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Preface

The study of spaces endowed with generalized metrics was initiated by P.Finsler in
1918. It is usualy considerd as a generalization of the Riemannian geometry. In fact B.
Riemannian his lecture in 1854 already suggested a possibility of studying more general
geometry than Riemannian geometry. But he said the geometrical meanings of quantities
appearing in such a genaralized space will not be clear and it can not produce any contri-
bution to the geometry consequently all people had neglected for about 60 years to study
such a geometry. Finsler started the study of such a geometry from the stand point of a
geometrization of the variation caluclus.

Subsequently, due to investigations by J. Synge, V. Wagner, L. Berwald, E. Cartan,
H. Rund, M. Matsumato and others, Finsler geometry becomes a separate branch of
differential geometry. In modern implementation classical Finsler geometry represents a
geometry of vectors fibre bundles over manifolds.

Finsler geometry is a Riemannian geometry without the quadratic restriction. It also
asserts itself in the applications, most notably in theory of relativity, control theory and
mathematical biology.

Conformal change is one of the important transformation which preserves the angle.
The theory of conformal changes in Riemanian geometry has been deeply studied locally

and intrinsically. As regards to Finsler geometry an almost complete local theory of
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conformal changes has been established.

M.S. Knebelman first defined the conformal theory of Finsler metrics, such that two
metric functions L and L are conformal if the length of an arbitary vector in the space
with the metric L is proportional to the length in the space with the metric L.

The detail study of the conformal theory was carried out by the following authors:
M. Hashinguchi (1976) given a special change named C-change, which is non homothetic
conformal change, satisfying C-condition. C.Shibata and M. Azuma (1993) have inves-
tigated C-Conformal change invariant tensor of Finsler metric. The author S. Kikuchi
(1998) give the condition for a finsler space to be conformally flat. H. Izumi gave the
condition for a Finsler space to be h-conformally flat. S.H. Abed (2006) introduce the
conformally (-change.

The whole work represented in the thesis has been partitioned into six
chapters.

The First chapter includes basic concepts of Finsler space and notations. It also
includes the basic concepts of Special Finsler spaces, Conformal change, Conformal (-
change, Nonholonomic frame, Weekly Berwald space, Randers change, Killing vector field,
Finslerian subspaces.

The Second chapter deals with the Conformal change of douglas space with («, 3)-
metrics. The conformal theory of Finsler metrics based on the theory of Finsler spaces by
M. Matsomoto, M. Hashiguchi in 1976 studied the conformal change of a Finsler metric
namely L(z,y) = e’ (z)L(z,y)[1]. The concept of Douglas space has been introducing by
M. Matsumoto and S. Bacso as a generalization of Berward spaces from stand point of
view of geodesic equation. Finsler space is said to be of Douglas space if DY = Gy’ —G7y"

are homogeneous polynomial of degree three in y¢. It is remarkable that a Finsler space
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is a Douglas space if and only if the Douglas tensor vanishes identically. In this chapter,

we proved the following results:

1. A Finsler space with second approximate matsumato metric (o, 5)-metric L = a +
0+ %2 + g—z is a Douglas space if and only if

1
i) a? # 0(modf), b* # 7 bi.j is written in the form

ii) o =0(modB) : n =2 and by; is written in the form

where o = 36, § = d;(2)y’, v, = v;(2)y".

2. a? # 0(modf3), then the Douglas space with second approximate matsumato metric
L=a+p(+ %2 + g—z is conformally transformed to a Douglas space if and only if

transformation is homothetic.

3. A Finsler space F' (n > 2) which is obtained by a 3-conformal change of Finsler
space F" with an special (o, §)-metric L = a— %2 +0and L =a+ef+ k%((ﬂ # 1)

of Douglas type, is also Douglas space.

4. A Finsler space F' (n > 2) which is obtained by conformal Kropina change of a

a2

o I8 of Douglas type if and only if

Kropina space F™ with («, §)-metric L =

M;j(x) = n(bjo; — bio;) is satisfied.

5. A Finsler space F'' (n > 2) which is obtained by conformal Kropina change of a
Kropina space F™ with (o, §)-metric L = a — %2 + B(b* # 0) and L = \/2a0 is of

Douglas type if and only if s;; = b%(bisj — b;s;) is satisfied.

The Third chapter deals with the Weakly Berwald Finsler spaces and scalar flag
curvature. In 2004, R.Yoshikawa, Okubo and M.Matsumoto obtained the necessary and

sufficient conditions for some (v, 5)-metric spaces to be Weakly-Berwald spaces. C.Ninwei
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worked on a class of (a, 3)-metrics to be Weakly-Berwald[26]. In 2009, X.Cheng has
worked on («, §)-metrics of scalar flag curvature with constant S-curvature[13]. In this

chapter, we proved the following results:

1. The two («a, 3)-metrics, F = (azﬁ)Q and F = \/cloz2 + coaff + ¢332 (where ¢, co

and c3 are constants) are of non-Randers type if ® # 0(i.e, non-Riemannian).

2. Finsler space with («, #)-metrics, F' = % and F' = y/c102 + coa3 + ¢332 (where
c1, c2 and ¢z are constants) are of scalar flag curvature K = K(x,y). Then these

metrics are weak Berwald metrics if and only if such metrics are Berwald metrics

and K = 0. In this case, Finsler metrics must be locally Minkowskian.

3. On an n-dimensional manifold M, special («, 3)- metric F' = a"‘—fﬁ + 3 is weakly-

Berwald metric if and only if r;; = 0, s; = 0.

4. On an n—dimensional manifold M, F' = O‘TQﬁ + [ is weakly-Berwald and holds the

«

following conditions:

(a) F is of isotropic S-curvature, S = (n + 1)cF;
(b) F is of isotropic mean Berwald curvature, E = 2cF~h;

(c) B is killing 1-form with b = constant with respect to «, that is , r;; = 0, s; = 0;

(e) F is weakly-Berwald metric i.e., E=0.

Fourth chapter deals with the Nonholonomic frames In 1982, P.R. Holland studies
a unified formalism that uses a nonholonomic frame on space-time arising from consid-
eration of a charged particle moving in an external electromagnetic field([6][7]). In 1987

R.S. Ingarden was first to point out that the Lorentz force law can be written in this
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case as geodesic equation on a Finsler space called Randers space[8]. In 1995, the author
R.G.Bail a gauge transformation is viewed as a nonholonomic frame on the tangent bun-
dle of a four dimensional base manifold([9][10]). The geometry that follows from these
considerations gives a unified approach to gravitation and gauge sym metries. In the
above mentioned papers, the common Finsler idea used by the physicists R.G. Beil and
P.R. Holland is the existence of a nonholonomic frame on the vertical subbundle V. TM
of the tangent bundle of a base manifold M. This nonholonomic frame relates a semi-
Riemannian metric (the Minkovski or the Lorentz metric) with an induced Finsler metric.
In 2001, P.LL. Antonelli and I. Bucataru has been determined such a nonholonomic frame
for two important classes of Finsler spaces that are dual in the sense of Randers and
Kropina spaces([11][12]).Recently, Ioan Bucataru and Radu Miron has studied Finsler-
Lagrange geometry and applications to dynamical systems|[13].

Considering the above concepts, we found out the following results :

2

1. Consider a Finsler space L? = (ﬁ)(%) = 6(ﬂ2ﬁ 4)2 i.e. product of Infinite series

metric and Kropina metric for which the condition p_;3 + p_sa? is true. Then
g kT

is a Finslerian nonholonomic frame with X} and Y;k are given by

1
\/ (cv 3 ﬁﬁ da — B)(4a2b? — afBb? — 3?) %

(o —5 \/ —954 | 30%(da — §)(402b? — affb? — 3°)
- 6 (= B)*

( 53( Y e 5)4) ' ( ﬁ?;‘f 5)9 b a(zﬁi%) |

i i_i C2a?f3 ir .
=0 02<1i\/1+<2ﬁ+a)<a2+aﬂ+/32>>bb”

)}
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ﬂ4b2 N (4042[)2 _ OéﬁbQ _ 3ﬁ2)2ﬁ2

N P 3ala — )

_ a?(c1a?B4c233)

2. Consider a Finsler space (L? = ;0?3 + c253)(°‘7;) 5

i.e. product of
Cube root metric and Kropina metric for which the condition p_;3 + p_sa? is true.

Then

i yivyk
Vi= X,
is a Finslerian nonholonomic frame with X} and Y;k are given by

X; _ \/2(01042 + 0262)5?
52 J
5 5 Z 4 \/26%0&2+6162ﬁ2+6262(62b2+261)
] ( 10 + o8

C1
Z 02/62(02(?2 -+ 261)

(2¢28b; + 4cry;) (26285 + 4ery;)]

; ; 1 0201 ;
YI=68——|[14+4/1- b
J 5] 2 ( \/ colcra? — c%ﬁ2)> b'b;

b2 (0262 + 201 )2
C1 '

C? = (2c10%cy )b +

2
3. Consider a Finsler space L = (a -0+ %) , for which the condition p_18 + p_sa?
is true. Then

i _ yiyk
Vi =X,
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is a Finslerian nonholonomic frame with X} and ij are given by

i 2—afB+ %) (- 5)% !
Xi - \/a « a4)(04 )5’“_(520420{_52)

(waz —af T P)at - )+ \/ (a2 = af+ P)(a? — ) - 20T *453>

&

k
a2fBc?
1 \/1 + a?+3af(—a+3)—283
k k
o PP raBs P)at ) (od = 305 4 45°) (e — 22
at abp '

In the Fifth chapter, we study L-Dually Randers Change of Matsumato metric

The («, 3)-metrics form an important class of Finsler metrics appearing iteratively
in formulating Physics, Mechanics and Seismology, Biology, Control Theory, etc, see for
instance. This class of metrics is were first introduced by Matsumoto [8]. An («, ()-
metric is a Finsler metric of the form F' := o@g where ¢ = ¢(s) is a C* on (—by, by) with
certain regularity, a = \/W is a Riemannian metric and 8 = b;(z)y’ is a 1-form on
M. The Randers and Matsumoto metrics are special and significant (v, 5)-metrics which
constitute a majority of actual research. The Matsumoto and Randers metrics defined by
¢(s) = 1= and ¢(s) = 1 + s, respectively.

On the basis of the above work, we obtained the following results:

1. Let (M, F) be a Randers change of Matsumoto space and b = (a;b'b7)2 the Rie-

mannian length of b;. Then if b*> = 1, the L-dual of (M, F) is the space having the

fundamental function:
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2. Let (M, F) be a Randers change of Matsumoto space and b = (a;;b'b7)2 the Rie-
mannian length of b;. Then if b* # 1, the L-dual of (M, F) is the space having the

fundamental function:

4
/6_*2 |:1 B —H2+\/H22—4H1H3 + ﬂ:|
2

2H, 4
H(z,p) =

2H, 4 2H, 4

2 2
[(b2 ~2) {HZ*V e ﬂ] +3 {HZ*V Hih ﬂ] + (52— 1)]

The Last chapter deals with Conformal Change of Finsler Subspaces In 1976, M.
Hashiguchi studied the conformal change of Finsler metrics, namely, L = e’®L[1]. In
particular, he also dealt with the special conformal transformation named C-conformal
transformation. This change has been studied by H. Izumi, V. K. Kropina. In 2008,
S. Abed introduced the transformation L = e?® L + 3, thus generalizing the conformal,
Randers and generalized Randers changes. Moreover, he established the relationships
between some important tensors associated with (M, L) and the corresponding tensors
associated with (M, L). He also studied some invariant and o-invariant properties and
obtained a relationship between the Cartan connection associated with (M, L) and the
transformed Cartan connection associated with (M, L).

Considering the above concepts, we found out the following results :

1. If a vector field v*(z) is Killing in F™ and F", then
Cm-tvth + Crjpv' D} + v, D} — Miljv”o =0.
2. If a vector field v'(z) is Killing in F™ and F™, then the vector v;(x,y) is orthogonal

to the vector D'(z,y).

3. Let b;(xz) be parallel with respect to CT" on F™. Then the subspace F™ is totally

geodesic, if and only if the subspace F™ is totally geodesic.
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4. Let b;(z) be parallel with respect to CT' on F™. Then the subspace F™ is totally

h-autoparallel, if and only if the subspace F™ is totally h-autoparallel.

Finally, the thesis ends with a short list of bibliography.
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Notations and Symbols:

0
ai YR
ozt
. 0
a’i YR
oy’
M" n — dimensional mani fold,
L Finsler metric,
9ij Metric tensor,
I Finsler space,
M Tangent bundle,
TpM Tangent space,
hij Angular metric tensor,
l; Normalized element of support,
Cijk Cartan's tensor,
’y;-k Christof fel symbol,
N? Non linear connection,

\ — h— covariant derivative w.r.t Cartan's connection,
| — v —covariant derivative w.r.t Cartan's connection,

— Covariant derivative w.r.t Berwald's connection,

12



Notations and Symbols

i
Hyjy,
i
Shjk
i
Pk
i
hjk

i
hjk

Berwald's curvature tensor,
Cartan’s first curvature tensor,
Cartan's second curvature tensor,
Cartan's third curvature tensor,
hv — curvature tensor,

h — torsion tensor field,
Riemannian metric,

Dif ferential 1 — form,
Projective deviation tensor,
Weyl's projective curvature tensor,
Normal vector,

Normal curvature tensor,

Second fundamental h — tensor,
Symmetric tensor field,

Torsion tensor field,

Flag curvature,

Second fundamental v — tensor,
Projection factor,

Douglas tensor,

Minkowskian metric.

13



CHAPTER-1

BASIC CONCEPTS AND PRELIMINARIES

Content of this chapter
1.1 Introduction to Finsler Geometry
1.2 Evolution of Finsler geometry
1.3 Scope and Applications of Finsler geometry
1.4 Geometry of Finsler spaces
1.5 Review of Research and Development
1.6 Finsler Space Structure
1.7 Cartan tensor and the generalized Christoffel symbols
1.8 Finsler spaces with («, 8)-metric
1.9 Conformal change
1.10 Nonholonomic Finsler frames
1.11 Locally Dually flat Finsler spaces

1.12 Subspace of Finsler Spaces



Chapter 1

BASIC CONCEPTS AND
PRELIMINARIES

1.1 Introduction to Finsler Geometry

The study of spaces endowed with generalized metrics was initiated by P.Finsler in 1918. It
is usualy considerd as a generalization of the Riemannian geometry. In fact B. Riemannian
his lecture in 1854 already suggested a possibility of studying more general geometry than
Riemannian geometry. But he said the geometrical meanings of quantities appearing in
such a genaralized space will not be clear and it can not produce any contribution to
the geometry consequently all people had neglected for about 60 years to study such
a geometry. Finsler started the study of such a geometry from the stand point of a
geometrization of the variation caluclus. Subsequently, due to investigations by J. Synge,
V. Wagner, L. Berwald, E. Cartan, H. Rund, M. Matsumato and others, Finsler geometry
becomes a separate branch of differential geometry. In modern implementation classical
Finsler geometry represents a geometry of vectors fibre bundles over manifolds. Finsler
geometry is a Riemannian geometry without the quadratic restriction. It also asserts itself
in the applications, most notably in theory of relativity, control theory and mathematical

biology.

14



Basic Definitions and Notions 15

However, it was L. Berwald [84] who first introduced a connection what is now called
Berwald connection and some non-Riemannian quantities in his connection and success-
fully extended the notion of Riemann curvature to Finsler spaces. Since then, Finsler
geometry has been developed gradually. From this point of view, Berwald is the founder
of differential geometry of Finsler spaces [131]. Further, E. Cartan laid the foundation
for Finsler geometry in 1933 by introducing a metrical connection in a view point that
a Finsler space is locally Euclidean and since then, important contributions to Finsler
geometry have resulted one after another on the analogy of Riemann geometry. Further,
Varga, Busemann, Rund and so on have made great contribution to Finsler geometry.

