT(,OW5 ()||pp) as a function of x. From the CSTRE criterion

one can obtain (0, 0.0724) as the separability range for pw, (z).

4.3.4 Separability in the 1 : 5 partition of six qubit Werner-

like family involving W-states

The Werner-like one parameter family involving 6-qubit W-state is given by

pwe(x) = (1 — x)% + x |[Ws) (W] . (4.71)

where g4 denotes the 64 x 64 identity matrix and [Ws) is the 6-qubit W-state.

The non zero eigenvalues of the state pw,(z) and its 5-qubit marginal pp are

respectively given by

11— 1+ 63z
AL = ol (63-fold degenerate), Ay = ol (4.72)
o l—x 3+ 13z 3+ TTx
=" =" M3 = 32 733 = 9% N34 = 96
The AR g-conditional entropy for the state pw,(x) in its 1 : 5 partition is given
by
1 63 11—z q+ 1463z \ 4
s - 1 (1- e B ) am
q (%) + (5)" + (%567)

On obtaining the zero of S] (A|B) in the limit ¢ — oo, one can obtain (0, 0.0857)
as the 1 : 5 separability range of the state pw,(z) using AR criterion.

The unitary matrix Ug which diagonalizes the five qubit marginal pg helps in

the evaluation of I'y;, the unitary equivalent of the sandwiched matrix I" and the
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non-zero eigenvalues of 'y (hence of I') are seen to be

1—¢q

-2\ (1—z)\ &
vy o= ( x) ( 3:) (60-fold degenerate), (4.74)

64 32
B 1—2x 6 + 26x 1%(1 B 1—=x 6 + 1h4x lq;q
T\ e 192 » BT\ T 102 :

Va5 = G) (192) 7 (a a+pB b+ \/(a a+ B b)* + 8192022 « B) .

where a=(6+26x)7, B=(6+154x) 7, a=(6+58z), b= (6+314z).

. . = P | . ~
Using the relation D] (pw,()||p5) = %, the expression for CSTRE D] (pw,(2)||p5)
in its 1 : 5 partition can be evaluated. The variation of the different conditional
entropies including DqT(pw6 (x)||pp) as a function of z is shown in Fig. 4.9. The

1 : 5 separability range of the state pw,(z) is obtained as 0 < x < 0.0857 through

identifying the zero of the function lim,_,o D{ (pw,(2)||ps) [72].

—— SAB)
- =—= SAB

——  Dglow,Mllps)

4.x10°7"
2.x1077}

~-2.x107"}

~4.x107"}
FiGure  4.9: Plot of the conditional entropies S(A|B) and
limg o0 Dg(pw6(x)\]p3) of pwy(x), in its 1 : 5 partition, as a function

of x.

The structure of v; obtained for N = 3, 4, 5, 6 helps in the generalization of

their form for any N > 3 and this task is carried out in the following.
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4.3.5 1: N — 1 separability in Werner like one parameter

family involving N-qubit W states

The state corresponding to Werner like one-parameter family involving N-qubit
W states is given by

15N
pwy(t) = (1-2)o5 + o [Wy) (Wl

In order to carry on with the task of identifying the 1 : NV — 1 separability range of
the state pw, (z) via the CSTRE method, the 2V eigenvalues 7; of the sandwiched
matrix

D= (I ® p) = pwy (¢) (12 ® pi) =
are to be evaluated and an observation of the structure of ; obtained for N =
3, 4, 5, 6 helps in their generalization for any N > 3. It can be seen that the

eigenvalues of the sandwiched matrix I' corresponding to 1 : N — 1 partition of the

state pw, (z) are explicitly given by

1—¢q

l—z\|1l—x| ¢
M= ( N > [QN_I} : (2N — 4) fold-degenerate
) 1g
1—z N+<E;y=32j_2_(N—2)>x '
T2 = ( 9N ) N 9N-1 ;
1—g
o [N+ (S22 (V=) @Y - 1)) ]
V3= ( ON ) N 9N-1 ) (4.75)

Yoy = i(QNlN)_‘?1 {aa—i—ﬁbi\/(aa—ﬁb)2+22N+2(N—1)x2aﬁ}
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where

a = N+ (Z 272 _ (N —2)+ 2N—1> z, (4.76)

(o)

= N+ (Z 272 4 ONT1 (2N — 3) — (N — 2)) x.

Jj=3

Substituting for 7; in Eq. (4.25), a numerical estimation of the separability ranges
inthe 1 :2,1:3,1:4,1:5 bipartitions of the noisy states pw,(x), pw,(x),
pws (), pwe(x) is carried out. The separability threshold value of the parameter
x obtained using CSTRE approach, along with the corresponding results from
PPT criteria and also those inferred via the positivity of the corresponding von

Neumann and the AR-conditional entropies are tabulated in (see Table 4.3). It

TABLE 4.3: The 1 : N —1 separability threshold value of the noisy parameter x
in the states pw, (x) for N =3, 4, 5, 6, obtained through different separability

criteria.

Number | von Neumann AR CSTRE | PPT
of conditional | g-conditional

qubits entropy entropy
3 0.7018 0.2727 0.2095 | 0.2095
4 0.6760 0.2 0.1261 | 0.1261
5 0.6618 0.1351 0.0724 | 0.0724
6 0.6567 0.0857 0.0402 | 0.0402

is readily seen that the result based on the positivity of the CSTRE is stronger
than the one obtained from the positivity of the von Neumann, AR conditional
entropies. Further, it is observed that the CSTRE result agrees with that identified
from the PPT criterion. In general, the CSTRE approach is found to lead to the
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separability range N
0<z< (4.77)
N+2VN /N -1

for the 1: N — 1 partitions of the state pw, (x) for N > 3.

One can recall here that the noisy N-qubit state pg, (z) in Eq. (4.57) is known

to be separable iff [73]

1
N<eg < —————
_$_2NU1U2+1

(4.78)

where u; and uy are the two largest Schmidt coefficients of the pure entangled state

|® ) under bipartition. In the specific case of (1 : N — 1) partition of the state

pwy (), on substituting the corresponding Schmidt coefficients (see Eq. (4.29))
N -1 1

Uy =\ —— U= ——=

N VN

in Eq. (4.78), one can recognize that the separability range reveals a clear agree-
ment with Eq. (4.77) obtained via the CSTRE approach. This establishes that
the CSTRE method serves as necessary and sufficient for inferring separability in

the Werner-like one parameter family of W states also.