The theory of connections in fiber bundles, which had been developed in 1960s to treat
connections in Finsler geometry from more generalized and systematical standpoints.
Further, recently there have been an extensive study and advancement of theoretical
physics and engineering which need geometric interpretation of structures appearing in
these subjects and have stimulated the study of various generalizations of Riemannian

geometry.

1.2 Evolution of Finsler geometry

The evolution of Finsler geometry can be divided into four periods.

The first period of the history of Finsler geometry began in 1924, three geometricians
were almost simultaneously concerned with such a generalized space. J.H. Taylor and J.L.
Synge introduced a special parallelism. But L. Berwald(1883-1942) was the real originator
of Finsler geometry. In 1928, Taylor gave the name Finsler space to the space with such
generalized metric.

The second period of the history of Finsler geometry began in 1934, Cartan showed
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that it was indeed possible to define connections and a covariant derivative so that Ricci
lemma is preserved. On this basis Cartan developed a theory of curvature and practically
all subsequent investigations concerning the geometry of Finsler spaces were dominated
by this approach. Several mathematicians expressed the opinion that the theory had thus
attained its final form. Further, E. Cartan laid the foundations for Finsler geometry in
1933 by introducing a metrical connection in a viewpoint that a Finsler space is locally
Euclidean and since then, important contributions to Finsler geometry have resulted one
after another on the analogy of Riemannian geometry.

The third period of the history of Finsler geometry began in 1951 by H. Rund. He
introduced a new process of parallelism from the stand point of the so called Minkowski
geometry. The P}, (z,%) were first introduced by Rund, but these quantities bear a close
relationship to similar coefficients introduced by Cartan. Cartan introduced parallelism
from the stand point of Euclidean geometry. The theory of E. Cartan which treats Finsler
spaces from an entirely different point of view has played the most predominant role in
the development of the subject and in order to do full justice to the methods of Cartan.

The fourth period of the history of Finsler geometry began in 1963, by H. Akbar. He
devoloped the Modern theory of Finsler spaces based on the geometry of connections of
fiber bundles. The reason of modernization is to establish a global definition of connections
in Finsler spaces and to re-examine Cartan’s system of axiomes. M. Matsumato came up
with his book Foundation of Finsler geometry and special Finsler spaces which drew the

attention towards the special Finsler spaces.
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1.3 Scope and Applications of Finsler geometry

Finsler geometry was firrst applied in gravitational theory and this application lead to cor-
rections to observational results predicted by general relativity. . The main application of
Finsler geometry is the geometrization of electromagnetism and gravitation. A Finslerian
approach to this geometrization was first introduced by Randers, but in his work Finsler
geometry was not mentioned, although it was used. Randers metric produces a geodesic
equation identical with Lorentz equation for a charged particle. But the metric depends
on -~ and defines a different space for each type of particle. In 1934, Cartan showed that
it was indeed possible to define connection coefficients and a covariant derivative so that
Ricci lemma is satisfied. This development is closely related to the present application
of Finsler geometry in physics, namely, to geometrize both electromagnetism and gravity
simultaneously.

Finsler geometry uses families of Minkowski norms, instead of families of inner prod-
ucts, to describe geometry. This situation is entirely analogous to how Banach spaces
relate to Hilbert spaces. There has been a steady modernisation of the field during the
past decade. Within the last two years, several areas of Finsler geometry have experi-
enced accelerated growth. These include Finsler spaces of constant curvature, as well
as applications of Finsler methods to industrial and medical sectors. Theoretical topics
tentatively include Cartan spaces, classification of Berwald spaces, Finsler spaces of con-
stant flag curvature, Finsler-Einstein metrics Finslerian volumes and measures, geodesic
flows, Kobayashi metrics, Lagrange spaces, metric geometry, projective invariants, rigidity
theorems.

Finsler geometry describes the geometry of a manifold M through tensor fields which

live on the tangent bundle T'M of the manifold and not on the manifold itself. Rather
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then considering only the points of M, the tangent bundle consists of the points and all
directions of M. The mathematical structure offered by the tangent bundle will be crucial
for the review of standard Finsler spaces and especially for our extension of this framework
to physical Finsler spacetimes and the analysis of physics on Finsler spacetimes.

The applications of Finsler geometry in physics fall basically into two subjects. On
the one hand it appears as an effective geometric description of point particle mechanics,
point particle limits of field theories, like ray theory in media, and as a geometric descrip-
tion of fluid mechanics. On the other hand there are attempts to use Finsler geometry as
the geometry of spacetime which describes gravity. We will mention the two most promi-
nent Finsler length measures in this context, which include not only a metric, but also a
vector field as building ingredients; we will encounter some work where Finsler geometry
is used as a phenomenological tool to describe dark matter, dark energy, as well as quan-
tum gravity effects and we discuss approaches to find field equations determining Finsler
geometries dynamically. The applications of Finsler geometry as spacetime geometry give
rise to a number of questions concerning the equations used to determine the geometry of
spacetime, the existence of the geometric objects appearing, the description of observers
and the coupling of matter fields. Finsler spacetimes provide a clear notion of causality
which is encoded into the geometry, a precise definition of observers and their measure-
ments, field theories coupled to the geometry and gravitational dynamics which determine
the geometry of spacetime from its matter field content. The latter is constructed in such
a way that, in case the Finsler geometry is identical to metric geometry, one recovers all
the standard field theories known from general relativity. In this sense Finsler spacetimes

become viable nonmetric geometric backgrounds for physics.
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1.4 Geometry of Finsler spaces

The term Finsler space evokes in most mathematicians the picture of an impenetra-
ble forest whose entire vegetation consists of tensors. Finsler spaces were discovered by
Riemann in his lecture ber die Hypothesen, welche der Geometrie zu Grunde liegen in
1854. The goal which Riemann set for himself was the definition and discussion of the
most general finite-dimensional space in which every curve has a length derived from
an infinitesimal length or line element. In modern terminology Riemann’s approach is
this. Let a differentiate manifold M of a certain class be given. In any local coordinate
system (z1,....,2,) = (x) a length F(x,dr) must be assigned to a given line element
(x,dz) = (x;.....,xp;dx, .....;dx,) with origin z. If x(t) is a smooth curve in M then
[ F(z,z)dt is its length. In order to insure that the length of a curve is positive and
independent of the sense in which the curve is traversed, Riemann requires F(z,dz) > 0
for de # 0 and F(z,dr) = F(x,—dz). Next Riemann assumes that the length of the
line element remains unchanged except for terms of second order, if all points undergo
the same infinitesimal change. This amounts to the condition F(z,kdr) = kF(z,dx)
for £ > 0. Nowadays we rather justify this condition by requiring that a change of the
parametrization of the curve does not change its length. Riemann then turns immediately
to the special case where

F(x,dx) = [Sq,, oy dasda]? (1.4.1)

that is, to those spaces which are now called Riemann spaces. The general case is passed
over with the following remarks the next simplest case would comprise the manifolds, in
which the line element can be expressed as the fourth root of a bi-quadratic differential
form. The investigation of these more general types would not require any essentially

different principles, but it would be time consuming and contribute comparatively little
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new to the theory of space, because the results cannot be interpreted geometrically.
Here is one of the few instances where Riemann’s feeling was wrong. Nevertheless the
passage had a great influence: the general case was for a long time entirely neglected,
and when it was taken up the principles of Riemannian geometry were applied. The
results thus obtained are not different enough to enrich geometry materially, moreover

they frequently do not lead themselves to a have geometric interpretation.

1.5 Review of Research and Development

The development of research in Finsler spaces which is carried out by the following na-
tional and internationl mathematicians. M.S. Knebelmen (1929)-Conformal geom- etry
of generalized metric spaces. Y. Ichijyo and M. Hashinguchi (1940)- On locally flat gen-
eralised («, ) — metric. H. Rund (1959)- The differential geometry of Finsler spaces.
B.N.Prasad B.N Gupta and D.D. Singh (1961) Conformal transformation in Finsler spaces
with (a, ) —metric. M. Hashinguchi (1976)-On Conformal transformation of Finsler met-
ric. H. Izumi- (1977) Conformal transformations of Finsler spaces. I.Tensor. P.N. Pandey
(1978)- Groups of conformal transformations of conformally related Finsler manifolds. H.
Izumi (1980)- Conformal transformations of Finsler spaces. II.Tensor. R. Miron and M.
Hashiguchi (1981)- Conformal Finsler connections. U.P. Singh and A.K. Singh (1985)-
On Conformal transformations of Kropina metric. M. Matsumato(1986)-Foundations of
Finsler geometry and special Finsler spaces. R. Miron (1988)- The geometry of Cartan
spaces. M. Matsumato. C. Shibata and M. Azuma (1993)-C-Conformal invarient tensors
of Finsler metrics, H.G. Nagaraja, C.S. Bagewadi and H. Izumi (1995)-On infinitastimal
h-Conformal motion of Finsler metric, F. Ikeda (1997)-Criteria for Conformal flatness of

Finsler spaces, Yong-Duck Lee (1997)-Conformal transformations of difference tensors of
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Finsler space with an («, 3) —metric, Y.D. Lee,(1997)- Conformal transformations of dif-
ference tensor of Finsler space with an (a, 8)—metric. M. Matsumoto (1999)- Conformally
closed Finsler spaces. B.N. Prasad and A.K. Diwedi (1999)-Conformal change of three-
dimentional Finsler space. S.I. Hojo M. Matsumoto and K. Okubo (2000)- Theory of Con-
formally Berwald Finsler spaces and its applications to («, 3) —metric. D. Bao, S.S. Chern
and Z. Shen(2000)-An intoduction to Riemann-Finsler geometry. S.K. Narasimhamurthy
and C.S. Bagewadi (2004)-C-Conformal special Finsler space admitting a parallel vector
field. X.Cheng and Z. Shen (2005)-Sub-manifolds of h-Conformally flat Finsler space.
S.H.Abed (2006)- conformal (-change in Finsler spaces. S.K. Narasimhamurthy, C.S.
Bagewadi and H.G. Nagaraja (2007)-On Infinitesimal C-Conformal motion of special
Finsler space. S.H.Abed (2008)- Cartan connection associated with g-conformal change
in Finsler geometry. Abed and A. Soleiman (2008)- A global theory of conformal Finsler
geometry. M.K. Gupta and P.N. Pandey (2009)-Hypersurfaces of conformally and h-
Conformally related Finsler spaces. N.L. Youssef, S.H. Abed S.G. Elgendi (2009)- Gen-
eralised (B-conformal change of Finsler metrics. S.K. Narasimhamurthy, S.T. Aveesh,and
Pradeep kumar (2009)-On-Curvature Tensor of Cj3 -Like Conformal Finsler space. S.K.
Narasimhamurthy and G.N. Latha kumari (2010)- On a hypersurface of a spe- cial Finsler
space with a metric L = a+ 5+ %2 A. Tayebi and B. Najafi (2012)- On m'*-root Finsler
metrics. A. Tayebi, E. Peyghan and A. Shahbazinia (2012)-On generalized m'h-root
Finsler metrics. S.K. Narasimhamurthy H. Anjan kumar and Ajith (2012)-The study of
Cartan space with Randers metric. S.K. Narasimhamurthy and Vasantha. D (2012)-Some
contributions to Finsler spaces with (a, 3) — metric. S.K. Narasimhamurthy and Ajith

(2013)-A study on Conformal Finsler spaces.
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1.6 Finsler Space Structure

Definition 1. A Finsler metric on M is a function L : TM — [0, 00) with the following

properties:
i) L isC* on T M,
i7) L 1s positively 1 — homogeneous on thefibers of tangent bundle T M, and
1. .
i11) The Hessian of F? with element gi;(x,y) = §8i8jL2, is regular on T M,
i.e., det(gi; #0).

The pair (M™, L) is then called a Finsler space. L is called fundamental function and g;;

is called fundamental tensor.

Let Cijx = %Zﬁjg be Cartan tensor. Consider the Finsler space F" = (M™.L) equipped
with an (a, §)-metric L(a, (). Let 4% denote the Christoffel symbols in the Riemannian

space (M™, ). Denote by b;.;, the covariant derivative of the vector field b* with respect

to Riemannian connection 77, i.e., by; = i DY

Example 1. Let M™ be a real n-dimensional differentiable manifold endowed with a
Riemannian metric g and a differentiable 1-form w. g¢;;(z) and w;(x) be the components
of g and w with respect to the local chart (U, ¢, R") and let L be a real function defined
on ¢(U) x R"™ by
L', y') = wilay + 5 {o(a)y'y)?.
Clearly L is a global function on T'M given locally by the above expression.
Moreover, L satisfies the homogeneity property and on an open submanifold A of T'M

satisfies

Rank(d;0;L%/2) = n.
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Thus, L is the fundamental function of Finsler space F™ = (T'M, L) and this space is

called Randers space.

1.7 Cartan tensor and the generalized Christoffel sym-

bols

From the metric tensor, we construct a tensor Cjj;, by differentiating partially with respect

to y*. The tensor Cyjp, is defined by

1.
Cijr = éakgij

= 0D (17.1)

This tensor is known as (h)hv-torsion tensor or Cartan tensor. It is positively homoge-
neous of degree-1 in y* and symmetric in all its indices. By Euler’s theorem on homoge-

neous functions, we get

(G) Cijk:yi = Cjkiyi = Ckijyi =0,

(b) Chy’ = Ciyy’ =0, (1.7.2)
where Cjk is the associate tensor of Cjji, defined as
Cl = 9" Cjnr. (1.7.3)

which is also positively homogeneous of degree —1 in 3* and symmetric in its lower indices.
The torsion vector C* is defined by C* = Ci; g/*.

The angular metric tensor h;; is defined as

hij = gij — lil; = L(9:0;L), (1.7.4)
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where [; = 9;L. The tensor h;; is positively homogeneous of degree 0 and satisfies h;;y" = 0.
Let us define the generalized Christoffel symbols of the first kind and the second kind
as in Riemannian geometry:
(a) V;-k = gih%’hk,

X (1.7.5)
(b) Vink = 3 {0kgin + Oigkn — Ongjn} -

Example 2. Let M" be a real n-dimensional differentiable manifold endowed with a
Riemannian metric g and a differentiable 1-form w. Let H be a closed subset of ¢(U) x R"
consisting of all points (z',y’) such that w;(x) = 0. Let L(z',y") = % be the real
valued function defined on the open set U* = ¢(U) x R*—{H}. Let B denote the union of
all open sets ¢~1(U*). Tt is clear that L satisfies the homogeneity property on B and sat-
isfies Rank(9;0;L%/2) = n on an open submanifold A of B. Then the pair F* = (T'M, L)

is a Finsler space called Kropina space.