4.3.6 1: N — 1 separability in Werner-like noisy states in-
volving N-qubit GHZ states

To investigate the (1 : N — 1) separability range in the one parameter family of
noisy Werner-like N qubit GHZ states,

]®N
penzy () = (1— x)22—N + x |GHZy) (GHZ x| (4.79)
the eigenvalues I'; of the sandwiched matrix

1—gq

1g 1g
I'= (I ® pp) * peuzy () (I2 ® pp) 2 (4.80)

are evaluated. Here pp = Tri[pguz, (x)] is the subsystem density matrix of
pcrzy (2) obtained by tracing over its first qubit. The eigenvalues ; of the sand-

wiched matrix I' for the cases N = 3, 4, 5, 6 are explicitly evaluated and they



Chapter 4. 1: N — 1 separability of pseudopure, Werner-like family of states 167

TABLE 4.4: The non—zero eigenvalues i of the sandwiched matrix
(I ® pp) & peuzy (7)(I2 ® pp) 20 %' for N =310 6

Number gl V2
of (2N —4) fold 3 fold V3
qubits (N) degenerate degenerate

I-q I-q I-q
N=3 () () | ()T () ()

N=4 | () (5) 7 | Ge) (552) 7 | () (%) 7

T—¢q T=¢q I—q
N=5 | (&) (%) G () | () () °
N=6 | (58) () 7 | (o) () 7 | (M) (M58)

are given in Table 4.4. On observing the structure of the eigenvalues ; in Table

4.4, it is possible to arrive at the form of the eigenvalues for any N > 3.

"= 12—N:c 12;?} ' . (2N — 4)-fold degenerate;
_ - T N =g
Ve = 12—N:17 L (22N_21_ 1) m] q ; 3-fold degenerate
| N 1)z 1+(2N—2—1)x%
S s (22N . ] , (4.81)

Substituting Eq. (4.81) in Eq. (4.25) we find that positivity of CSTRE as ¢ — oo

requires the following bound

1
0<z< NI (4.82)
on the noisy parameter x. This result agrees with the 1 : N — 1 separability range
obtained based on the commutative AR method too in the case of pgnz, (). How-
ever, the convergence towards the threshold value of the parameter z — ﬁ
in the limit ¢ — oo based on the CSTRE method is slower compared to that of
the AR approach. This is illustrated in Fig. 4.10 in the specific case of N = 6.
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Moreover, substituting the Schmidt coefficients u; = uy = 1/ V2 associated with

=== CSTRE
m— AR
| L |
q
50 60 70

FIGURE 4.10: Implicit plots of 1~)qT(pGHZ6 ()||p) = 0 as a function of ¢ and the

AR g-conditional entropy Sg(A|B) = 0 for pguze(z) in its 1 : 5 partition. The

convergence of the parameter x to its bound 0.0303 under the CSTRE criterion
is slower compared to that of the AR method.

the (1 : N —1) partition of the GHZ state in Eq. (4.78), reveals that the range Eq.
(4.82) for the parameter = obtained from CSTRE approach is both necessary and
sufficient for the separability in the (1 : N — 1) bipartition of the state pauz, ().
Table 4.5 compares the threshold values of x, obtained using different separability

criteria, above which the state pgnz, () is entangled.

TABLE 4.5: Comparison of the 1 : N — 1 separability threshold value of the
noisy parameter x in the states pguz, () using different separability criteria

Number | von Neumann AR CSTRE | PPT
of conditional | g-conditional
qubits entropy entropy
3 0.6829 0.2 0.2 0.2
4 0.6276 0.1111 0.1111 | 0.1111
5 0.5846 0.0588 0.0588 | 0.0588
6 0.5536 0.0303 0.0303 | 0.0303
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4.4 Summary

In this chapter, the 1 : N — 1 separability range in the noisy N qubit states of the
pseudopure family and Werner-like family involving W, GHZ states! is investigated
using the CSTRE approach. It is shown that in all the families of states considered
here, the 1 : N — 1 separability range obtained using CSTRE criterion matches
with the corresponding PPT separability range. In both pseudopure, Werner-like
family of states involving W states the AR-criterion is shown to yield a weaker
separability range than the one obtained using CSTRE, and PPT criteria. In both
these families involving GHZ states, the 1 : N — 1 separability ranges obtained
using AR-. CSTRE- and PPT criteria match with one another. The matching of
the results due to AR- and CSTRE criteria is attributed to the maximally mixed
nature of the single qubit marginal of the noisy families involving GHZ states. It
is shown that the positivity of the CSTRE in the limit ¢ — oo is both necessary
and sufficient for the 1 : N — 1 separability in the one parameter family of noisy

pseudopure, Werner-like states.

koK ok ok ok ok ok ok ok ok ok ok ok

'Tt is to be noted here that both PP and Werner-like noisy one parameter family of states
considered here are not permutation symmetric states, as they do not get restricted only to the
N + 1 dimensional symmetric subspace of the 2%V Hilbert space of N-qubits. This is because
the completely random state I§®N /2N, which is mixed with the pure symmetric N qubit states
in ply (), PGz, (%), pwy (%), panzy (), is not confined to the N + 1 dimensional subspace of

permutation symmetric N qubit states



Chapter 5

One parameter family of N-qudit
Werner-Popescu states: Bipartite
separability using Conditional

quantum relative Tsallis entropy

In Chapters 2, 3, 4, it has been shown that CSTRE criterion gives strictest sep-
arability range in the 1 : N — 1 partition of the one parameter family of N-
qubit mixed W and GHZ states. In Chapter 3, an illustration of the utility of
CSTRE criterion to detect entanglement in qubit-qutrit and qutrit-qutrit states
has also been explored. It is of interest to check whether CSTRE approach can be
employed to obtain the bipartitie separability range of mixed multipartite states
with higher dimensions. In this Chapter, the CSTRE method is employed to ob-
tain the 1 : N — 1 separability range of the N-qudit Werner- Popescu type of
states. It is observed that in the limit ¢ — oo, a 1 : N — 1 separability range
that matches with the one obtained using an algebraic necessary and sufficient
condition [54, 55| for separability. Further, a comparison of the convergence of the
parameter x with increasing values of ¢ in the implicit plots of AR g-conditional
entropy and CSTRE is carried out [74].

This Chapter is organized in three sections. Sec. 5.1 defines the one-parameter

family of N-qudit Werner-Popescu states and details the attempts in the literature
170
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to identify the bipartite separability in these states. The CSTRE criterion is
employed in Sec. 5.2 to obtain the 1 : N — 1 separability range of these states. A
comparison of CSTRE and AR-criterion for the state under consideration is also

carried out in Sec. 5.2. Section 5.3 contains the summary of the Chapter.

5.1 N-qudit Werner-Popescu states

The density matrix of the one parameter family of the Werner-Popescu-type state
with N-qudits [35] is defined as follows

pu(x) = p(Ai, As, .. Ay)

_ 1djv‘”1d(A1)®1d<A2)®...fd(AN>+ v|e)) (@) (5.1)

Here 0 < z < 1 and I4(4;),i =1, 2,..., N are d X d unit matrices belonging to
the subsystem space of each qudit A;, i = 1, 2,..., N. The pure state }CI>£1V> is
given by

N _L d—1
|®) = 7 ; B) 4, @ ) 4, @ . @ [K) 4, (5.2)

and it is an analogue of GHZ state to d-level systems. Notice that when d = 2,
i.e., for qubits, £ = 0, 1 and Eq. (5.2) reduces to the N-qubit GHZ state (See Eq.

(2.57))
L

V2

The eigenvalues of p4 (x) are given by

’GHZN> = (|0102"'0N>+|1112"'1N>)

1 —
A= de [(@" — 1)fold degenerate],

L+ (d¥ —1)x
Ay = — (5.3)
The focus here is on finding the 1 : N —1 separability range of p% () using CSTRE

criterion.
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5.2 1: N — 1 separability of p4 (z) using CSTRE

Denoting the first qubit as subsystem A and the remaining N — 1 qubits as sub-
system B, the density matrix of the N — 1 qubit marginal is given by

PB = :TTA1P<A17 AQ?"'aAN) :TrA1 p]d\[('r)

It can be seen that the eigenvalues 7; of the N — 1 qubit marginal pp of p% (z),
obtained by reducing over the first qubit, are given by

1—x
o= N [(d¥" — d) — fold degenerate],
14+ @V 2 -1z
N2 = ( N1 ) [d — fold degenerate] (5.4)

Also, the subsystem p,4, the single qudit marginal of p% (z), corresponds to the

maximally mixed state I;/d, I; being d x d unit matrix.

In order to find the separability range of the state p% in its 1 : N — 1 partition
using CSTRE criterion, one needs to evaluate the eigenvalues v; of the sandwiched

matrix
1-g 1-g
I'=(I2a®pp) = pi(z) (Ia® pp) = (5.5)
so that
Zi %9 -1

B (ph(@)llos) = =41

(5.6)

can be evaluated. Thus, in the evaluation of 15qT (p%(@)||pB), the non-negative
eigenvalues v; play a crucial role. Before generalizing the form of the eigenvalues
~; for N-qudits, an analysis of their form for different N(N =2, 3, 4, 5) and d (d =
3,4, 5, 6) is carried out to arrive at a generalization for any N, d [74]. Table 5.1
provides the explicitly evaluated non-zero eigenvalues of the sandwiched matrix I'
for different values of N and d [74]. It can be readily seen from Table 5.1 that, there
are only three distinct non-zero eigenvalues for the sandwiched matrix I'. A careful
observation of the eigenvalues v;,7 = 1, 2, 3 leads towards the generalization of
the eigenvalues of sandwiched matrix (/4 ® pB)IQ;qq pd(z) (Ia® pB)IQ;qq for N >

3. The generalized eigenvalues ~; of the sandwiched matrix I" are given in the
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following [74]:

1—¢q

1—x 1—x\ ¢
"o o= < pr ) (dN—1> , (dN — d2) — fold degenerate
1—2x 14+ (dV2—-1)x o
vy = < o ) ( (dN_l ) ) , (d2 — 1) — fold degenerate
1—g
L+ (d¥ -1 1+ (dV2=1)x\ *
Ny = ( (dN )a:) < (dN_l )7 , non-degenerate.  (5.7)

The 1 : N — 1 separability range of the state p% (x), for each combination of
N =2, 3,4,5and d = 3, 4, 5, 6 obtained using CSTRE approach allows us to
generalize this range to any N and d. Table 5.2 gives the values of x below which
the state p (z) is separable. Using Table 5.2, the following 1 : N — 1 separability
range is conjectured for the one parameter family of N-qudit Werner-Popescu-
states [74].

VSIS TR

One can note that the 1 : N — 1 separability range given in Eq.(5.8) is the same

(5.8)

as that obtained in Ref. [35], using the AR-criterion. In fact, the existence of
maximally mixed single qubit density matrix is the reason behind the equivalence
of separability ranges in CSTRE and AR-criteria. Such a situation occurs in the
case of symmetric one parameter family of noisy GHZ states (Sec. 3.3), psuedopure
family containing GHZ states (Sec. 4.2) and Werner-like family of states containing
GHZ states (Sec. 4.3.6). In all these states, the single qubit density matrix turns
out to be I5/2 thus implying that the non-commutative CSTRE approach yields
the results equivalent to commutative AR-approach [63]. It is important to notice
here that, using algebraic methods [54, 55] it has been shown that Eq.(5.8) is

actually the necessary and sufficient condition for separability.

Fig.5.1 gives an illustration of the monotonic decrease of DqT(pf’)(x)H pp) with
increasing = in the ¢ — oo. From Fig. 5.2 it can be seen that DqT(pf’)(x)HpB)
is negative for x > 0.5633 when g = 1 (separability range through von Neumann
conditional entropy), whereas it is negative for z > 0.0357 in the limit ¢ — oo

(separability range through CSTRE criterion).
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FI1GURE 5.1: The variation of conditional form of sandwiched Tsallis relative
entropy DqT(pf) ()||pp) in the 1 : 3 partition of 4-qutrit Werner-Popescu states

,0513) (x) (N=4, d = 3), with respect to z, in the limit ¢ — oo.

Even though the separability range of p4 (), obtained using both CSTRE and
AR-conditional entropy are same, there is a rapid convergence of the parameter x
with increasing values of ¢ in the case of AR ¢-conditional entropy. This feature
is illustrated in Figs. 5.2, 5.3. Table 5.3 provides the values of the parameter
x at which CSTRE, AR ¢-conditional entropy becomes zero, when ¢ = 2, for
different d and N. From Table 5.3 one can easily note that the parameter x is
rapidly decreasing in AR method even for ¢ = 2 thus confirming its relatively

rapid convergence in comparison with that of CSTRE in the limit ¢ — oc.

It is also evident from Table 5.2 that the separability range decreases with the
number of subsystems i.e., with the increase of N for any given d. This feature is
illustrated in Figs. 5.4, 5.5. A comparison of Figs. 5.4, 5.5 illustrates that for
any given N, the separability range decreases with increasing d. Thus a state of
the Werner-Popescu family is entangled throughout the parameter range x if its
constituents are qudits with larger d. More qudits in the state also helps the state

to be entangled in the whole parameter range.
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FIGURE 5.2: The comparison between implicit plots of Bg(pég) (x)||ps) = 0 and

SqT(A|B) = 0, as a function of ¢ in the 1 : 4 partition of the 5-qutrit (N = 5,

d = 3) state p(53) (x). A rapid decrease in the value of z, in comparison with
DqT(péS) (z)||pB) can be observed in the case of ST (A|B).
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= d
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FIGURE 5.3: The comparison between implicit plots of DqT(pEf)) (x)|lp) = 0
and Sg(A|B) = 0, as a function of ¢ for 4-partite (N = 4), 5-level (d = 5)

Werner-Popescu states pf) (z).