Example 3. Let M"™ be a real n-dimensional differentiable manifold endowed with a
Riemannian metric g and a differentiable 1-form w, g;;(x) and w;(z) be the components
of g and w with respect to the local chart (U, ¢, R") and let L be a real function defined
on ¢p(U) x R" by

Lat ') = wila)y + 3o (a)y'y)i. (176)

Clearly L is a global function on 7'M given locally by the above expression. Moreover, L

satisfies the homogeneity property and on an open submanifold A of T'M satisfies
Rank(9;0;L*/2) = n. (1.7.7)

Thus, L is the fundamental function of Finsler space F™ = (T'M, L) and this space is

called Randers space.
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1.8 Finsler connections

A Finsler connection FT' is defined by a triad (Fj,, Nj, V}), where

(1) (Fj,) are the connection coefficients of h-connection which obey the transformation

law

(1.8.1)

Ao o' 0x? OxF  0x' 0%
mp Ik gpi 9z 9P Qxt OTMOTP

(2) N; are the connection coefficients of non-linear connection which obey the transfor-

mation law

_ ozt 07 Ot 0%t
Nt = NI 2 : T 1.8.2
m = Niggi oz " oxi 0zmozr? (1.8.2)

(3) jik are the connection coefficients of v—connection which are components of a tensor

field of (1,2) type and obey the transformation law

_ A7l 7 k
iy 07 Ov' O (1.8.3)

I Dt Oz D
For a given connection, the h— and v—covariant derivatives of any tensor T; are given
by
e =0T + T F)y — TUFY, (1.8.4)
and
Tl = OT; + T} Vi = TV, (1.8.5)
where 8, = 9y — NJ'Oy.
The connection formulae for covariant derivatives of a contravariant vector X* are

given by

7 7 o r i 7 T
X = Xy = X — X T — X' Ry,

%
rik

X|ij|k—Xi|k\j = X' _X|i7“ ﬁc—Xi|r fka

7
rjk

X'l = X'sl; = X"S!
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These are called the Ricci identities for the Finsler connection. Here we get three kinds
of curvature tensors:

h—curvature R* = (R}, ;;.),

hv—curvature P* = (P} ,),

h—curvature S = (S} ;,),

and five kinds of torsion tensors: (v)h—torsion R' = (R},),

(v)hv—torsion P' = (P}),

(v)u—torsion S* = (S%;),

(h)h—torsion T' = (T7,),

(h)hv—torsion V' = (V}).

It is to be noted that the v-connection (V;Zk) plays also a role of torsion tensor and
Te=Ti- . Fh=ON - E Sh=Vi Vi,
The deflection tensor D = (D%) of a Finsler connection is given by
Di =yl = =N, +y'F} (1.8.7)

In the theory of Finsler spaces two Finsler connections BI' and CT' have been playing

dominant role from the time of their introduction.

1.8.1 Berwald connection

The Berwald connection BI' = (G;k, G;, 0) is uniquely determined from the metric func-
tion L by the system of axioms:
(B1) L-metrical: L =0,

(B2) (h)h-torsion T = 0,
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(B3) Deflection D = 0,
(B4) (v)hv-torsion P' =0,
(B5) v-connection is flat: V} = 0.

Berwald connection parameters G, are defined by
Gl = 0;0,G", (1.8.8)

where

i 1i j
G = Efyjky]yk. (1.8.9)

Since the christoffel symbols of the first kind as well as of the second kind are positively
homogeneous of degree 0 in 3¢, G* are positively homogeneous of degree 2 in y¢. In view
of 1) the parameters Gé ., are positively homogeneous of degree 0 in y'.

Berwald’s covariant derivatives of an arbitrary tensor T; with respect to BI' are given
by

BT = 0T — (WT)CL + TGl — TIGT, (15.10)
and

Ti = 0T}, (1.8.11)
where h- and v-covariant derivatives with respect to BI' are denoted by B and . respec-
tively and G; = 3jGi.

Transvecting ([1.8.8)) by %’ and using Euler’s theorem on homogeneous functions, we have
(a) G;"kyj = Gi

(b) Gy = 2G1.

In view of the homogeneity of G; L iy Gé- are positively homogeneous of degree 1 in
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Berwald connection parameters ;k do not form the components of a tensor but its
partial derivatives with respect to y* constitute the components of a tensor. This tensor
is denoted as G, ;.. Thus

Wik = OnOkG. (1.8.12)
This tensor is symmetric in all its lower indices and positively homogeneous of degree -1

in 3°. In view of Euler’s theorem, we get
?zjkyh = G;’hkyh = G;’khyh = 0. (1.8.13)
The Berwald h-coveriant derivatives of ¥, y; and L vanish identically, i.e.
a)Bry' =0, b)Bry; =0, ¢)BrL =0.

But the Berwald covariant derivative of the metric tensor g;; does not vanish, in

general, i.e. Bg;; # 0. It is given by
Begij = yrG:jk

The h-covariant differentiation with respect to BI' and partial differentiation with

respect to ¢/ commute according as

0;(BpX") — B(0;X") = X"Gly. (1.8.14)
The Ricci commutation formulae for Berwald connection are given as follows:
BB X — BB X = XTH, — <a}) o, (1.8.15)

where

Hiiljk = O Zj — 0;Gly + G;szik + GZkGij + Gith§ - ithZ:

The tensor ijh is Berwald curvature tensor. This tensor is skew-symmetric in its last

two lower indices and positively homogeneous of degree zero in y'. The tensors H}, and
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H},,, are related by
H}p = Hyy' (1.8.16)

J

Transvection of H, by y/ gives the deviation tensor Hy, i.e.
Hj = Hyy'. (1.8.17)
Tensors H,, , H}) and H} are also related by
(Q)ijh = 0;jHyy, (b)ij = g(aij - akHj)
Contraction of the indices 7 and j in H;kh , H;k and H} yields
1

(@) Hi = Hiy  (VHe= Hy— Hy, (O = ——H.

Since contractions of the indices do not change the homogeneity in y¢, the tensor H,y,
the vector Hj and the scalar H are homogeneous of degree 0,1 and 2 in 3’ respectively.

The tensors H,, , H}, and Hy, and H; also satisfy the following:

a) H;yi =0,
o) yH;=0,

d) Hjh - th = HfiLjia

+ Hj‘kthm + Hvlanéhk + Hy,, fhj =0.

The equations (e) and (f) are known as Bianchi identities for Berwald curvature tensor.
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1.8.2 Cartan connection

The Cartan connection CT = (I'y,, G%, C4,) is uniquely determined from the metric func-
tion L by the system of axioms:

(C1) h-metrical: g, = 0,

(C2) (h)h-torsion T' = 0,

(C3) Deflection D = 0,

(C4) v-metrical: g;;|r =0

(C5) (v)hv-torsion ST = 0,.

The last two axioms (C4) and (C5) give
i I
Cip = 29 70 G-
This shows that the v-connection of CT' and Cartan tensor are identical.

h-connection coefficients F;‘,’C are given by

*7 1 i
Uik = 59 [0kgjr + 0jGrr — 0rgjr]. (1.8.18)
The non-linear connection coefficients Gé of CT' are same as that of BI.

E.Cartan defined the covariant derivative of a vector field X* by

Xp =0 X" — (0, X"y + XI5, (1.8.19)
where T} y" = Gi.
This type of covariant derivative introduced by Cartan is called as h-covariant derivative.

Ricci-commutation formula for such covariant derivative is given by

Xlihlk - X|ik|h = X"Kjp, — (8TXi)K§hkysu (1.8.20)

where K7, = (0pI'7,) — (OuI7}) + (OmIT0)T5 Y — (OmI ) TyP + TG — DRI,

The tensor K, is called Cartan curvature tensor or h-curvature tensor. This tensor is
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skew-symmetric in last two lower indices and positively homogeneous of degree zero in

y'. Cartan curvature tensor K7, is connected with Berwald curvature tensor H}, and
i

tensor Hy, by

ikn = K + Y O K (1.8.21)

and

Ky’ = Hy,. (1.8.22)

The commutation formula for the operators of partial differentiation with respect to 3"

and h-covariant differentiation is given by

8k(th> — (XY = X"OR — (0. X)) (ORI Y. (1.8.23)

The above definition for covariant differentiation due to Matsumoto are similar to that of
E. Cartan with only difference that 77|, of Matsumoto coincides with %TJI | of Cartan,
though the notations are same.

It is easy to verify that

a)yfj =0, bL;=0, ¢ =0,

|7

and

i i i 1,
a)y'l; =05, bLjj=1;, o= zhj,

where I; = g;;I" and b = g"" h;.

The Cartan connection coefficients and the Berwald connection coefficients are related by

=i+ Cip- (1.8.24)
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The covariant derivatives of a tensor field T; with respect to symmetric connection coef-

ficients T (,€) is given by
U = OnT + (O TH0RE" + Th4Ty, — ThT ™. (1.8.25)
The commutation formula for covariant derivative is given by

X — X = f(;hk(m»@Xj, (1.8.26)

where

Klp(@,6) = (0kT%, + (O%,) 0" — (OnTi + (OT%,)00E") + Th I — T, T k.
This tensor is called relative curvature tensor, since it depends on partial derivatives

of the field £™(z*) with respect to z". The relative curvature tensor I?;hk(m, €) satisfies

the following:

(a) ;hk = _K;kh7 (b)K;hk;m + Kjl:mh;k + Kji’km;h =0.

The associate tensor of the relative curvature tensor is defined as

m
gjmKik;h = Kijkh-

The tensor satisfies

K

X X
jihkT = —A\ijpkd .

1.9 Special Finsler spaces

1.9.1 Riemannian space

A Finsler space F" = (M, L) is said to be a Riemannian space if its fundamental function

L(zx,y) is written as
L (z,y) = gi(x)y'y’- (1.9.1)

Among Finsler spaces, the class of all Riemannian spaces is characterized by Cj;, = 0.
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1.9.2 Berwald space

A Finsler space is called a Berwald space if the Berwald connection coefficient are linear,
i.e, G?j are functions of position only.
A Finsler space is Berwald space if and only if
for BT : G?jk = 0.
for CT : Chijp = 0.
Berwald himself called a Berwald space an affinely connected space. It is clear that

the class of Berwald space is included in the class of Landsberg spaces.

1.9.3 Landsberg Space

A Finsler space is called a Landsberg space if the Berwald connection is h—metrical,
i.e.,%kgij =0.

A Landsberg space is characterized by one of the following conditions:

(2)  Pi(=Co) =0,
3) Chp=Ch,=0.

7

1.9.4 Locally Minkowskian space

A Finsler space F" = (M, L) is called locally Minkowskian space if there exists a coordinate
system (z') in which L is a function of y* only.
A Finsler space is locally Minkowskian space if and only if

forBF:H{ljk:O:Gh

ijk>

for CT" : Rng: =0= Chij|k-
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1.10 Finsler spaces with («, §)-metric

There is a class of Finsler metrics defined by a Riemannian metric and a 1-form on
a manifold, with some curvature properties called (a, 3)-metrics and these metrics are
computable.

The concept of (a, f)-metric L(a, 3) was introduced by M. Matsumoto in 1972 and
has been studied by many Finsler geometers. Physicists are also interested in these met-
rics. They seek for some non-Riemannian models for space time. For example, by using
(e, B)-metrics, G. S. Asanov introduced Finsleroid-Finsler spaces and formulated pseudo-

Finsleroid gravitational field equations.

Definition 2. The Finsler space F" = (M", L) is said to have an (o, 3)-metric if L
is a positively homogeneous function of degree one in two variables a = /a;;(x)y'y’ and
B = b;(z)y’, where a is a Riemannian metric and (3 is differential 1-form.

An (o, §)-metric is expressed in the following form

L=ag¢(s), s=p0/a, (1.10.1)

where ¢ = ¢(s) is a C™ positive function on an open interval (—bg, by). The norm || 5, ||a

of B with respect to « is defined by

| 8 lla= supyera{B(w, 9), alr,y)} = /¥ (2)bi(w)by ().

In order to define L, § must satisfy the condition || 5, ||o< b for all z € M.
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The derivative of the («, 3)-metric with respect to « and 3 are given by

L, = 0L/0a,
Ls = OL/OB,
Loo = 0L,/0q,

OLg/08,

~
@
)

I

L.,z = 0L,/Op.
Then the normalized element of support I; = 9;L is given by
li = a 'L,Y; + Lgb;, (1.10.2)

where Y; = a;;47. The angular metric tensor h;; = LéﬁjL is given by

hij = paij + qobib; + q1(b;Y; + b;Y;) + ¢2Y3Y, (1.10.3)
where
p = LLya ',
g = LLpgg,

¢ = LLgga™,
¢ = La ?*(Laa — Loa™).
The fundamental tensor g;; = %@(‘%LQ is given by
Gij = pagy; + pobib; + p1(b;Y; + b;Y;) + p2YiY,
where
po = q+ L3

pm = q+ L 'pLg,

P2 = q+p*L72
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Moreover, the reciprocal tensor g“ of g;; is given by
g7 =pta? + Spb't + S (b + Byt) + Say'y,
where
b' =a"b;,  So = (ppo+ (pop2 — 1)’ /C,
S1 = (pp1 + (pop2 — 1)) /Cp,

Sy = (pp2 + (pop2 — P1)b%) /Cp,  b* = a;;b'V,

¢ = plp+ pob® + p1B8) + (pop2 — p?) (@b — 37).
The hv-torsion tensor Cjj;, = %&gij is given by
2pCij1 = p1(hiymy + hjem; + hyimy) + yimamgmy,

where
"= p% — 3p140, m; = b — a gY;.
op
The positive homogeneity of L = L(«, 3) gives
Lo + Lﬁﬁ =L, Laa+ Laﬁﬂ =0,
Lﬂaa + Lﬁﬂﬁ =0, Loaa + Laa,@ﬁ = _Laom
L,=0L/0a, Lg=0L/0B, Laa= 0*L/dada,

Log = Lgo = 0°L/0adB, Laaa = 0°L/dadada.

Some important («, 3)-metrics are listed below.
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(1.10.5)
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L(a, 3) = a+ 4,

L(a, B) = a®/B,

L(a, 8) = om0 /g

L(a, B) = a®/(a — B),

L(a, ) = a+ B+ /o,

L(e,B) = a+ B+ 3 /a+ 3 /a?,
L(e, B) = a¥2y(8/a)",

L(e, B) = 1 [am,

L(a, B) = cra+ o3 + %/, ¢y #0,
L(a, B) = cria + o + /3, &1 #0,
Lo, B) = a+ (?%/a,

L(a, B) = a+ g+ /o™,

L(a, B) = (a + B)*/a,

L(a, B) = (c10® + a8 4 ¢38%) /(a + B),

(a, B) = 203,
L*(a, B) = c10? + o8 + ¢332,
(avﬁ) - 010626 + 02637

1.11 Conformal change
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o(s) =1+s,

o(s) =1/s,

¢(s) = 1/s™,

o(s) = 15

P(s) =1+ s+ 2,
d(s) =1+ s+ 8%+ 53,
¢(s) = Bp2os",

¢(s) = s",

P(s) = c1 + a5 + 82,
o(s) =1+ s+ 1/s,
B(s) =1+ s2,

P(s) =1+ smHL

P(s) =14 25+ 52,
os) = (b)),
¢(s) = V2s,

B(s) =1+ cas + c382,
¢(s) = Vers + s’

Let F" = (M", L(x,y)) and F' = (M", L(x,y)) be two Finsler spaces on a same underly-

ing manifold M™. If the angle in F™ is equal to that in F' for any tangent vectors, then

F™ is called conformal to F and the change L — L = ¢°@L of the metric is called a

conformal change, where o(x) is conformal factor is a function of = alone.

1.11.1  (-change

Let F" = (M", L) be a Finsler space associated with the another Finsler space *F" =

(M™,*L), where *L(z,y) is given by the transformation

L(x,y) — *L(x,y) = L(z,y) + B(z,y),

(1.11.1)
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where 3(x,y) = b;(x)y’ is a 1-form, L is Finslerian. This transformation is called 3-change.

1.11.2 Conformal (-change

Let F = (M™, L) be a Finsler space associated with the another Finsler space *F" =

(M™,*L), where *L(x,y) is given by the transformation
L(z,y) — *L(z,y) = ¢"“ L(z,y) + B(,y), (1.11.2)

where 0 = o(x) is a function of z and ((z,y) = b;(z)y’ is a 1-form, L is Finslerian. This

transformation is called conformal -change.

1.11.3 Conformal Kropina change

Let F* = (M™ L) and F' = (M™, L) be two Finsler space on the same underlying
manifold M™. If we have a function o(z) in each coordinate neighbourhoods of M™ such
that L(a,f) = e"[%], then F™ is called conformal Kropina to F' and the change

L — L of metric is called conformal Kropina change of (c, 3)-metric. A conformal change

of (v, B)-metric is expressed as (o, 3) — (@, 3).