5.3 Summary

In this Chapter, the CSTRE criterion is employed to find out the 1 : N — 1
separability range of N-party Werner-Popescu states containing d-level quantum
systems. It is observed that the 1 : N — 1 separability range obtained through
both CSTRE and AR ¢ conditional entropy criteria match with each other for
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FIGURE 5.4: The graph of CSTRE Dg(pgi) (x)||pB) = 0 versus x for different
values of N when d = 3. The decrease of the separability range with N, for any
given d is clearly seen.
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FIGURE 5.5: The graph of CSTRE f)g(px‘}) (x)||ps) = 0 versus z for different
values of N when d = 4.

these states. This separability range is seen to match with that obtained using
an algebraic necessary and sufficient condition for separability. The relatively
smoother convergence of the parameter x with respect to ¢ in the limit ¢ — oo is
observed in the case of implicit plots of CSTRE in comparison with the convergence

in the case of AR g-conditional entropy.
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TABLE 5.1: The non-zero eigenvalues ~; of the sandwiched matrix (Ia ® pp) 2 pk(z) (In ® PB)IQ;:
Number | Number " Y2 V3
of of (dV — d?) fold (d2 — 1) fold
levels (d) | parties (N) | degenerate degenerate
T—¢q T—q
- N B ) A ) I B v 1 ) I
; s |G| R T | () (T
4 Gr) ) 7 | Ge) () 7 | () (B Z
5 (G) Gar) ™ | Gg) () | (Byg) (55) °
2 e L Eme
4 s |G () | ) ()™ | () (59T
4 G) Gor) | () (Fer) 7 | (B (L)
5 (o) () " | Goon) (Goss) ™| (Proar) ()
2 T 0T [ e~
5 3 () () 7 | () () 7 | () ()
() ()T () () | (5 ()7
5 () () ™ | Gigs) () | () (M)
3 : () (3) * i) ()
6 3 (i) (i) 7| i) (S8) 7 (55 (45)
4 (i) () ™ | (k) (558) 7 (M) (80)
5 () () 7 | () () 7 | () ()

§91018 NISIAOJ-49ULI N 10pND- N [0 figeqoandos T — N 2 T °G 103dey)
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TABLE 5.2: The comparison of the 1 : N — 1 separability range of the state
p4;(z), for various compositions of d and N obtained through CSTRE criterion.
Number Number CSTRE
of of separability
levels (d) | parties (V) range
2 (0, 0.25)
3 3 (0, 0.1)
4 (0, 0.0357)
) (0, 0.0121)
2 (0, 0.2)
4 3 (0, 0.0588)
4 (0, 0.0153)
5 (0, 0.0039)
2 (0, 0.1666)
5 3 (0, 0.0384)
4 (0, 0.0079)
5 (0, 0.0016)
2 (0, 0.1428)
6 3 (0, 0.0270)
4 (0, 0.0046)
5 (0, 0.0007)
TABLE 5.3: The comparison of the value of x for ¢ = 2, obtained through
different criteria
Criterion 3-level 4-level 5-level
3-party | 4-party | 5-party | 3-party | 4-party | 5-party | 3-party | 4-party | 5-party
CSTRE | 0.3837 | 0.3114 | 0.2744 | 0.3108 | 0.2396 | 0.2116 | 0.2610 | 0.1943 | 0.1730
AR 0.3162 | 0.1889 | 0.1104 | 0.2425 | 0.1240 | 0.0623 | 0.1961 | 0.0890 | 0.0399




Chapter 6

Non-Spectral nature of the

Conditional version of
Sandwiched T'sallis Relative
Entropy

This chapter outlines a special characteristic of the CSTRE criterion which the
other entropic criteria do not have. It is shown that the CSTRE criterion can
characterize entanglement in those bipartite states where the knowledge of the
eigenvalues of the state and its marginals fail to identify the entanglement in the
state. This non-spectral feature of the CSTRE criterion is illustrated here using
two isospectral states, states having same local and global spectra (Sec. 6.1). An
attempt to characterize the hidden entanglement in several entangled states having
positive partial transpose, the so-called bound entangled states, is also carried out
in this Chapter (Sec. 6.2). A discussion on the results of the chapter is given in
Sec. 6.3.

179
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6.1 Illustration of Nonspectral nature of the CSTRE

criterion

Generalized entropies serve as a measure of disorder in a given quantum state and
negative values of traditional versions of generalized conditional entropies point
towards more global order than local order in a composite system. Separable states
are more locally ordered than globally as the eigen spectra of the whole composite
separable state is majorized by that of its reduced systems [43]. Negative values
of conditional entropies reflect the contrasting feature that local spectra need not
majorize global spectra in entangled states. However, separability criteria based
purely on the spectra of composite and reduced states are shown to be insuffi-
cient [43]. This feature was illustrated through an example of an isospectral ! pair
of two qubit states pap and p4p, which share same local and global spectra [43].

The states are explicitly given by

1 000
110110 (6.1)
PP 31011 0 '
0000
1 000
110000 (6.2)
P 31000 0 '
000 2
The non-zero eigenvalues of the state psp are,
2 1
A==, A=<= 6.3
1 37 2 3 ( )

1Isospectml states are states of a composite system with same set of non-zero eigenvalues for
the composite density matrix and the subsystem density matrices.
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and the single qubit marginal obtained by tracing over either the first or the second

qubit of pap is seen to be diagonal. That is,

pa="Trppap, pp="Trapan, pa=pn

1(2 0
PB 3 ( 01 ) PA (6.4)

It can be readily seen that S(A, B) = S(A) = S(B) and hence the von-Neumann
conditional entropies S(A|B) = S(A, B) — S(B), S(BJA) = S(A, B) — S(A) are

zero. Similarly, the isospectral nature of the state psp implies that the Abe-

and

Rajagopal g-conditional entropy defined by

= [ m ]

turns out to be zero as Tr (pap)? = Tr (pa).

To make use of the CSTRE criterion to detect the entanglement in the state
pap, the power of each diagonal element of pg is raised by 12—_qq, and the sandwiched

matrix

1-q 1q
I'=(l,®pp) 2 pap (I @ pp) 2 .

is evaluated. The eigenvalues of the sandwiched matrix I' are seen to be
1=gq¢ __1 1-q _1
7 o= 20 3 a, 72:<]_—|—2q>3q

and the Conditional Sandwiched Tsallis Relative Entropy of the state p4p is given
by

~ Zz ’Yzq —1
DqT(PABHPB) = 1—_q

1—q\ 9
(1+2T) yol-1_3

— = . (6.5)

A plot of Dg(pAB\]pB) as a function of ¢ is given in Fig. 6.1. It can be readily
seen through Fig. 6.1 that [?g(p 4B||pB) is negative for all values of ¢, except for
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FIGURE 6.1: A plot of CSTRE D?(pABHpB) of the two qubit entangled state
in Eq. (6.1) as a function of ¢. It is readily seen that CSTRE is negative for all
values of ¢ > 1 indicating that the state is entangled.

g = 1. Thus, CSTRE criterion is successful in identifying the entanglement in
an isospectral state whereas the spectra-dependent entropic criteria using von-
Neumann conditional entropy or AR ¢-conditional entropy are unable to detect

the entanglement in the isospectral entangled state p4p.