1.12 Conformal Vector Fields

A vector Field V on a Finsler manifold (M, F') is called a Conformal vector field with
a Conformal factor C' = C(z) if the 1-parameter transformation ¢; generated by V' is a

conformal transformation on (M, F'), that is

F(pu(), (¢r) * () = e*c(@)tF(z,y). (1.12.1)

In particular,V is called a homothetic vector field with dilation c if ¢ is constant and V' is

called a Killing vector field if ¢ = 0.
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1.13 Nonholonomic Finsler frames
Definition 3. Let U be an open set of T'M and
ViicueUw— Vi(u) e V,TM,i€{l,..,n} (1.13.1)

be a vertical frame over U. If Vi(u) = V/(u)(9/dy’), then V/(u) are the entries of a
invertible matrix for all w € U. Denote by 17,5 (u) the inverse of this matrix. This means
that
V= TV =
We call V' a nonholonomic frame.
Consider a;;(x), the components of a Riemannian metric on the base manifold M,

a(z,y) > 0 and b(z,y) > 0 two functions on TM and B(z,y) = B;(x,y)dz' a vertical

1-form on T'M. Then

gij(z,y) = a(z,y)a;j(x) + b(z,y)Bi(x)B;(z) (1.13.2)

is a generalized Lagrange metric, called the Beil metric. We say also that the metric
tensor g;; is a Beil deformation of the Riemannian metric a;;. It has been studied and
applied by R. Miron and R.K. Tavakol in general relativity for a(z,y) = exp(20(z,y))
and b = 0[137]. The case a(x,y) = 1 with various choices of b and B; was introduced and
studied by R.G. Beil for constructing a new unified field theory [25].

In this thesis such a nonholonomic frame has been determined for two important classes

of Finsler spaces that are dual in the sense of Matsumoto and special Finsler spaces.

1.14 Locally Dually flat Finsler spaces

Definition 4. A Finsler metric F' = F(z,y) on a manifold M is said to be locally dually
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flat if at any point there is a standard coordinate system (z°,y") in T'M which satisfies

(F2)J:kylyk = 2(F2)xl

It is known that a Riemannian metric F' = /g;;(z)y?y? is locally dually flat if and only

if in an adapted coordinate system,

where U = U(z) is a C* function.
An (a, B)-metric F' = a¢(s), where s = g is dually flat on an open subset U C R" if
and only if

2[5( y" Gy Ay mG’")

oy’
+2Q(y" G + Plare + 2(bma — SYm)Ga](aby — sy;) = 0,

302, G™ + Q(3sy0 — 110) 0 — @ + aQ———=2] 4+ Qa(reo + 20, G2y

where 10 = 197, si0 = si;Y, Yi = aiy’.

1.15 Subspace of Finsler Spaces

We consider an m-dimensional Finsler subspace F™ of Finsler space I may be paramet-

rically represented by the equation
xi — $i (ua)’

where a=1, ..., m and u® are the Gaussian coordinates of F™.
Suppose that the matrix of the projection factor BY = dz'/0u® is of rank m. The
element of the support X of F™ is taken to be tangential to F™. i.e., X' = B (u)X*.

Thus X is the element of support £ at a point u®. The metric tensor g, and
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Cartan’s C-tensor C,g, of F™ are given by

a)  gap = 9i;BY,
b)  Cagy = Ciji B}

afy?

where Bgﬂ = BZ;B% e

41

Since the rank of the matrix ((B)) is m, it follows that there exists a field of (n —m)

linearly independent vectors N (iu) normal to F™ and they are given by the relation

gijNZu)Bg; =0, (u=m+1,...

These vectors are normalized by means of relations:

a) gijN(Z“)N(Jy) = 6M’Y’

b) Ny =9"Nju.

If (B®, Ny(,,)) is the inverse matrix (B, N/

() We have

i pPB _ % _ 7 o
BiB! =468, BNy, =0, N{,yBY =0,

and further

BLB? + NiNj) = 0.

Making use of the inverse matrix (¢*°) of (ga5), we get

qu = gaﬁging;, Ni(u) = giiju .

(

M),

N/iNi(u) =1,
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Chapter 2

CONFORMAL CHANGE OF
DOUGLAS SPACE WITH
SPECIAL (a, 3)-METRICS

2.1 Introduction

The conformal theory of Finsler metrics based on the theory of Finsler spaces by M.
Matsomoto, M. Hashiguchi ([70], [92]) in 1976 studied the conformal change of a Finsler
metric namely L(z,y) = e’(x)L(x,y). The concept of Douglas space ([89], [95], [110],
[T11], [112]) has been introducing by M. Matsumoto and S. Bacso as a generalization of
Berward spaces from stand point of view of geodesic equation. Finsler space is said to be
of Douglas space if D% = Gy’ — G’y are homogeneous polynomial of degree three in 7.
it is remarkable that a Finsler space is a Douglas space if and only if the Douglas tensor
vanishes identically.

Further many authors including S. K. Narasimhamurthy ([104], [105], [106]) has de-
rived the condition for Douglas spaces of Finsler spaces with different («, 3)-metrics. Re-
cently B. N. Prasad [[113][114]] gave the condition that Finsler space with («, )-metric

of Douglas type is conformally transformed to a Douglas space with («, 3)-metric.

42
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2.2 Preliminaries

Let a(x,y) = \/a;y'y7 be Riemannian metric and 3(z,y) = b;(x)y’ be a differential one-
form in an n-dimentional differetiable manifold M™. If the Finsler metric function L(«, 3)
is positively homogeneous of degree one in a and 3 in M™, then F" = (M", L(«, 3)) is
called a Finsler space with («a, 3)-metric[94].

The space R" = (M™, ) is called a Riemannian spce associated with F™ and Christof-

fel symbol of R™ are indicated by ~j,(z) by V.

d?zt . d?x7 . o o ) dz?
J _ 9 iy d (Yot — i
Y gy H2AGY Gy =0,y =

in a parameter t. The function G*(x,y) is given by
2G (2, y) = g7 (y' 0,0, F — 0;F) = v\’ yf,

where 9; = 2, F = %2 and ¢"(z,y) be the inverse of we use the following symbols :

1 1 . A
Tz‘j = §(ijz + Vibj), Sij = §(ijz + Vibj), S;- = (LZTST]‘, Sj = brsg. (221)

It is to be noted that

1 . .
Sij = 5(831)1—816])

Throughout the paper the symbols 0; and 9; stand for aii and 8%1- respectively. We

are concerned with the Berwald connection BF:(Gék, G;) which given by

2G'(x,y) = ¢ (y"9;0,F — 9;F),

2

L . C . .
where F = - G: = 0;,G" and G, = OG5,

The Finsler space F™ is said to be of Douglas type (Douglas space)[05] if DY =

Gy’ — G’y" are homogeneous polynomial of degree r in y*, by hp(r).
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For a Finsler space F™ with (a, 3)-metric ([80],[94]), we have

2G" = A, + 2B (2.2.2)
where
, E , oalg,; «aLa v oo, BLg
B’L — _ 1 (A _ —C* g _b’L E — _C*
Lo — 2asoL
o = Bl asoLp) (2.2.3)

2(6%2Lo + ay?Loy)

72 — b2a2 - 62
and the scripts a and [ in L denote the partial differentiation with respect to a and
respectively. Since v}, = V;k(x)yiyj is homogeneous polynomial degree two in (y'), we

have [95]:

Lemma 2.2.1. A Finsler space F™ with an («, 3)-metric is a Douglas space if and only
if BY = Byl — BIy are hp(3). Equation (2.3.9) gives

g alg, ;. i g
BJ:—Lﬂ(SoyJ—Séy)Jr

a?Los

L C*(b'y’ — b'y"). (2.2.4)

2.3 (-Conformal change of Douglas type with Finsler

(ar, B)-metric

This section is devoted to determine the condition for the Finsler space F which is
obtained by (-conformal change of Finsler space F™ with the («, 3)-metric of Douglas
type, to be also of Douglas type and vice versa.

For a (3-conformal change L = ¢’ L + /3, the associated normalized supporting element
is given by:

L, y) = @ Li(, y) + bi(x). (2.3.1)
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Consequently, if we write L;; = @Li, Liji = 3kLij, -+ etc., we get

Lij(z,y) = @ Ly(w,y),
zijk(x7 y) = 6U(I)Lijk(37a y).
We may put
G =G+D (2.3.2)
Then Gy = G + Di and Gy, + Giy, + Diy, where Di = ;D' and Dy, = 9, D:.
The tensors D', D} and D?;, are positively homogeneous in y* of degree two, one and

zero respectively. S. H. Abed[I] determined the explicit expression for the required D" as

L L
D’ = { Le " F) + f(EOD —2Le " Fp)L" — L*0" + f(2Leffao + L%ﬁ)y} , (2.3.3)

1
2
where o3 = o;b', Fj = g Fy, Fpo= Fyb' and L" = ¥

L

Thus, we have the following:

Theorem 2.3.1. The tensor D' of arising from [(B-conformal change is given by

.
Now from (3.2.1)) and (2.4.3)), we have
Gy -Gy = Gy Gy + 2L (B — Fy') = L(0'y — o'y)),
= G — Giy' + KY,

where K% = 2Le” (Fiy? — Fly') — L*(o'y’ — o7y"). Suppose F" is a Douglas space, that

is, G'y/ — G’y is hp(3). Thus we state:

Theorem 2.3.2. Let F™ be a Douglas space and ' a Finsler space which is obtained by

B-conformal change, F is also a Douglas space if and only if K are hp(3).
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From 1' B = Eiyj - Ejyi in F"* are written as

2

o) alg, ; i Q" Loo i g i i
BY = I (soy’ _Séy)+—ﬂLQ Cr(b'y? = v'y")
4
—o | Yrgid ) — a"SoLaa bl — b
+e [La (sby’ — soy") IL.(7L. +mng)( Y y')
<€_UCY4Laa + a4LaaLﬁ) 2 O43Laa 2
_ blon — _
| o= 09+ g gy e oo
ac™” +als gy @BLgte?) o
oL, 00} 0y = Vy') — oL, (o'y’ — o'y'), (2.3.4)
BY = B4 (i (2.3.5)
where
01 = o [y — hy) - e iy iy
La 0 0 La(ﬁQLa + OWZLW)
(e_ga4Laa + 044LaaLﬂ) 2 agLaa 2
_ Bon — _
|: 2Lo¢(62Lo¢ + a/yQLoza) ( 0o pﬁ) + 2(ﬂ2Lo¢ + a,yQLaa) (pOé 006)
ae”? + ol i o aB(Lg+e ), , . -
+Tﬁ00] (b yj—bjy)—%(a y —aly'). (2.3.6)

Suppose F" is a Douglas space. The necessary and sufficient condition for " to be also

a Douglas space is that C* is hp (3). Thus, we have the following:

Theorem 2.3.3. Let F" = (M", L) be a Finsler space with an («, 3)-metric of Douglas
type, then F' = (M™, L) which is obtained by a (3-conformal change of F™ is also a

Douglas space if and only if C% is hp(3).

2.4 [3-Conformal change of Douglas type with Finsler
(o, B)-metric L = o — %2 + 0

Let F* = (M™, L = o + ) be Randers Space and F' = (M",L = @+ ), so that

L, =1+ %2, Loo = 72352 and Lz = %3 + 1. A Finsler space which is obtained by
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(-conformal change of F = (M™, L), we have
BY = Bi 4 0,

where

i o, (a(l+e7) =28
#@(309]_569)4’ - 2(045—’—52)

CY = oz2[ ) {Uo(biyj - bjyi) - B(Uiyj - iji)}]-

We know that a Finsler space with Randers metric is Douglas space if and only if s;; = 0.

Hence C% reduces to

Cii — 042[(04(1 +e77) — 20

) Wyl — byt i _ gl
2(a2 + 32 {0y’ = y') — B’y — a’y") }]. (2.4.1)

Since « is irrational function in g, from it follows that C is hp (3) if and only if
oo(b'y’ —Vy') — Blo'y’ —o’y') =0, CY =0.
The first of the above equations may be written as
(0k0] + 0RO — (bpdl + o) — (00h + Tn0 )V + (bl + budt)o? = 0. (2.4.2)

Contracting (2.5.2)) by j and h, we get opb" — bo' = 0, i.e., bjo; — bjo; = 0 which gives
o; = (p/b?)b'.
Conversely if ; = (p/b?)b;, then oy = (p/b*)3 and (2.5.1)) gives C = 0.

Hence (2.4.5) gives B” = B¥. Thus, we state the following:

Theorem 2.4.1. Let F™ be a Finsler space with Randers metric of Douglas type, then

B-conformal change of Rander space is also Douglas space if and only if o; = (p/b*)b;.

Theorem 2.4.2. Let F" be a Douglas space with Special (o, 3)-metric L = o — %2 + 3,

then B-conformal change of Finsler space is also Douglas space.
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Let F' = (M™, L) a Finsler space which is obtained by a (-Conformal change of

Fr=(M"L=«a- %2 + 3), (2.3.4) gives

(soy’ — sdy") (2.4.3)

a*{roo(a® + %) — 2500 (a0 — 23}
(a2 + 52){a?(1 — 20%) + 3%}

(by’ —Vy").

Suppose that F be a Douglas space that is BY be hp(3) separating ‘) in to

rational and irrational terms of 3, we have

{0?(1 = 20%) + 368°H{(0® + B*)B” + 20°8(siy’ — shy')} x
042{7’00(042 + 52) + 45002k6}(biyj - b]yl)

—al2s0at by’ — Vy') + o?{a?(1 — 2b%) + 33%} (sby’ — shy')] = 0.
which yeild two equations as follows

{a2(1 — 262) + 362}{(a? + ) BY + 202A(shy’ — shy')} (2.4.4)

+a*{rop(a® + B%) + 45003} (b'y’ — by') = 0.

[2s00® by’ — Vy") — {a®(1 = 26%) = 357} (sp9” — spy')] = 0. (24.5)
Transvecting (2.5.5)) by b;y;, we obtain
[2s00®(b'y’ — b'y") — {a®(1 = 2b%) — 3KB%} (s’ — shy')] = 0.

which implies so(a?(3* — a?)) = 0. Therefore we get s; = 0. Hence (2.5.5)) is reduced

to shy! — shy' = 0, and transvection by y; gives sj = 0. Consequently s;; = 0. On the

other hand, substituting (2.5.5) in (2.5.4)),
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we have
{a?(1 —20%) — 36%} BY 4 o*{reo(b'y’ — ¥y")} =0, (2.4.6)

only the terms 332B% of (2.5.6) seemingly do not contain o?. Hence we must have
hp(3)vY satisfying

36°BY = o*v¥. (2.4.7)

For the sake of brevity we suppose a? # 0(modf3). Then ({2.5.6) is reduced to

BY = o*v" where v are hp(1). Thus leads to
{a?(1 —2b%) — 3% " — {reo(b'y’ — Vy")} = 0. (2.4.8)
transvecting by b;y;, we get
{a?(1 — 2b%) — 352}bivijyj —ro(b?a? — 3%) = 0,
which imply
o?{(1 = 2b*) — 38°}bw"y; — bProg = B*(3kbvy; — rog).
Therefore there exists a function fi(x) satisfying
(1-— 2b2)bivijyj — bV*roy = fl(x)ﬁQ, Sbivijyj — Top = fl(:L‘)OéQ.

Eliminating b;v"y; from above the equations, we obtain

(1-28%)a? — 332

roo = f1(x) 71 (2.4.9)
From (2.5.9)) and s;; = 0,
bij = fa(a){(1 = b*)a;j — 3b:b;}, (2.4.10)
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Conversely, if (2.5.10)) is satisfied, then s;; = 0 and
oo = fa(w){(1 - 252)042 - 352}7
from which B% of (2.5.3)) are hp(3). Thus we have the following

Theorem 2.4.3. A Finsler space Fn(n > 2) which is obtained by [-conformal change of
Finsler space F™ with an special («, 3)-metric L = o — ’%2 + (B of Douglas type is also

Douglas space.

2.5 (-Conformal change of Douglas type with Finsler

(o, B)-metric L = a +ef + k%Q

Here we consider Finsler («, 3) — metric, L = o + ¢ + k%Q, where €, k are non zero

constants, so that L, =1 — %2, Lo, = 260% and Lg = % Hence from (|2.4.6|) the value

a3

of C% given by

e’ (a(e+e7 )+ 2kp

¢ = g st =) + =g N oulb'y —vy) - Blo'y — o'y}

We know that a Finsler space with (a, §)-metric is Douglas space if and only if s;; = 0.

Hence C% reduces to

2[(04(1 + e_g) B Qﬁ

il — 2(a? 1 37) L ooy’ — ) — Blo'y — o'y} (25.1)

Since « is irrational function in %*, from (2.6.1) it follows that C* is hp (3) if and only if
oo(b'y’ —Vy') = Ba'y’ —o’y') =0, CV =0.
The first of the above equations may be written as
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Contracting (2.6.2) by j and h, we get oxb" — bo' = 0, i.e., bjo; — bjo; = 0 which gives
o, = (p/b*)b'.
Conversely if o; = (p/b®)b;, then oq = (p/b?)3 and (2.6.1)) gives C¥ = 0.

Hence 1} gives B = BU. Thus, we state the following:

Theorem 2.5.1. Let F™ be a Finsler space with Randers metric of Douglas type, then

B-conformal change of Randers space is also Douglas space if and only if o; = (p/b®)b;.

Theorem 2.5.2. Let F™ be a Douglas space with Special (o, )-metric L = a+¢ef + k%,
where €, k are non zero constants, then 3-conformal change of Finsler space is also Douglas
space.

From ([2.3.4)) gives

o?(ae + 2k0) ,

BY = —5— P (sby’ — sby') (2.5.3)

a*k{roo(a® — kpB?) — 2a?spa*(ae + 2kP)}
(a2 — kB3?){a?(1 + 2kb?) — 3k32}

by’ = Vy").

Suppose that F' be a Douglas space that is BY be hp(3) separating (2.6.3) in to

rational and irrational terms of ¢, we have
{®(1 + 2kb%) — 3k3*Y{(a® — kB*)BY — 2a°kB(siy’ — shy')}
a’k{roo(a® — k%) — 4s0a’kGB}H by — b'y')
+a2spat(b'y? — Vy') — a*{a?(1 + 2kb%) — 3k} (shy’ — shy')] = 0.

which yeild two equations as follows

{a?(1 4 2kb?) — 3kB%}H (a® — kB*)BY — 202kB(shy’ — shy')} (2.5.4)
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—a’k{roo(c® — k%) — 4s00’kB}(b'y) — Vy') = 0.

25002 (b — Vy') — {a®(1 4 2kb?) — 3kB%}(siy’ — shy')] = 0. (2.5.5)
Transvecting (2.6.5)) by b;y;, we obtain
2500 (b — Vy') — {a®(1 4 2kb?) — 3k5%}(shy’ — shy')] = 0.

which implies so(a?(8* — a?)) = 0. Therefore we get s; = 0. Hence (2.6.5)) is reduced

to sy’ — shy’ = 0, and transvection by y; gives sj = 0. Consequently s; = 0. On the

other hand, substituting (2.6.5) in (2.6.4)),

we have

{a?(1 + 2kb*) — 3kB*}BY — o*{roo(b'y’ — b'y")} = 0. (2.5.6)

only the terms 3k3%2B% of (2.6.6) seemingly do not contain a?. Hence we must have
hp(3)v§j satisfying

3k3°B" = o, (2.5.7)

For the sake of brevity we suppose a? # 0(mpdf3). Then (2.6.6) is reduced to

BY = o*v" where v¥ are hp(1). Thus leads to
{o?(1 + 2kb*) — 3k} — {roo(b'y’ — Vy')} = 0. (2.5.8)
Transvecting by b;y;, we get
{a®(1 + 2kb%) — 3kB*}bvy; — reo(b*a® — 5%) = 0.
which imply

042{(]_ —|— 2k)b2> — 3k:52}bivijyj — b27“00 = 62(3kbivijy]~ — 7”00)‘
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Therefore there exists a function fi(x) satisfying
(]_ —|— 2k3b2)bﬂ)ijyj — b27”00 = f1 (C(])ﬁZ, 3kbivijyj — Too = fl (1])0[2.

Eliminating b;v"y; from above the equations, we obtain

(1 + 2k3?)a? — 3k3?

roo = fi(w) 2 _1

(2.5.9)
From ([2.6.9) and s;; = 0.
bi; = fa(z){(1 + 2kb*)ay; — 3b:b;}, (2.5.10)

where fo(x) = %

Conversely if (2.6.10)) is satisfied, then s;; = 0 and
roo = fo(x){(1 4 2kB*)a® — 3k5},
from which B% of (2.6.3)) are hp(3). Thus we have the following

Theorem 2.5.3. A Finsler space F”(n > 2) which is obtained by a (B-conformal change
of Finsler space F™ with an special (o, 3)-metric L = a + €5 + k%(lﬂ # 1) of Douglas

type, is also Douglas space.

2.6 Finsler space with Second Approximate Matsumato

metric of Berwald type

In the present section, we find the condition that a Finsler space F™ with a Second

Approximate Matsumato metric

2 3
L:a+ﬁ+ﬁ—+6—2 (2.6.1)
(0% «
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A Finsler space is called Berwald space if the Berwald connection BI' = (G%,,G"%,0) is
linear. In [145], the function G' of a Finsler space with an («, 3)-metric are given by
2G" = 7, +2B', then we have G = 4, + B! and G, = 7', + B, where Bi; = 0, B! and
Bl = 9;B. Thus a Finsler space with an («, §)-metric is a Berwald space iff Gl = Gy ()

equivalently B;k = B;k(x) Moreover on account of [94] B; is determined by
LaBjyye + aLs(Bjibe — bji)y’ =0 (2.6.2)

where y;, = a;y’. For the special (a, 8)-metric (2.7.1)) we have,

B 2p 28 383° 23% | 643 2 65
La=1-G-% L=1+ 3+ g La="g+ 5 Le=_+ 3263
Substituting (2.7.3) in (2.7.2) equation, we have
(& —af? = 26°) BLy/y, + o (0 + 208 + 36%) (Bj;by — bjii)y’ = 0. (2.6.4)

Assume that F™ is a Berwald space, i.e., B;k = B;k(m) Separating l} in rational and

irrational terms of 4 as

(@ —af® = 208°)Biy’ys + o (Bjibr — b))y’ + 20° B(Bjby — bya)y’

+3023%(Bliby — bj)y’ =0, (2.6.5)
which yields two equations
(& — af? = 268%) BLy y, + o (Blby — by’ + 20°B(Bby — bya)y (2.6.6)
and

(Blibe — bji)y’ = 0. (2.6.7)

Substituting (2.7.7) in (2.7.6)), we have

(o’ —af? = 26%)BLyy, = 0. (2.6.8)
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Case(i): If Blyly: = 0, we have
Blyam + Bja; = 0 and Biby — bj; = 0. (2.6.9)

Thus we obtain B;fi = 0 by Christoffel process in the first equation of and from

second of , we have b;,; = 0.
Case(ii): If (a® — ap? —26°) =0,
= « is a one form, which is a contradiction.
Conversly, if b;,; = 0, then B;-i = 0 are uniquely determined from (m)

Hence, we conclude the following:

Theorem 2.6.1. A Finsler space with a special (o, 3)-metric L = o+ (3 + %2 + g—; 1S a

Berwald space iff b;,; = 0.

2.7 Finsler space with Second Approximate Matsumato

metric of Douglas type

In this section, we find the condition for a Finsler space F™ with a Second Approximate
Matsumato metric L = a4+ 5 + %2 + g—z, to be Douglas type.

For a Finsler space F™ with a Second Approximate Matsumato metric L = o + § +
%2 + g—z, then equation 1} becomes
{a3(1 4 20%) + B*(—3a — 2 — 643) + 6b*a*BH(a® — af? — 23°)BY — 320 + 373) x
(shy’ — séyi)} —o?(a +38){repo(a® — aB?* — 28%) — 20°3*(2a — 33)} x

(b'y’ —b'y') = 0. (2.7.1)

Suppose that F™ is a Douglas space, that is, B¥ are hp(3). Arranging the rational and
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irrational terms, equation ([2.8.1)) can be written as

{a®(1+20°) + *(=3c — 2 — 63) + 6b°a*B}{(a” — a8* — 23°) BY — B(20 + 3)

(spy” — s6y)} — a®(a + 38){roo(e”® — af® = 28%) — 20° (20 = 30)} (b'y’ — V'y)
+a?[2spat (a4 36) (b'y? — by') — (o + 36){a’(1 + 2b?) + B*(—3a — 2 — 603)
+6b%02B} (sby’ — shy')] = 0. (2.7.2)

Separating rational and irrational terms of 3/ in (2.8.2)) we have the following two equations

{a3(1 4 20?) + F%(=3a — 2 — 60) + 6b°a*BY{(a® — aB? — 26°)BY — 3(2a + 33)
(soy’ — s0y')} — a®(a + 30){roo(e” — a® — 26%) — 2a°3%(2a — 30)} x
(b'y’ —Vy"), (2.7.3)
and
2s00”(a +38)(b'y’ — Vy') — (o + 30){a’(1 + 20%)

+5%(=3a — 2 — 60) + 6b%a*B}(shy’ — shy') = 0. (2.7.4)

Substituting (2.8.4) in (2.8.3)), we have

{1+ 2b%) + B%(=3a — 2 — 63) + 6b*a*BY{(a® — afp? — 2°)BY

—a?(a+ 38)roo(a® — aB? — 28%)(b'y! — b'y') = 0. (2.7.5)

Only the term 43°B% of (2.8.5) does not contain a?. Hence we must have hp(6) vy

satisfying
46°BY = o*vy. (2.7.6)

Now we study the following two cases:

Case(i): a? # 0(modp)
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In this case, (2.8.6]) is reduced to B = o*v" are hp(1). Thus gives
(1 +2b%) — *(=3a — 2 — 68)BY — roo(b'y? — b'y') = 0. (2.7.7)
Transvecting this by byy;, where y; = a;y"®, we have
(1 + 2b*) v by — b*ro0 = B (roo — Sv7bsy;). (2.7.8)
Since o # 0(mod3) there exist a function h(x) satisfying
(1 + 2b%) v biy; — b*roo = h(z), B*(roo — 807 biy;) = h(z)a’.

Eliminating v b;y; from the above two equations, we obtain

(14 b*)roo = h(x){(1 4 20*)a® — 857}, (2.7.9)
from , we get
bi; = k{(1+ 2b*)a;; — 3b;b;}, (2.7.10)
where k = % Hence, b is a gradient vector.

Conversely, if (2.8.10) holds, then s;; = 0 and we get . Therefore, (2.8.3) is

written as follows:
BY = k{a?(b'y’ —Vy")},
which are hp(3), that is, F'™ is a Douglas space.
Case(ii): o? = 0(modp).

Consider the following lemma,

Lemma 2.7.1. [1/5] If o* = 0(modf3), that is, a;j(x)y'y’ contains byy" as a factor, then
the dimention n is equal to 2 and b* vanishes. In this case we have 1-form & = d;(x)y’

satisfying o = 36 and d;b* = 2.
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The equation is reduced to BY = dw? , where w3 are hp(2).

Hence, the equation leads to
2500 (b'y? — Vy') — (0 — 38)(siy’ — sy') = 0. (2.7.11)

Transvecting the above equation by y;b;, we have sy = 0. Substituting so = 0 in the above

equation, we have s;; = 0. Therefore, reduces to
(6 = 38wy byy; — reo3> =0,
which is written as
5w§jbiyj = B(Broo — 3w§jbiyj).
Therefore, there exists an hp(2), X = \ij(x)y'y’ such that
wy by = B, Broo + 3w biy; = 0.
Eliminating wéjbiyj from the above equations, we get
Broo = 30X — oA = A(308 — 9), (2.7.12)
which implies there exists an hp(1), vo = vi(z)y" such that
ro0 = Vo(36 — &) = vo. (2.7.13)
From ro given by and s;; = 0, we get
by = %{vi<3bj +dy) +v;(3b; + i)} (2.7.14)

Hence b; is gradient vector.
Conversely, if (2.8.14)) holds, then s;; = 0, which implies roo = vo(33 + ). Therefore,

is written as follows:
BY = vd(b'y’ — by),
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which are hp(3). Therefore, F™ is a Douglas space.

Thus, we have

Theorem 2.7.2. A Finsler space with («, 3)-metric L = o+ 3 + %2 + 5—2 is a Douglas

space if and only if

either

1
i) o? # 0(modp3), b* # 7 bi.; is written in the form (2.8.10), or

i)  o®=0(modB) :n =2 and b;; is written in the form (2.8.14)

)

where o = 36, 6 = di(x)y", v, = vi(2)y".

2.8 Conformal Kropina change of Finsler spaces with

(ar, B)-metric of Douglas type

Since, L = e°L(a,3), is equivalent to L = L(ea,e’3) by homogeneity. Therefore,

a conformal change of (o, 3)-metric is expressed as («,3) — (@, (), where @ = e%a,

3 = e? 3, we have

Gy =e a7, b =eb and b = b2 (2.8.1)
Therefore we have

Proposition 2.8.1. In a Finsler space with («, 3)-metric the length b of b; with respect

to the Riemannian metric a is invariant under any conformal change of metric.

From ([2.9.1)), it follows that the conformal change of Christoffel symbols is given by

7§'k = 7;% + 5;% + 0,05 — o', (2.82)
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where 0; = 0;0 and ot =a% 0j.

From ([2.3.1)) (2.9.1) and (2.9.2)), we have the following identities:

vﬂ;i = e"(iji + pPai; — O'Z'bj),
1 1
rig = i+ pay — 5(bioy +b00)], Sy = €siy + 5 (bioj — bjoi)], (2.8.3)

—i —of 1 1 7 % < 1
55 = e [sj+§(baj_bja)]a Sj:5j+§(b20j_pbj)7

where p = o,.0".

From ([2.9.2) and ([2.9.3]), we can easily obtain the following:

%0 = %i)o + 200y’ — 0420;'7 Too = €7 (To0 + poz2 — 00f3), (2.8.4)

, .1 . . 1 ,
56 = @—0[56—1—5(030[)1_50_1)]7 50:30+§(Uobz—pﬂ),

To find the conformal Kropina change of B% given in (2.3.4), we find the conformal
Kropina change of C* given in ([2.3.3)).

Since L(a, 3) = e"[%], we have

— 2L — 2
Ls==1La, Lsa=e"2[Lhoa+t (L)Y, Ly=""2 = 72=¢"9% (285
: GllLeat(La)’), Ly == (2:85)

from ([2.3.3)), (2.9.4), (2.9.5)), we have

C" =e’(C*+ DY), (2.8.6)

where

aL(B%La + av?Lao)[B(pa? — 008) Lo — aB(b*0q — pB) L+
2(B%La + ar?Lag,)
aLsy + %(6200 —pB))] — &?Bv*(La)*(rooLa — 2csoLg)

D* =

) (2.8.7)
Hence the conformal Kropina change B¥ is written in the form

B’ =B 4, (2.8.8)
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where

aL(26Lg — L)oo(b'y? — Vy') — B(o'y?! — oly') — 2aL?(shy? — sgyi)+
13LLa
40*(La)*C* + [LLao + (La)?|D*(b'y? — bly")

ci =

(2.8.9)

Suppose F" is a Douglas space. The necessary and sufficient condition for F" to be also

a Douglas space is that C* is hp(3). Thus, we have the following:

Theorem 2.8.2. A Douglas space with (a, 3)-metric is transformed to a Douglas space

with (o, 3)-metric under conformal Kropina change if and only if C* defined in equation
is hp(3).