It is worth observing here that p4p does not commute with the state /4 ® pp or
pa ® Ip despite the subsystem density matrix ps(= pp) being diagonal. Thus the
non-commutative CSTRE criterion is able to capture the entanglement in states

having same local, global spectra and thereby exhibiting its non-spectral nature.

It can be readily seen that the partially transposed density matrix of the state
pap given by

= o O =
o O = O
o = O O
o O O

has only one negative eigenvalue % (1 — \/5) and hence the negativity of partial
transpose N(p) = ‘% (1 — \/5)| = 0.206 thus being able to quantify the entangle-

ment in pap.
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The two-qubit state p4p is readily seen to be separable as it is equal to its own
partial transpose and being a two-qubit state, the positivity of partial transpose is

a necessary and sufficient condition for separability. The subsystem density matrix

12
273

of p4p. While the von-Neumann conditional entropy and AR ¢-conditional entropy

04(= o) is diagonal with eigenvalues same as that of the non-zero eigenvalues
are easily seen to be zero for this separable state, the vanishing of the conditional
sandwiched relative entropy Dg(g aB|lop) is established below. In fact, the eigen-

1— 1—
values ; of the sandwiched matrix I' = (I, ® QB)T"q oap (12 ® QB)qu are seen to

be
= (3 w=(b) 60

leading to 7{ + 74 = 1 and hence DT (o45||lop) = 0. for all ¢ > 1. Notice that
the separable state p4p commutes with its reduced density matrices unlike the
entangled state psp thus emphasizing the utility of CSTRE criterion when non-

commuting global, local systems are involved.

Through the example of an isospectral entangled state, it is established that
the sandwiched conditional Tsallis entropy is capable of detecting entanglement
in isospectral states and hence the approach proves to be superior to any spectral

disorder criteria.

6.2 Bound Entangled States: An attempt to de-

tect entanglement using CSTRE criterion

According to Peres-Horodecki separability criterion, negative eigenvalues of the
partially transposed density matrix indicates entanglement in bipartite systems
of dimension 2 x 2 and 2 x 3. But in higher dimensions there exist some entan-
gled states with positive partial transpose and they are called bound entangled
states [23, 24].

The CSTRE criterion is shown to have non-spectral features [62] unlike its

commuting counterpart, the AR-criterion, thus being able to identity entanglement
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in isospectral states [43]. In fact, with the observation [75] that quantum witnesses
constructed using spectral criteria cannot identify entanglement in the so-called
bound entangled states [23, 24], an effort has been made to identify entanglement

in several bound entangled states using the non-spectral CSTRE criterion.

1. Smolin State[76]: A four-qubit state pg is defined by [76]

4
ps =2 _16%) (9']ap © 16 (#'] 5o (67)
i=1
where |¢%) € {|¢*F),|pF)} are the two qubit Bell states

\¢i>— ~ (100) £[11)), - [o*) = = ([01) % [10)) .

1
V2
The state pg is termed Smolin state and is shown to be bound entangled in
its 2 : 2 partition [76]. For the state ps there exists only one eigenvalue §
with four fold degeneracy. To check whether the new entropic separability
criterion based on conditional version of sandwiched Tsallis relative entropy

(CSTRE) detects entanglement in pg, consider the two-qubit marginal of pg

pp = Triops = Tr34ps = (6.8)

S O O BRI
S O RIk O
S RIm O O
= O O O

As pp is a maximally mixed state of the two-qubit system, it can be ex-
pected that the non-commutative CSTRE criterion gives the same results
as that of commutative AR-criterion and hence may not detect the bound
entanglement in the Smolin state ps. In order to verify this, the eigenvalues
of the sandwiched matrix I' = (I, ® pB)IQ;qqps(L; ® pB)g;qq are evaluated and
they are given by
N=p=n=n=47

As Zl L Yi=4 (4 ) = 1, the expression for CSTRE given by ]~)T(ps||p3) =

2 % L turns out to be zero for all values of g > 1. Thus one can conclude
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that CSTRE criterion fails to detect entanglement in the bound entangled
state ps.

2. Horodecki’s 3 ® 3 bound entangled state: The two-qutrit state pp(x)

given by [77]
2 x D—x 0.5 6.9
pu(e) = 2 |9) (¢l + —o1 + ——0_, a €0, 5] (6.9)
where
1 < 1
¢) = E;Ikk‘% oy = 3 (101) {01] + [12) (12] + |20) 20]) ,
o - %(|1o> (10] + |21) (21] + 02) (02]) (6.10)

is found to be bound entangled state [77]. Here, |0), [1), |2) form the basis
vectors of the qutrit space. The distinct non-zero eigenvalues of the state
pu(x) are given by

2 d—x x

)\1:77)\2:>\3:)\4:T and )\5:>\6:>\7:ﬁ

Both the single qutrit reduced states of py(z) are seen to be I3/3 and hence
are maximally mixed. It thus appears that the CSTRE criterion may not be
able to detect the bound entanglement in py owing to the maximally mixed

and hence commuting nature of the single qutrit marginals with py(x).

On evaluating the eigenvalues of the sandwiched matrix I' = (I3®pp) = pu(x) (I3®
pB)l2;€rq, one gets,

2  —lig

y o= 23 - (6.11)
7

Ny = (m;5) 3% (3-fold degenerate)

3% (3-fold degenerate)

B
I
~ 8
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One can now readily evaluate the expression for CSTRE given by

q
DY (pula)on) = =42

The Fig. 6.2 illustrates the variation of f)qT(pH(:p)HpB) with respect to x

for different values of ¢q. From Fig. 6.2 one can observe that Dg(pH($)|’ PB)

remains non-negative for each value of q. Owing to the fact that py = pp =

I3/3, one gets DY (pul|pa) = DY (pullps) > 0 for all g > 1. Thus in the case

of pu(z), the CSTRE is unable to detect the bound entanglement.

By (P ()llos) B 7
jpa— -—-- =100
06 I e
04 ™
02

FIGURE 6.2: The CSTRE ﬁg(pH(:c)HpB) as a function of x for different value
of ¢ in the state pp(z).

3. Horodecki’s 4 ® 4 bound entangled state: The 4 ® 4 bound entangled
state [78] pu4 is given by

3
s =Y ailthi) (W] @ p
=0

where
P = 2 (100} (00] + 1) Gwal), % = 3 (I10) 111+ [} (l) 9% = ) e
with
Qoo pn) oy (o) (00) )
|¢0/1>— \/5 ) ‘¢2/5>— \/5 ) |Xi>— 2:|:\/§ )
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The mixing parameters ¢;, ¢ = 0, 1, 2, 3 are given by

V2
(1+v2)

{p p (1-p) (1-p)

L 4 ith » —
22 2 7 2 }Wltp

On substituting the value of p, the distinct non-zero eigenvalues of the state

PH4 are
)\1 = )\2 =0.2071 and )\3 = )\4 == )\5 = 0.1464

The marginal pg of pyy is seen to be

0.3535 0 0 0
o = Ty praa — 0 0.1464 0 0 (6.12)
0 0 0.1464 0
0 0 0 0.3535

1—g

The eigenvalues of the sandwiched matrix I' = (I, ® pB)%q pua (14 ® pp) 2

are given by

o= (\/5— 1> 2% (2-fold degenerate)
Yo = (1 - \/§> 2% (2-fold degenerate)

V3 = (2 (1 — \/§>> B (2-fold degenerate) (6.13)

On evaluating the expression D;F(pH4||pB) = Z%;—l for CSTRE, it can be
seen that bg(pH4||pB) remains non-negative for each values of ¢, thus being

unable to detect the bound entanglement in pyy.

In order to evaluate the CSTRE l~?qT(pH4|] pa) with respect to the first sub-

system pg4, it is noticed that

02028 0 0 0
. 0 02071 0 0 6.1
= I = .
pa= Tz 0 0 02071 0

0 0 0 0.2928
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1—g
2q

The eigenvalues of the sandwiched matrix I' = (p4 ® _74)12;; pua (pa ® 1y)

are given by

1
1 1\«
= - (1-—— 4-fold d t
T 5 ( \/5) (4-fold degenerate)

1
1 1\«

— - _ = 4-fold degenerate 6.15

w = (J5-3) (ol degenenate) (6,15

On explicit evaluation of the CSTRE Dg(pmH pa) = Zilz;; — it is observed
that D] (pua||pa) also remains non-negative for each values of ¢ quite similar
to its second subsystem counterpart DqT(pH4|| pp). Thus in the case of ppy,
irrespective of the marginal under consideration, the CSTRE is unable to

detect the bound entanglement.

4. The two qutrit bound entangled state: The two qutrit bound entangled
state [23] is defined by

a 000 a0 0 0 a
0a 0000 0 0 0
00a000 0 0 0
000a00 0 0 0
pa:1+18a a 00 0 a O 0 0 a , 0<a<1
a 0000 a 0 0 a
000000 Y2 o 2
000000 0 a O
a 000 a0 Y2 o (io

The distinct non-zero eigenvalues of the state p, are given by

a

= d
1+ 8a an

)\1 - )\2:>\3:)\4:>\5

1+a(11+424a) £ (1 +8a)V7a? —4a+1
2(1+ 8a)?

Ao =
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The first qutrit marginal p4 = Try p, of the state p, is seen to be diagonal

with diagonal elements (eigenvalues py)

3a 1+ 2a
1+8¢ P T 118

mh=7mn=

One can evaluate the eigenvalues ~; of sandwiched matrix I' = (pa®13) el Pa (PA®
I3) %', The variation of DT(paH pa) = ziv-l 7 as a function of z for different
values of ¢ is shown in the Fig.6.3.It is observed that DqT(paH pa) remains
non-negative for all values of ¢ > 1. Thus in the case of p, by considering the

first qutrit marginal the CSTRE is unable to detect the bound entanglement.

AT --=-= =1
Dq(palloa) - Qf%go
Og eI —— (=1000
05’ ""
04: ,:'
0. 3*,'
0.2}
01) e

X
02 04 06 08 10

FIGURE 6.3: The CSTRE Dg(pa\\pA) as a function of x for different value of ¢
in the state pq.

To check whether the CSTRE detects the bound entanglement by considering

second qutrit marginal, the marginal pg of the state p, is evaluated and it

is given by
21:156aa 0 24156?5
pp = Try p, = 0 li‘ga 0 (6.16)
Via? 145a
2+16a 2+16a

The eigenvalues of pg are found to be

3a 1+ a(13+440a) £ (1 + 8a)\/(1 — a?)

N\ — oy ja —
" 1480 2(1 + 8a)?
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The unitary matrix that diagonalizes the marginal pp is given by

L 0 L
V2 V2
U = 0O 1 0
1 —1
VIR

One can evaluate the eigenvalues 7; of sandwiched matrix I' = (I3®pp) = Pa (I3®

pB)%Q through the eigenvalues of the unitarily equivalent matrix I'y =
(Is ® Up)I'(I3 ® Up)'. The variation of D:{(,oaHpB) = El+(;_1 as a func-
tion of z for different values of ¢ is shown in the Fig.6.4. It is observed that

DX (pallpp) remains non-negative for all values of ¢ > 1. Thus in the case of

Pa, the CSTRE is unable to detect the bound entanglement.

T --—- g=1
Dq(palloe) e
070 e-mm7TTTTIIIITI —— g=1000
06
0.5 /
04 ;
0.3/
0.2}
0.1f oo

i

X
02 04 06 08 10

FIGURE 6.4: The CSTRE E(IT(pa| |pB) as a function of z for different value of ¢
in the state pq.

5. Another two-qutrit bound entangled state [79]: A two qutrit state
pap defined by [79]

4
pas =Y Nilei) (@il

i=1

with
3257 450 27
A =

T 68847 2T BT Imo1 T 6384
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and

o) = = (100) +11)), ) = 5 (01) + [10)) + o (102)) — 5 (121))

Sl

2

fos) = 12 (100) — [11)) + o (12)) + =5 (120)),

1 131
= —(—]01 10 22 =4/—
o) = 5 (Z10) +10) 4 22), a=y/5;
(6.17)
is shown to be a bound entangled state [79].
The eigenvalues of the state psap are given by
3257 450 27

1 2 — N3 4

= 6384 171 ~ 6384

The first qutrit marginal py = Trg pap of pap is diagonal with eigenvalues

6551 333
=2 = 137687 BT Gssa

On obtaining the eigenvalues ; of the sandwiched matrix I' = (p A®.73)12;‘1q pag (pa®

13)12;4(1, the expression for CSTRE given by [)qT(pABHpA) = Zilz;j;l can be

evaluated. It is observed that D:{(pABH pa) remains non-negative for each
values of ¢. Thus in the case of pap, by considering the first qutrit marginal
the CSTRE is unable to detect bound entanglement.