In the following three sections we deal with conformal Kropina change of Finsler spaces

with three special («, 3)-metric.

2.8.1 Conformal Kropina change of Finsler spaces with Mat-

sumato metric of Douglas type L = aa—jﬁ

For an (a, #)-metric, we have L = a‘fﬁ
-2 2 2b2
Loz = Oé(a 6> L,B = c Laa -

(a—p8)" (a—pB)* (a—pB)%
Hence the values of C*, D* and C% given by equation (2.3.3), (2.9.7) and (2.9.9)

respectively reduce to

(= B){(—a +28)reo + 2025}

o= - 28(c — 33 + 2ab?)

(a — B){af(a — 38 + 2ab?)(a®V? — 3a?6b* — 2a6% + 43%)0y
46(a — 36 + 2ab?) (a2 + 6b2a2[52% + b2t — 4b2a3 [ — 44)
+a?%(a — B)(a — 36 + 2ab?)p + 2% (—60*a?B(a — B) + o3

D*

—6a%6% + 11a33 + 2b%a* — 83%) sy — 2(a — 2/3%) (bae — B)(ba + 3)roo
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of[—aB3 (o — B)(1262 — 9o + 2a2) (208 + o — 38) 0
432 (a — 206) (a0 — 30 4 2ab?) (33 4 6202 5% + b?at — 4b2a3 3 — 434)
+a?3(a — B)(a? + 65° — 4a3)(a — 38 + 2a)p

Cii =

+2(Oé — 25)352(042 — 4@5 + 262)7"00]

by —y')
+aB* (o — 38) (o — 36 + 2b%a) (b?a* + 6b*a 32

—4b%aP B + af® — 4BY)] (o1 — oyi)) (2.8.10)

The equation (2.9.10) can be written as
46%(a — 2B)(a — 38 4 2ab*) (aF® + 6b*a2 5% 4 b?a* — 4b*a’ B — 484 C
+aof{[-af(a — B)(126% — 9aB + 2a°)(2a8 + a — 3B)0y + o (a — ) x
(o 4+ 68> — 4afB)(a — 38 + 20%a)p + 2(a — 23)° B*(a® — 4B + 23*)roo) X
'y — Vy') + [af*(a — 38)(a — 308 + 26%a) (bPa* + 66?3 — 4b*a’ B +
aB* —4pH](0'y’ — o?y")} = 0. (2.8.11)
Since « is an irrational function in 3*, the equation (2.9.11)) gives rise to two equations as

follows:
(—963° — 208b%a®B3° — 96b*a’B° + 64b*a 3" + 96b%a* 3% + 4o’ B° — 3602 ° + 104a3)CV
—afBH{[—a(22b%a® — 42b%a*B — 540’3 + 7503 + 17a° — 363%) 0y — 60°°(—343
+2b%a + 6a)p + (200 — 72023 + 112a3% — 840° 4 184023 — 208a3* — 643°
965 ro0) (0'y? — Vy') + o B7[a?6* (408" + o' + 2b%a”) — o % (360" + T0b% 4 1)
—10026* + 33a6° + o3 — 368°%)(c'y’ — o¥y')} =0, (2.8.12)
and
Ab° B2 (2807 + 320 — 120°a3 — 9af + o® + 20°0”) 0¥ — [25°(0® + 26°a® — 12b% %) 0y
—a? BB+ a® — 8aB + 2b%a® — 10b%af + 200%3%)p — 202 (a3 — 96°)ro0] (b’ — bly")

[+106%a* 3% — 39b%aB3* — 25 — 36b%a’B* + 14b*a* 3° — 24657 (0'y’ — o?y') = (2.8.13)
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Take n > 2, o # 0(modf3). The terms 3 of (2.9.13)) which seemingly do not contain o?
are %0y (biy! — byt) + 37 (a'y’ — o7yt). Hence we must have hp(0), M¥(z) such that the

above expression is equal to o232 M% (). Therefore we have
oo(b'y’ — 'y") + B’y — oly') = oMY (z). (2.8.14)
The equation (2.9.14) can be written as
(0367 + o100 — (030h + 0360V ] + [(Dn6), + brdl )" — (budh + by )0
= apM". (2.8.15)
Contracting by j = h, we get
n(bo' — bloy) = M},
which implies
M;j(x) = n(bjo; — bioj). (2.8.16)

Theorem 2.8.3. A Finsler space F (n > 2) which is obtained by conformal Kropina

o

change of a Kropina space F™ with («, 3)-metric L = o g of Douglas type if and only

a—p3
if is satisfied.

2.8.2 Conformal Kropina change of Finsler spaces with («, )-
metric L = a — %2 + ( is of Douglas type
For an («, #)-metric, we have L = o — %2 + 0

3 —20 —2(°
A P T
a2’ P o T %

Lo=1+

Hence the values of C*, D* and C% given by equation (2.3.3)), (2.9.7) and (2.9.9) respec-

tively reduce to
a(=repa? — 1r908% — 4a?s08 + 2a3s0)

¢ = 26(—a? — 302 + 2b2a?)
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(=883 — a?Bb? — 6a°3°b* — 160?350 — 6a3° + 1303367 + 8a®B31b? + 2a7 33b*
4b(—a? — 35% + 2a20?) [P (o —a+ 1) + af4 (26 + 1) — 36° — b2a2(33(2a — 30)]
+2a%6b* + 6023 — 20337 + 22732 + 8135 + 22831 + 6a°3° — 8aTB3b?) oy

D* =

(208202 + 4a833H? — 207 B4 + 604 BT — 4aBF? + 207352 — a3 — 4aSB°

—2a7 — 2083 — 30338 + 2a°3%)p + (8 32b? — 4a” 33b* — 8l 31V? + 4a 3°b*

—160°3° + 8a83* — 8B + 4a 3% + 4B 5% — 40 0b? — 8733 + 4a°Bb? — 60337

—4a83% — 2073 — 4a73% — 8a83* + 8aBb? 4 12035 + 4053 — 8a®32V?

+16a7330? — 408342 4+ 8a®33b?) sy + (—6a35° + 207 3? — 2a7 3% — 6a° 3

+6a73%0% + 605 3402 + 2a35°0* — 208%)rgo

(2.8.17)

and

[B*(—2a + B* — 50?3 + 2ab?) + o (53°0* — 4a*3°b* — 63° + 1222 Bb* + 6a°3°b*) |43
(a* — B* + a®B 4+ ap?) 0V = [B*(—2a + B* — 5a?B% + 2a*b?) + o (58°b* — 40 3°b?

5 4914 39274 514 3 237,2 2 2a° , o
—64° + 12a" 0" + 60°5°b" + 12a°b" — 120 3°0°) (—2a(3c +2aﬁ+7+b +§)]
x(siy’ — shyt) + [(B*(—2a + * — 5a?F? + 2a*0?) + o (53°b* — 63° + 12a*3b*
+60°3%b*))48(a* — 5*)(203) (—ropa® — reoF* — 402 Bsy + 2a°sq) + {(6a° + 3a* 32

+6a") (87 + 2a"b* + 2a8%0* + 30?3V + 2a°3*0* + o 37b* + 207 5" + 6a° 37!

+4a* 33t 4 40°8b") oy + (—=33%% — 287 — 20°3° — *B* — 2a7Bb? — B° — 20° 3°B?
—4a°3% — 240" 32 — 16a°Bb? + 120/3° + 240” " +160°3° + 26°%)ro0 + (8°50°
+2405 %% — 8a58b% + 240 32b? — 120D — 8ot — 1002 3° + 18a5®

+160° 3% — 237)s0) } (b'y? — biy). (2.8.18)

Take n > 2, a? # 0(modf). the terms in (2.9.18) which seemingly do not contain 3 are

72b%aM 5o (by! — by') — T2t (shy’ — séyi).
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Hence we must have hp(l)V(ilj) such that the above expression is equal to 72b%a!! 6‘/(7’1])

therefore we have

so(b'y’ = Vy') = 0 (s’ — squ') = BV,

by putting V(le) = V(iwj)yk, the equation (2.9.19) can be written as

(5100 + s100)b" — (8,0% + 500V — V2[s500 + 5460 — 5104 — 5104

= bV + b VY.
Contracting by j = k, we get
nb'sy, — nb*sh = b V" + b V;I",
Next transvecting by b;b", we have
— b2 (b%s), — s'by, — spb") = b0, V" + bpb, VI'b*
Transvecting by b*, we get
2b*s' = 20%b, V"b*,
which gives

b VI = b*s', provided, b* # 0.

substituting the value of b,V/"b* from (2.9.23) in (2.9.22)) we get

b, Vi = blsy, — b23§l.
substituting the valuve of b,V;" from (2.9.24) in (2.9.21)), we get

Vi by,.

1
(n—1)"

2 i i
b7s;, = b's, —

(2.8.19)

(2.8.20)

(2.8.21)

(2.8.22)

(2.8.23)

(2.8.24)

(2.8.25)
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If we put v = (nil)VTir, then equation (2.9.25)) gives b*si = b's, — v'b, which implies

b?s;; = bis; — v;bj,where v' = a0,

Since s;; is skew-symmetric tensor, we have V; = s; easily. Hence

1
Sij = ﬁ(bisj - bj51'>. (2826)

Theorem 2.8.4. A Finsler space F'' (n > 2) which is obtained by conformal Kropina
change of a Kropina space F™ with («, 3)-metric L = o — %2 + B(b* # 0) is of Douglas

type if and only if is satisfied.

2.8.3 Conformal Kropina change of L = /2a/3

Consider, the (a, #)-metric L = 1/2a(3, we have

_ V28 V2 V2R
C2vap T 2vap YT 4(aBp

Hence the values of C*, D* and C% given by equation (2.3.3), (2.9.7) and ([2.9.9)

respectively reduce to

La

o — V333 (=rgo8 + 2a2sg)
~ BVaB(=36% + b2a?)
D — af{pa?(—=35% + b*a?) + 0o B(36% — ab?®) — 4a?Bsg + reo(a?b* — 3?)}
B 2B(—33% + b%a?)

a?{(=303% + ®b?)2(shy’ — séyi) + (Broo — 2a2s0) (b'y? — byt)}

Y =— 2.8.27
26(—30% + b2a?) ( )

: a?3? i, j )i o?Br i, j i
Since {2[3(7:25—2%%2)}(509] — shy') and —{W}(b y) —b'y") are hp(3), these terms

of (2.9.27)) may be neglected in our discussion and we treat only of

sz B (&2)280 (C(2)2b2

= Bp(am+ ) W W) " gp g OV YY) (2829)

where V(’?f) is hp(3).
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The equation (2.9.28)) can be written as
B(=38% + a2V — (a?)2so(biy? — ) + (0?2 (shy — shy’) = 0. (2.8.29)

Take n > 2, o # 0(modf) [95]. The terms of (2.9.29)) which seemingly do not contain 3
are b?(a?)?(shy’ — shy') — (a?)%so(biy? — by'). Hence we must have hp(1) V(’l]) such that

the above expression is equal to 0446‘/(%. Thus

b (shy’ — shy') — so(b'y’ — by') = BV3). (2.8.30)

By putting V(’f) = V}jj (z)y*, the equation ([2.9.30)) is written as

b?[sh,67 + 51,00 — sh6 — sh01] — [(sn0h + spOl )b’ — (81,0], + s107,)b7]
=0V + bV, (2.8.31)
Contracting by j = k, we get
nbsi — nb's, = bV + b, V)" (2.8.32)
Next, transvecting by b;b", we have
b2 (b%sh — s'by, — spb") = b2b, V" 4 bb, VITbE. (2.8.33)
Transvecting by b*, we get
—2b*s' = 20°b, V/"b*, (2.8.34)
which gives
b VIrb® = —b%s', (2.8.35)

provided b% # 0.

Putting the value of b, V"b* from ([2.9.35)) in (2.9.33)), we get

b V" = b*si — s;b". (2.8.36)
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Substituting the value of bV} from (22.9.36)) in (2.9.32)), we get

1

2 i
bsh_(n—l)

V" by, + b s (2.8.37)

1
(n—1)

If we put v* = Vi then equation (2.9.37)) gives b%s! = v'b;, + b's;, which implies

b23ij = v;b; + b;s;, where v; = a;;v7. Since s;; is skew-symmetric tensor, we have v; = —s;

easily. Thus

1
Sij = ﬁ(bisj — bjSi). (2838)

Theorem 2.8.5. A Finsler space F'' (n > 2) which is obtained by conformal Kropina
change of a Kropina space F™ with («, 5)-metric L = \/2a/3 is of Douglas type if and only

if is satisfied.

2.9 Conclusion

In Finsler geometry, Douglas curvature is an important projectively invariant, which is
introduced by J. Douglas in 1927. It it also a non-Riemannian quantity, because all the
Riemannian metrics have vanishing Douglas curvature inherently. Finsler metrics with
vanishing Douglas curvature are called Douglas metrics. Roughly speaking, a Douglas
metric is a Finsler metric which is locally projectively equivalent to a Riemannian metric.

In this chapter, we use to find the condition that conformal Kropina change of Finsler
space with special («, #)-metric of Douglas type yields a space of Douglas type. Further
we find the necessary and sufficient condition under which a Kropina change becomes a
projective change and mainly devoted to find the condition for the Finsler space with Sec-
ond approximate Matsumato metric to be Berwald space, Douglas type and conformally
Berwald and finally, we apply the conformal change of Finsler space with the metric of

Douglas type and also derive the condition for a Finsler space F'~ which is obtained by
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B-Conformal change of Finsler space F™ with (a, 3)-metric of Douglas type to be also

of Douglas type. Finally we have shown that the Finsler space with Randers Special

(e, B)-metric are also Douglas spaces under (3-Conformal change.
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Chapter 3

WEAKLY BERWALD FINSLER
SPACES

3.1 Introduction

Curvatures are the central thought of Finsler geometry. For a Finsler manifold (M, F'), the
flag curvature is a function K (P, y) to the tangent planes P C T, M and non zero ye P. A
Finsler metric F is of scalar flag curvature if for any non-zero vector ye T, M, K = K (z,y)
is of independent P containing ye T, M (hence K = o(x) when F is Riemannian). It is

of nearly isotropic flag curvature if

_Begmy™

K
F

+o, (3.1.1)

where ¢ = ¢(z) and 0 = o(z) are scalar functions on M. It is one of the important prob-
lems in Finsler geometry is to study and symbolize Finsler manifolds of almost isotropic
flag curvature [64].

To find out about the geometric properties of a Finsler metric, one also considers
non-Riemannian quantities. In Finsler geometry, there are a number of essential non-
Riemannian quantities. The Cartan torsion C, the Berwald curvature B, the mean
Landsberg curvature J and S-curvature S, etc ([I41] [76] [64]). These are geometric

quantities which vanish for Riemannian metrics.

70
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Among the non-Riemannian quantities, the S-curvature S = S(x,y) is closely related
to the flag curvature which built through Z. Shen for given comparison theorems on Finsler

manifolds. An n-dimentional Finsler metric F' is said to have isotropic S-curvature if
S = (n+1)cF, (3.1.2)

for some scalar function ¢ = ¢(z) on M. In [64], it is proved that if a Finsler metric F' of

scalar flag curvature is of isotropic S-curvature (3.1.2)), then it has almost isotropic flag

curvature (3.1.1]).