The second qutrit marginal pg = Tra pap of pap is diagonal with eigenvalues

3437 10

M=M= s BT 6ss4

Explicit evaluation of the eigenvalues v; of the sandwiched matrix I' = (I3 ®
pB)l2;qq pap (I3 @ pB)%qq, lead to the evaluation of CSTRE Dg(pABHpB) =
Zi%;;_l and it is seen that DqT(/JABHPB) > 0 for all ¢ > 1. Thus in this case
also, the CSTRE is unable to detect bound entanglement in p4p.
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6. 4 ® 4 bound entangled state of Bennati et.al. [80]: A 4 ® 4 bound
entangled state pyg4 is explicitly given by [80]

1 0 0 0 0 -10 0o -1 0 0 0 o0 1
0o 3 0 0 -1 0 0 0 0 0 0 -1 0 0 -1 0

o 0 1 0 0 0 0 -1 -10 0 0 0 1 0 0

o 0o o0 1 0 0 1 0 0 1 0 0 1 0 0 0

0o -1 0 0 3 0 0 0 0 0 0 -1 0 0 -1 0

1 0 0 0 0 1 0 0 0O 0O 1 0 0 0 0 -1

o 0o o0 1 0 0 1 0 0 1 0 0 1 0 0 0

1 o 0 -1 0 0 0 0 1 1 0 0 0 0 -1 0 0
Pasda =57 o 0 1000 0 0 1 1 0 0 0 0 -1 0 0
o 0 o0 1 0 0 1 0 0 1 0 0 1 0 0 0

-1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 -1

0O -1 0 0 -1 0 0 0 0 0 0 3 0 0 -1 0

o 0o o0 1 0 0 1 0 0 1 0 0 1 0 0 0

o 0 1 0 0 0 0 -1 -1 0 0 0 0 1 0 0

0o -1 0 0 -1 0 0 0 0 0 0 -1 0 0 3 0

1 0 0 0 0 -10 0 0 0 -1 0 0 0 0 1

1

There exist only one distinct, 6-fold degenerate non-zero eigenvalue A = 2

for the state psga.

Both the subsystem density matrices pa, pp of pigs are maximally mixed and

are given by I,/4. On evaluating the expression for CSTRE Dg(p4®4| lpB) =
Zi%i_l where ~y; are the eigenvalues of the sandwiched matrix I' = (I; ®
1=q

q

pB)?
negative for all values of ¢ > 1. Thus in the case of psg4 the CSTRE is

Pags (14 ® pB)l2;qq, it is observed that DqT(p4®4||pB) remains non-

unable to detect the entanglement.

6.3 Summary

The features of the CSTRE criterion which can characterize entanglement in those
states where the knowledge of the local and global spectra is unable to do so
is outlined in this chapter. The non-spectral feature of the CSTRE criterion is
illustrated using a pair of isospectral states one of which is entangled and the other
is separable. While the von-Neumann conditional entropy and AR g-conditional
entropy are unable to characterize entanglement in the entangled isospectral state,
the conditional sandwiched relative entropy is shown to be negative for the state

for all values of ¢ > 1. Using the result that only non-spectral witnesses are
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able to identify the hidden entanglement in bound entangled states, an attempt
is done to check whether CSTRE criterion can detect entanglement in bound
entangled states. Several well-known bound entangled states are subjected to
the CSTRE criterion but all the states considered showed non-negative CSTRE
thus not revealing their hidden entanglement through CSTRE criterion. It is
therefore concluded that the amount of non-spectrality in the CSTRE criterion is
insufficient to identify entanglement in bound entangled states. There is also a
possibility that at least some bound entangled state, not examined here, may reveal

its entanglement through CSTRE criterion and that remains an open problem.
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Chapter 7

Conclusion

This concluding chapter summarizes the results in the thesis and gives a lead to

the possible open problems.

7.1

Chapter 1

Chapter 2

Summary of the Thesis

The Introductory chapter of the thesis reviewed the important concepts es-
sential to understand the research work detailed in the subsequent chapters
of the thesis. The concept of Quantum entanglement through its presently
accepted definition is outlined. This includes the definition of entangled pure
as well as mixed states of a bipartite system. This is followed by the charac-
terization of entangled states through the negativity of conditional entropies.
An overview of the literature on entropic characterization of separability /en-
tanglement and the context of the present work is also given. The outline of

the contents of thesis is given towards the end of the Introductory Chapter.

This Chapter begins with an introduction to the non-commuting generaliza-
tion of Tsallis relative entropy analogous to the non-commuting (sandwiched)
version of Rényi relative entropy [56, 57]. A conditional version of the sand-
wiched Tsallis relative entropy is defined (see Eq. 2.5) and its commuting
counterpart is recognized to be the Abe-Rajagopal ¢-conditional entropy [62].
It is shown that the negativity of CSTRE is sufficient to establish that the

194
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Chapter 3

state is entangled [63]. Using this result, separability range in all possible
bipartitions of symmetric one-parameter family involving 3-, 4-qubit W-,
GHZ [49, 50] and WW states is evaluated using CSTRE criterion [62, 63].
It is observed that for all the states considered, the 1:2, 1:3 CSTRE sep-
arability ranges match with the corresponding PPT separability ranges but
in the 2 : 2 partition of the symmetric one parameter family with 4-qubit
W, GHZ, WW states, PPT criterion provides a stricter separability range
than the CSTRE criterion. For the one-parameter family involving GHZ
states, 1: 2, 1 : 3 separability ranges obtained using AR-, CSTRE- and PPT
criteria match with one another. The equivalence of the separability ranges
due to AR- and CSTRE-criterion is attributed to the maximally mixed and
hence commuting nature of the single qubit marginal for the family involving
GHZ states. Similar situation, that is, equivalence of AR-, CSTRE- sepa-
rability ranges owing to the maximally mixed single qubit marginal occur
for the 1 : 3 partition of the family involving 4 qubit WW states [63]. The
symmetric one parameter family of states involving 3-qubit WW are found
to behave differently by not having a maximally mixed single qubit marginal
and the CSTRE providing a stricter 1 : 2 separability range compared to the
one due to AR-criterion. For the one-parameter family of states involving
W states also, the 1 : 2, 1 : 3 CSTRE separability ranges are stricter than
that due to AR-criterion and here too the the single qubit marginal is not
maximally mixed hence not commuting with the global state. Thus, it is
concluded that whenever the subsystem density matrix under consideration
is not maximally mixed thus not commuting with the global state, CSTRE

criterion fares better than its commuting counterpart, the AR-criterion.

In Chapter 3, using the relevant results of Chapter 2 and obtaining the 1 : 4,
1 : 5 separability ranges using CSTRE criterion, the 1 : N — 1 separability
range in the symmetric one parameter family involving W, GHZ and WW
states are obtained [63]. It is clearly established, through the stricter sep-
arability range obtained using CSTRE criterion, that CSTRE criterion is
superior to AR-criterion in the case of the family containing W states. For
the symmetric one parameter family of states containing GHZ states, the
CSTRE- AR- and PPT criteria are found to be equivalent in discerning the
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Chapter 4

1: N — 1 separability range in this family with N > 3. The equivalence of
AR-, CSTRE- and PPT criteria is also seen while obtaining the 1 : N — 1
separability range in the symmetric one parameter family of states involving
N-qubit WW states with N > 4 [63]. The utility of CSTRE criterion in
identifying bipartite separability /entanglement in one parameter families of
qubit-qutrit and qutrit-qutrit states is also illustrated in this chapter [63].
It has been found that one can use the positivity of conditional version of
sandwiched relative Rényi entropy (CSRRE) as a sufficient criterion for sep-
arability in symmetric one parameter families of states containing W, GHZ
and WW giving results equivalent to the ones obtained using the positivity
of CSTRE [63].