The geodisc curves of a Finsler metric ' = F(z,y) on a smooth manifold M, are
determined by ¢ + 2G*(¢) = 0, where the local functions G* = G*(z,y) are called the
spray coefficients. A Finsler metric F is known as a Berwald metric, if G are quadratic
in yeT, M for any xe M. A Finsler metric F' is stated to be isotropic Berwald metric if

its Berwald curvature is in the following form

Bl = A F iy 0} + Fyryp6t + Fyryi Ot + Fyiyeyiyi } (3.1.3)

J

where ¢ = ¢(x) is a scalar function on M [141].

3.2 Preliminaries

Let M be a n-dimentional C*° manifold. Denote by T, M the tangent space at z e M, by
TM = U, ToM the tangent bundle of M, and by TMy = TM \ {0} the slit tangent
bundle on M. A Finsler metric on M is a function F' : TM — [0,00) which has the
following properties:

i) F is C*™ on T'My;

i7) F is positively 1 — homogeneous on the fibers of tangent bundle T'M,

141) for each ye T, M, the following quadratic form g, on T, M is positive definite,
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1 02
gy(u,v) = §asat

[F?(y + su+tv)]|s,t =0, u,veT,M.

Let x e M and F, := F|T,M. To measure the non-Euclidean feature of F}, define C, :

T.MQQT.MKT.M — R by

Cy(u,v,w) : gy +tw(u,v)]|y =0, u,v,w eT, M.

)= 5l
The family C' := {C}}, 1, s referred to as the Cartan torsion. It is nicely acknowledged
that C' = 0 if and only if F’ is Riemannian. For ye T, M, define mean Cartan torsion I,
by using I,(u) := I;(y)u’, where I; :== ¢*Cj;;. By Diecke theorem, F is Riemannian if
and only if I, = 0.

The horizantal covariant derivatives of I alongside geodiscs give upward shove to the
mean Landsberg curvature J,(u) := J;(y)u', where J; := I;;y*. A Finsler metric is said

to be weakly Landsbergian if J = 0.

Given a Finsler manifold (M, F'), then a global vector field G is induced by F on T'M,,

which in a standard coordinate (z', y') for T'Mj is given by G = y' ;2 —2G*(x, y)a%i, where

1 [3AFY )

=19 | akay? ~ Do

yyel, M.

Let G is called the spray assosiated to (M, F'). In local coordinates, a curve ¢(t) is geodesic
if and only if its coordinates c'(t) satisfy ¢ + 2G*(¢) = 0.
For a tangent vector yeT,M,, define B, : T,M ® T,M @ T,M — T,M and E), :

T,M&®T,M — Rby By(u,v,w) := B;kl(y)“jvkwl%

» and E,(u,v) := Ej(y)u/v”, where

i PG 1,

Gkl -7 ma L e L
Let B and E are called the Berwald curvature and mean Berwald curvature, respectively.

Then F' is called a Berwald metric and weakly Berwald metric if B = 0 and F = 0,

respectively.
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A Finsler metric F' is said to be isotropic mean Berwald metric if its mean Berwald

curvature is in the following form

1
Eij = %Chi]’, (321)

where ¢ = ¢(z) is a scalar function on M and h;; is the angular metric [141].

Define D, : T,M @ T,M ® T, M — T, M by D,(u,v,w) := D;kl(y)uivjwkazi |2

where
i i 2 i i i
Djkl = Bjk:l - —n T 1{Ejk5z + Ejl5k + Ekl5j + Ejk,lyi}-

We call D := {D,},-1um, the Douglas curvature. A Finsler metric with D = 0 is called a
Douglas metric. The notion of Douglas metrics was proposed by Basco-Matsumato as a
generalization of Berwald metrics [23].

For a Finsler metric F' on an n-dimentional manifold M, the Busemann-Hausdorff

volume form dVp = op(x)dx'...dz" is defined by

() Vol(B"(1))

" Vol{(y")eR|F(yiz%

2) <1}
In general, the local scalar function op(z) can now not be expressed in terms of elementary
functions, even F is locally expressed by using elementary functions. Let G* denote the

geodisc coefficients of F' in the equal local coordinate system. The S-curvature can be

defined by
S(Y) i= () — o' g T (o),
where Y = 3/ a?ci €T, M. It is proved that S = 0 if F' is a Berwald metric. There are

many non-Berwald metrics satisfying S = 0. S said to be isotropic, if there is a scalar

functions ¢(z) on M such that S = (n+ 1)c(x)F.
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The Riemann curvature R, = Ridz* @ 0x'|, : T,M — T, M is a family of linear maps
on tangent spaces, defined by

oG PG PG 9GHIE

R, =2— —y/— .
k ok Y OxI yF + Oyidyk  Oyi Oyk

For a flag P = span{y,u} C T,M with flagpole y, the flag curvature K = K(p,y) is

defined by

9y(u, Ry (u))
9y(Y, y) gy (u, u) — gy (y,u)?*

K(Py) =

We say that a Finsler metric F' is of scalar curvature if for any y e T, M, the flag curvature
K = K(z,y) is a scalar function on the slit tangent bundle T'Mj. In this case , for some

scalar function K on T'M, the Riemann curvature is in the following form
.= KF*{6, — F'Fy'}.

If K=constant, then F' is said to be of constant flag curvature. A Finsler metric F' is

called isotropic flag curvature, if K = K(z).

3.3 Weakly Berwald Finsler Spaces

Let F' = ag¢(s), s = g be an («, 5) — metric, where ¢ = ¢(s) is a C* on (—bp, by) with
certain regularity, @ = \/a;;(x)y’y’/ is a Riemannian metric and 8 = b;(z)y" is a 1-form
on a manifold M. Let

1 1
rig =5 (i bl sig = 5 [bay — by -

Ty = birij, Sj = biSij.
Where b;); denote the coefficients of the covariant derivative of 3 with respect to a. Let

. J ._ J ._ J — J
Tio -= TijY7,  Sio <= SijY’, To =Ty, So = S;Y.
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Put

__¢ __ (¢=s¢)¢ — 590" _ ¢
=gy ©7 20((¢ — s¢') + (0% — s2)¢")’ v 2((6 — 50) + (% — s2)9") (33.1)

Then the S-curvature is given by

S = [@ —2VQs —2(VQ) (b* — s*) — 2(n+1)QO + 2] s

+2(U + Ao + a H[(b* — )W + (n + 1)O]rg. (3.3.2)
Let us put

A = 14s5Q+ - s)Q,

O = —(nA+1+5Q)(Q—5Q")— (0 —s)(1+sQ)Q".
In [I42], Cheng-Shen characterize (v, 3)-metrics with isotropic S-curvature.

Lemma 3.3.1. Let F' = a¢(B/a) be an («, B)-metric on an n-manifold. Then, F is of

isotropic S-curvature S = (n+ 1)cF, if and only if one of the following holds
(1) B satisfies
Tij = g{bzaij - blb]}a Sj = Oa (333)

where € = ¢(x) is a scalar function, and ¢ = ¢(s) satisfies

PA*?
where k is a constant. In this case, ¢ = ke.
(ii) [ satisfies
Ty = O, S; = 0. (335)

In this case, ¢ = 0.
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Let

/
U, = V2 — 2A3 [—M] ’

A3
U, = 2(n+1)(Q—sQ")+ 3%,
o Q—sQ)
0 = T (3.3.6)

Then the formula for the mean Cartan torsion of an («, 3)-metric is given by following

_ 8¢” 3S¢”— (b2 _82)¢///
= —— (n+1)——(n—2)¢_8¢l T sd =) (3.3.7)

@ . /
—%(a@ — oy). (3.3.8)

In [143], it is proved that the condition ® = 0 characterizes the Riemannian metrics
among («, #)-metrics. Hence, in the continue, we suppose that ® # 0.

Let G = G'(z,y) and G, = G (x,y) denote the coefficients of F' and « respectively

in the same coordinate system. By definition, we have
G'=G + Py + Q' (3.3.9)
where

P = o 'O[-2Qas + 7o)

Qi = OéQSé + U [—2@0&80 + 7’00] bZ

Simplifying (3.3.9) yields the following

7 /
G' = G, + aQs) + 0(—2aQsp + T00) {% + g ?SQ/bi] : (3.3.10)

Clearly, if 3 is parallel with respect to a (r;; = 0 and s;; = 0), then P = 0 and Q° = 0.

In this case, G = G are quadratic in y, and F is a Berwald metric.
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For an (a, #)-metric F' = a¢(s), the mean Landsberg curvature is given by

1 202 P ,
I @ B "
Ji 2Aa4{62—s2[A+(n+1)(Q sQ |(so + ro)hi +
« b ,
b2 _ g2 (W) + SZ](TOO —2Qas)h; + a[—aQ soh; +

d
aQ(a®s; — yiso) + a*Asi + [ (10 — 2aQs;) — (ro0 — QOzQso)yi]Z}(S.B.ll)
Besides, they also obtained

j = Jlbz = —m{qfl(roo - QOZQSO) + 01\112(7"0 -+ 80)}. (3312)

The horizontal covariant derivatives J;,,,, and J;,, of J; with respect to F' and « respectively

are given by

_ 9J; l aJ; l aJ; 'l oJ; a7l
Jom = 2 — T, — 4N Ty T, — 24N,

ox™ = Bz

I _ _9G! I _ 9GL ol 9Gt a7l 9GL
where, I = ooy N; = o and I = ey N; = 947 -

Then we have

Y o
m l N 8Jz 1 =1
= Jipmy™ — SNy = N;) — Qa_yz(G - Gh. (3.3.13)

Let F' be a Finsler metric of scalar flag curvature K. By Akbar-Zadeh’s theorem it satisfies

following

2

F
Aijk;s;mysym + KFQAijk + ? [hZJKk + hijj + h}cin] =0, (3314)

where A;jr = FCjj;, is the Cartan torsion and K,; = g—;f [49]. Contracting ((3.3.14) with

g¥ yields

1
Jimy™ + KF*I; + %FQKZ- =0. (3.3.15)



Weakly Berwald Finsler Spaces 78

By (3.3.13) and (3.3.14)), for an («, §)-metric F' = a¢(s) of constant flag curvature K,

then

(G - GY B 2(’9Ji
oy’ oy’

Jimy™ — Ji (G' — GY + Ko¢’I; = 0. (3.3.16)

Contracting (3.3.16]) with b’ implies that

oG =G 0T 4 22750
gV 25 (G = G+ Kol =0 (33.7)

Jim — Jia@™*bmy™ — i

There exists a relation between mean Berwald curvature F and the S-curvature S. Indeed,

taking twice vertical covariant derivatives of the S-curvature gives rise the E-curvature.

It is easy to see that, every Finsler metric of isotropic S-curvature is of isotropic

mean Berwald curvature (3.2.1). Now, is the equation S = (n + 1)cF equivalent to the
equation E = "HcF~1h?,

Recently, Cheng-Shen prove that a Randers metric F' = a+( is of isotropic S-curvature

if and only if it is of isotropic E-curvature [141]. Then, Chun-Huan-Cheng [144] extend

this equivalency to the Finsler metric F = a ™ (a + 3)™! for every real constant m,

including Randers metric .

Now in this chapter we prove the following theorem.

Theorem 3.3.2. Let F' = aa—jﬁ + 3 be a special metric on a manifold M of dimention n.
Then the following are equivalent
(i) Fis of isotropic S-curvature, S = (n+ 1)c(x)F;
(it) F is of isotropic mean Berwald curvature, E = “c(x)F~h;
where ¢ = ¢(x) is a scalar function on the manifold M.
In this case, S=0. Then (3 is a Killing 1-form with constant length with respect to a,

that is, roo = 0.
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Proof: (i) — (i) is obvious. Conversely, suppose that F' has isotropic mean Berwald

curvature, E = " ¢(z)F~'h. Then we have

S = (n+1)[cF + 1, (3.3.18)

where n = n;(x)y’ is a 1-form on M. L = aa—_Qﬂ + [, we have

s +1 1 s(s® 4+ 3s —4) 1
_ _ ! I 31
=Ty O ey VT Sarme G319

By substituting (3.3.18]) and (3.3.19)) in (3.3.2)), we have

s _ [_2(—334 + 250 + 25% — 20* + 25%b* — 25?)
s2(s — 2)2(—s3 4 2b?)
2(—3s% + 455 + 45%% — 55t 4 853 + 4sb® — 4b?)
s2(—s3 +2b2)2(s — 2)?
(n+1)(s*+1)(—4+ s* + 3s)

x (b2 — s2) — G_0) (1t s+ ) (—s7 + 209 + 2|50 + 2[—53—+2b2 + AJro
] 3s%(b* — 5°) 1700 — | (n+1)s(s® +3s —4) ]
a(—s® +2b%)? oo 2c(—1 + s + s2)(—s% + 2b?) "0o-
=n+1)ca(l+s+ %) + 7). (3.3.20)

Multiplying (3.3.20) with s(1 + s + s?)(s® 4+ 2b%)(s + 2)a® implies that

M, + Mya? + Msa® + Mya® + Msa® + Mga™ + o[ M; + Mga? + Mya*

+Mypa® + Mi1a®] + Mo =0, (3.3.21)
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where

My

M>

M,

M12

[—3e(n +1) +28(s0 +70) = Bn(n +1) + 5 (n + 1),

—%[105%@ + 1) — 128X(so + 7o) + 12850 + 68n(n + 1) + 3reo(n + 3)]67,
—[=58%c(n + 1) + 28b%so(n + 2) — 46nb*(n + 1) + 88Xb*(sg + 7o)

+2B(s0(2n + 3) 4+ 7o) + roo(2n — 1)(b* + 2)]5°,

—2[=23%b"c(n + 1) — 2Bb*n(n + 1) + 486" A(so + 10) — B((—nso + 270) + 350)
4B\ (50 + 10) + 4Bnb%(n + 1) — 866 N(so + 70) + 260°((2n + 3)s0 + 70)
+rob®(5n + 8)]5°,

—20*[—4Bc(n + 1) + 108b%c(n + 1) — 126*X(sg + 1) + 3(nse — 2rg) + 6b*n(n + 1)]5%,
20b*c(n + 1),

[28A(s0 + 70) + Bso(n + 1) — Bn(n + 1) + ro0(n + 4)] 5%,

[—43%b*c(n + 1) — 4BA(s + 0 +19) — 48X(s0 4+ 70) — 28n(n — 1) 4+ 8BAb* (s + 1)
+26(rg — 2n(nb* + s0)) + roon((b* 4 5) — 2rge(b* + 2)] 5%,

[208%b%c(n + 1) — 26%c(n + 1) + 126nb%(n + 1) — 24BXb*((so + 7o) + 3B(ns_2rp))
3650(20% — 3) + 3roeb®(4 + n)] 5%,

26%[—108%c(n + 1) — 26b*n(n + 1) + 486> A(s + 7o) + B(4son + 219 + 9s)
+4rge(n + 1)]8%,

80 [b*n(n + 1) — 20*A(s + 1) — 70 + 150 3,

—8b%c(n +1).