In chapter 4, 1 : N—1 separability range in two non-symmetric one parameter
families of noisy states involving W, GHZ states are obtained using CSTRE
criterion [72]. The two non-symmetric one parameter family of noisy states

considered are

1. N-qubit Pseudopure (PP) noisy states containing either W or GHZ
states as the pure part of the noisy state [69]

2. N-qubit generalization of Werner states containing either W or GHZ
states as the pure part of the noisy state [19]

For both families of states, when the pure part of the noisy mixture is
an N-qubit W state, the CSTRE criterion is seen to provide stricter 1 :
N — 1 separability range than that due to its commutative version, the AR-
criterion [72]. When the pure part of the noisy mixture in both the families
(PP and Werner-like) is an N-qubit GHZ state, the 1 : N — 1 separabil-
ity ranges obtained using CSTRE and AR-criteria match with one another.
For all the states considered namely PP family with W/GHZ states and
Werner-like family with W/GHZ states, the 1 : N — 1 CSTRE separability
range is seen to match with the corresponding PPT separability range. It
is illustrated that the matching of AR- and CSTRE criterion for both the
families involving GHZ states is due to the maximally mixed nature of the

single qubit marginal. For all the states under consideration, the CSTRE
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Chapter 5

Chapter 6

separability range is shown to be necessary and sufficient for separability in
the 1: N — 1 partition [72].

Chapter 5 illustrates the utility of CSTRE criterion in identifying the 1 :
N — 1 separability range in noisy one parameter family of N-qudits with its
pure part constituted by the N-qudit generalization of the GHZ state [74]. It
is established that the 1 : N —1 CSTRE separability range with the threshold
value of x (above which the state is entangled) being a function of both d,
N is equivalent to the one obtained using AR-criterion. The reason for this
equivalence is shown to be due to the maximally mixed nature of the single
qudit marginal of this so-called Werner-Popescu state [19, 20, 35]. In spite
of the fact that the 1 : N — 1 separability ranges in both AR- and CSTRE
criteria are equivalent, the mode of convergence of the parameter x in the
implicit plot of CSTRE (in the limit ¢ — 00) is shown to be smoother and

hence more stochastic than in the case of AR q conditional entropy [74].

Chapter 6 illustrates a very peculiar feature of the CSTRE criterion which
is not found in other entropic separability criteria using von-Neumann con-
ditional entropy or g-conditional entropies. This feature is the non-spectral
nature of the CSTRE criterion which indicates that negativity of CSTRE
can detect entanglement that is not detected by criteria entirely dependent
on the global and local spectra (eigenvalues of the given composite state and
its subsystem density matrix) [62]. The non-spectral nature of the CSTRE
criterion is established through examining two isospectral states [43] one of
which is entangled and the other is separable. Though none of the spectral
separability criteria including the entropic ones could detect which among
the isospectral states is entangled, CSTRE is seen to be negative for all values
of ¢ > 1 when the state is entangled. Motivated by the non-spectral nature
of the CSTRE criterion and observing the hypothesis [75] that only non-
spectral witnesses can detect bound entanglement in the so-called bound en-
tangled (or entangled states with Positive Partial Transpose) states [23, 24],
a honest effort has been put to identify entanglement in the bound entangled
states through CSTRE criterion. But the efforts towards that end has not
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yet been successful. A detailed account of the efforts, using CSTRE cri-
terion, to detect bound entanglement in some well-known bound entangled

states is given in Chapter 6.

7.2 Future Directions. ..

While the 1 : N — 1 separability range of one parameter families of N-qubit states
using CSTRE criterion matched exactly with that obtained through PPT crite-
rion, similar conclusion cannot be drawn about separability ranges of other bi-
partitions such as 2 : N — 2. For instance, the 2 : 2 separability range of p}' ()
using CSTRE criterion is found to be [62] (0, 0.2105) but PPT criterion yielded
(0, 0.0808) as the 2 : 2 separability range of py’ (x). Similarly, for p$"(z) the
2 : 2 separability ranges obtained through CSTRE and PPT criterion are found
to be (0, 0.2105), (0, 0.0625) respectively. But an investigation into bipartitions
such as 3 : N — 3 and so on may yield results which are either identical, weaker
or stricter than that through PPT criterion. It is also to be noted here that PPT
and CSTRE separability criteria are of entirely different origins and there is no
reason to expect that the separability ranges obtained through them match with
each other in all bipartitions of an N-qubit state. It is indeed surprising that the
1 : N — 1 separability ranges of one parameter families of states that are inves-
tigated here, obtained using PPT and CSTRE criterion, matched exactly with
each other whereas the separability ranges in other bipartitions may not do so.
Having seen that CSTRE criterion provides separability ranges either identical or
weaker in comparison with PPT criterion, whether it can provide a separability
range stricter than that through PPT criterion in at least some bipartitions of an

N-qubit state still remains an open question.

It would be of interest to examine completely random multi-qubit states and
analyze the separability ranges in different bipartitions, obtained through CSTRE
and PPT criteria. While a numerical investigation on the set of all bipartite
mixed states has revealed [38] that PPT criterion is superior to AR criterion,
a comprehensive numerical survey on the PPT as well as CSTRE separability

ranges in different bipartitions of random states is warranted in order to identify
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the hierarchy between CSTRE and PPT criteria. Such a numerical survey, on the
same lines as in Ref. [38, 39], will also help in strengthening the results of the

research work carried out in this thesis.

It is to be recalled here that the conditional version of sandwiched Rényi rel-
ative entropy is as helpful as its Tsallis entropy counterpart, i.e., the CSTRE in
identifying whether a given mixed state is entangled or not (See Sec. 3.4.2). At
this juncture it is of importance to notice that a conditional version of Rényi rel-
ative entropy is defined in Ref. [81] by maximizing over the marginal state pgp.
While the results obtainable through such a maximization over pp are of interest,
in view of the fact that it is operationally difficult to identify pp that maximizes
the conditional entropy (either Rényi or Tsallis), the analysis here is restricted to
the case of the actual marginal pg of the bipartite state pap. It would be interest-
ing to examine the consequences of maximization over marginals in the detection
of entanglement using conditional generalized entropies (Rényi or Tsallis) and at

present it remains an open problem.
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