The term of ([3.3.21]) which is seemingly does not contain o is M;. Since 5 is not divisible

by o2, then ¢ = 0 which implies that

M, = M7 = 0.
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Therefore (3.3.21)) reduces to following

M2 —|— .2\430[2 —|— M4O€4 —I— M5Oé6 —I— M6048 = 0, (3322)

Mg —+ ]\49062 —+ M10064 -+ MHOZG + M12068 = 0. (3323)

By plugging ¢ = 0 in M, and Mg, the only equations that don’t contain o? are the

following

— B2A(s0 +70) — (n+ 1)y + 3rge(n + 3)] = ma?, (3.3.24)

486*12A\(ro + s0) — (n+ 1)) 4+ r90(2n — 1)(b* + 2) = Ta?, (3.3.25)

where 71 = 71 (x) and 75 = »(x) are scalar functions on M. By eliminating [2A(ro + so) —
(n+ 1)n] from (3.3.24]) and (3.3.25)), we get

rop = 1A%, (3.3.26)

To—4b% T
b2+2)(4b2(2n—1))—3(n+3)

where 7 = (

By (3.3.24)) or (3.3.25)), it follows that

2)\(7’0 + 80) — (n + 1)77 =0. (3327)

By (3.3.26)), we have ry = 7. Putting (3.3.26]) and (3.3.27)) in Mg and My yields

Mg = [n(b* +5) —2(b* + 2)]7a?5°, (3.3.28)

My = [[(6()2 +3n — 9)sy — 679]8 — 3b*(n + 4)r007a2] G, (3.3.29)

By putting (3.3.28)) and (3.3.29)) into (3.3.23]), we have

[(6b% + 3n — 9)sg — 67]3° — 3b*(n + 4)ree7a*B*

n(b* 4 5) — 2(b* + 2)7a2B% — Mypa? + Mya* + Mipa® = 0. (3.3.30)
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The only equations of that do not contain a? is [n(b? +5) — 2(b* + 2)73 + (6b* +
3n — 9)sy — 619)3°. Since 3% is not divisible by o?, then we have
[n(b” +5) — 2(b* 4+ 2)7° + (6b* 4 3n — 9)s¢ — 6r¢] = 0. (3.3.31)

By lemma 3.3.1, we always have s; = 0. Then , reduces to following

[n(b? 4 5) — 2(b* + 2)]78 — 619 = 0. (3.3.32)
Thus

[n(b* +5) — 2(b* + 2)]7b; — 67b; = 0. (3.3.33)
By multiplying with %, we have

7=0.

Thus by (3.3.29), we get n = 0 and then S = (n + 1)cF. By (3.3.26), we get r;; = 0.

Therefore lemma 3.3.1, implies that § = 0. This completes the proof.

Theorem 3.3.3. Let F' = ao‘_Qﬁ + B be a non-Riemannian metric on a manifold M of

dimention n. Then F is of scalar flag curvature with isotropic S—curvature, if
and only if it has isotropic Berwald curvature with almost isotropic flag curva-

ture . In this case, F' must be locally Minkowskian.

Proof: Let F' be an isotropic Berwald metric (3.1.3)) with almost isotropic flag cur-
vature (3.1.1). It is proved that every isotropic Berwald metric has isotropic
S-curvature .

Conversely, suppose that F'is of isotropic S-curvature with scalar flag curvature

K. In [63], it is showed that every Finsler metric of isotropic S-curvature (3.1.2)) has
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almost isotropic flag curvature . Now, we are going to prove that F'is a isotropic
Berwald metric. In [I41], it is proved that F' is an isotropic Berwald metric if
and only if it is a Douglas metric with isotropic mean Berwald curvature . On
the other hand, every Finsler metric of isotropic S-curvature has isotropic mean
Berwald curvature . Thus for completing the proof, we must show that F'is a
Douglas metric. By proposition 3.2, we have S = 0. Therefore by theorem 1.1 in [64], F’

must be of isotropic flag curvature K = o(z). By proposition 3.2, § is a Killing 1-form

with constant length with respect to a, that is, ;; = s; = 0. Then (3.3.10)), (3.3.11) and

(13.3.12) reduce to

G — Gl =aQs), Ji=-20 J=

2aA?

By (3.3.9), we get

i . P(p—s '
L = =20 (52 g2).

Now we consider two cases:

Case I: Let dimM > 3. In this case, by Schur lemma F' has constant flag curvature and

(3.3.17)) holds, the equation (3.3.17)) reduces to following

(I)Si() .
k
i 0 4

SAL L Sk ;I)Asl(i(stf) +Q's\(0? — 5?)) — KFE(gﬁ —5¢)(* —s?) =0. (3.3.34)

2A
By assumption ® # 0. Thus by , we get
si056 + s10(aQsh) b — KFa(p — s¢ ) (> — s%) = 0. (3.3.35)
The following holds
(aQsh) b = sQsy + Qsh(b? — s2) = 0.

Then (3.3.35) can be rewritten as follows

si050A — Ka?p(¢p — s¢ ) (b? — s%) = 0. (3.3.36)
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By (3.3.6)), (3.3.19) and (3.3.36]), we obtain

241 20— %) (=1+ s+ %)

bt s—2 s2(s — 2)? 0%
_KarTLES ;82)(5 —2 ey =0, (3.3.37)
Multiflying with —s%(s — 2)%a’® yields
A+aB =0,
where
A = —K200*Ba’ + (5K 3*b? + 2b*Bsiosh + 20K 3%)a* + (5sish — 5K 3° + K 3°b%)a?

—Kﬁ7 - Si086ﬁ5
B = 8Kba®+ (10Kb*3* — 8K 3* — 2s,0sib%)a* + (=5 Kb*3* + 25,5502 3% — 10K 3*)a?
+(5K 3% — sipspB3). (3.3.38)

Obviously, we have A =0 and B = 0.

If A =0 and the fact that 37 is not divisible by a?, we get K = 0. Therefore
reduces to following

SioSh = aijsésg =0.

Because of positive-definiteness of the Riemannian metric a, we have s{ = 0, i.e., 3 is
closed. By rgo = 0 and sy = 0, it follows that [ is parallel with respect to . Then
F = aa—jg + 3 is a Berwald metric. Hence F' must be locally Minkowskian.
Case II: Let dim M = 2. Suppose that F' has isotropic Berwald curvature .
In [144], it is proved that every isotropic Berwald metric [70] has isotropic S-curvature,
S = (n+1)cF. By proposition 3.2, ¢ = 0. Then by [144], F' reduces to a Berwald metric.

Since F' is non-Riemannian, then by Szabo’s rigidity theorem for Berwald surface (see

[49] page 278), F must be locally Minkowskian.
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3.4 Characterization of Weakly-Berwald («, 3)-metrics

of Scalar flag curvature

In n-dimensional Finsler manifold (n > 3), we characterize the two important class of
weakly-Berwald (v, 3)-metrics of scalar flag curvature. So first we have to prove the

following lemma.

Lemma 3.4.1. Let (M, F) be an n-dimensional Finsler manifold (n > 3). Suppose

that (o, B)-metrics F' = % and F = \/cia? + coaf3 + 32 (where ¢y, ¢y and c3 are

constants) are of non-Randers type. Then ® # 0.

Proof: We just give the proof for F' = (@487 Because the proof for F' = \/01a2 + coaf + ¢332

[e%

(where ¢;, ¢o and ¢ are constants) is also similar. So we omit it.

By a direct computation, we have

S

ks

where

¢ =1+2s+ s°

A= —12ns> 4+ 6(1 +n)s® + 4n(1 + 2b%) + 4(1 — b*) — 2(n + 1)(1 + 2b%).

Assume that ® = 0. Then A=0. Multiplying A=0 with o? yields
[(46n(26% + 1) — 48(b* — 1))a® — 12nB%] — a2(n + 1)(20*> + 1) + 65%(n + 1)] = 0.

Hence we have,
(48n(20* + 1) — 48(b* — 1))a* — 12n6° = 0, (3.4.1)

2(n+1)(20* + 1) + 66%(n+ 1) = 0.

Clearly, observe that 3% is not divisible by o?. Since we have k=0 by (3.4.1), which is a
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contradiction with k # 0. So ® # 0.

By using this, now we prove the following:

Theorem 3.4.2. Let (M, F) be an n-dimensional Finsler manifold (n > 3). Assume

that («, B)-metrics F = % and F = \/01042 + a8 + 33?2 (where c1, ¢ and cs3 are
constants) are of scalar flag curvature K=K (z, y). Then F is weak Berwald metric if

and only if F is Berwald metric and K=0. In this case, I must be locally Minkowskian.

Proof: By the lemma 3.4.1 and (3.3.7) we know that the metrics F' = @487 and

[0}

F = \/ 102 + coaf3 + ¢332 (where ¢, ¢ and c3 are constants) can not represents the
Riemannian metrics, where £#0 a constant and 3 # 0.
The sufficiency is obvious. We just prove the necessity.
First, we assume that the metric F' is weak Berwald. By lemma 3.4.1, we know that

S = (n+ 1)c(z)F with ¢(z)=0 and
Too = 07 S = 0. (342)

Let (M, F') be an n-dimensional Finsler manifold of scalar flag curvature with flag curva-
ture K=K (x, y). Suppose that the S-curvature is isotropic, S=(n+1)c(z)F(x,y), where

c=c(z) is a scalar function on M. Then there is a scalar function o(z) on M such that

o 3Cmm((£)ym olx
K = —F(:E,y) + o (z). (3.4.3)

F must be of isotropic flag curvature K=o(x).

Further , by schur lemma[I28], F' must be of constant flag curvature.

From (3.4.2), we can simplify (3.3.10)),(3.3.11]) and (3.3.12)) as follows

G'—G'=aQs), Ji=—20 J=0.

2aA?

In addition, from (|3.3.7)), we obtain

i. ®(p—s¢’
L= =20 ) (2 52).
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Thus (3.3.17)) can be expressed as follows

Dsio ik g, o + %(SQS% + Q'sbh(b? — 5?)) — KF%(gé —5¢ ) (b* — 5?) = 0.

2A«

By lemma 3.4.1, we have
si0sh + si0(aQsp) b — K Fa(¢ — s¢')(b” — %) =0,
Note that F' = a¢(s), s = 3/a. We have
sishA — Ka’g(¢ — s¢) (V> — s%) = 0.

Case I: F = % In this case,

_ p(1+2b%—352)
A= (s—=1)?

Then (3.4.4) becomes
(1+20* — 3s%)si08h — Ka?(b* — s*)(s + 1)%(s — 1)3= 0.
Multiplying this equation with af yields

Kb*a® + {(1 4 2kb*)siosh — kB*(1 + 3kb?) Yab + 38°{kB*(1 + kb?) +

sioshra’ — KB%(3 4+ b*)a* = —K3°.

87

(3.4.4)

(3.4.5)

Note that, the left of (3.4.5)) is divisible by a?. Hence we can obtain that the flag curvature

K =0, because k # 0 and 3® is not divisible by o?. Substituting K=0 into (3.4.4), we

have s;j0s) = a;j(z)s)sh = 0. Because (a;;(x)) is positive definite, we have s = 0, i.e., 8

is closed. By (3.4.2)), we know that ( is parallel with respect to . Then F' =

Berwald metric, where k& # 0 a constant. Hence F' must be locally Minkowskian.

2.
(@+8)° 5o o

Case II: F = \/cia? + coaf3 + ¢332 (where ¢;, ¢y and ¢ are constants). In this case,

_ 46% + 6cicas + 36%82 + 2026383 — Cng =+ 4b26361

A
(2¢1 4 c28)3

Then (3.4.4) becomes

(3.4.6)
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(4¢3 + 3cds? — bPc3 + 2090383 + 6ercgs + 4b%cic3)sipsh — Ka?(b? — s2)(2¢1 + cp8)® = 0.

Implies A+ aB = 0,

where

A = [—(12Kc%62ﬂb — 8Kci{’ﬁ)b — 8Kcifﬁb]a4 + [63ioséclcgﬁ — (Kc§ﬁ3b — 6Kclc§ﬁ3)b
—(6K010362b — 12K030252)5]oz2 + [281036020353 + Kc%ﬁﬂ,
B = —8Kcib?at + [sish(—b%ch + dei(er + e3b?)) — 6K B2crea(cab — 2¢1)b — (12K Bcieyb

—SKﬁC?)ﬁ]&Q + [35i05603ﬁ4 + Kﬁ4c§b — (Kﬁ%gb — 6Kﬁ3clc§)ﬁ].

Obviously, we have A=0 and B=0.
By A=0 and clearly note that 3° is not divisible by a?. Then we obtain s;5s}, = 0. Hence
G is closed. By (3.4.2), we know that 3 is parallel with respect to a. Then F' is a Berwald

metric. From (3.4.4), we find that K=0. Hence F' is locally Minkowskian.

3.5 Conclusion

In the past several years, Finsler geometry has carried out rapid and great progress. Var-
ious Riemannian curvatures and non-Riemannian curvatures in Finsler geometry have
been studied deeply and their geometric meanings are better understood. Finsler geom-
etry has been applied extensively in phisics, biology (ecology) and other fields in natural
science. These are in part duo to the study of («, 3)-metrics.

In this chapter, we prove metric F' = aa__?B + [ with some non-Riemannian curvature
properties and be a non-Riemannian metric on a manifold M of dimention n. Then F' is
of scalar flag curvature with isotropic S-curvature (3.1.2)), if and only if it has isotropic

Berwald curvature (3.1.3)) with almost isotropic flag curvature (3.1.1)). In this case, F'
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must be locally Minkowskian and we characterize the two important class of weakly-

Berwald («, §)-metrics F' = (a—‘;ﬂ)z and F = \/61a2 + coaff + ¢332 (where ¢q, ¢ and c3

are constants) are of scalar flag curvature.



CHAPTER-4

NONHOLONOMIC FRAMES FOR FINSLER SPACE
WITH SPECIAL («, 5)-METRICS

Content of this chapter
4.1 Introduction
4.2 Preliminaries
4.3 Nonholonomic frame for Finsler metrics
4.4 Nonholonomic frame for Finsler spaces with special (a, §)-metrics

4.5 Conclusion

Publications based on this Chapter;

e Thippeswamy K.R and Narasimhamurthy S.K., 7 Nonholonomic Frames for Finsler

space with Special (o, B)-metrics”, Communicated.

e Thippeswamy K.R and Narasimhamurthy S.K., 7 Finslerian Nonholonomic Frames

for Finsler space with Special (c, 3)-metrics”, Communicated.



Chapter 4

NONHOLONOMIC FRAMES FOR
FINSLER SPACE WITH SPECIAL
(a, B)-METRICS

4.1 Introduction

In 1982, P.R. Holland [[66] ,[67]] studies a unified formalism that makes use of a nonholo-
nomic frame on space-time arising from consideration of a charged particle transferring in
an external electromagnetic field. In fact, R.S. Ingarden [75] was first to factor out that
the Lorentz force law can be written in this case as geodesic equation on a Finsler space
known as Randers space. The creator Beil R.G.[[21][22]], have studied a gauge transfor-
mation viewed as a nonholonomic frame on the tangent bundle of a four dimensional base
manifold. The geometry that follows from these considerations gives a unified strategy to
gravitation and gauge symmetries. The above authors used the common Finsler thinking
to learn about the existence of a nonholonomic frame on the vertical subbundle VT'M of
the tangent bundle of a base manifold M.

Consider a;j(x), the components of a Riemannian metric on the base manifold M,

a(z,y) > 0 and b(z,y) > 0 two functions on TM and B(z,y) = Bj(x,y)dx" a vertical

90
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1-form on T'M. Then

gij(z,y) = a(z,y)a;j(x) + b(z,y)Bi(x)B;(z) (4.1.1)

is a generalized Lagrange metric, called the Beil metric . We say additionally that the
metric tensor g;; is a Beil deformation of the Riemannian metric a;;. It has been studied
and applied by means of R.Miron and R.K. Tavakol in General Relativity for a(z,y) =
exp(20(x,y)) and b = 0. The case a(z,y) = 1 with a number alternatives of b and B; i
used to be brought and studied with the aid of R.G. Beil for establishing a new unified

field theory [22].

4.2 Preliminaries

4.2.1 Nonholonomic frame for Finsler metrics

In the existing section, we study an important class of Finsler spaces is the class of
Finsler spaces with («, 3)-metrics [99]. The first Finsler spaces with («, §)-metrics were
introduced via the physicist G. Randers in 1941, are called Randers spaces[I16]. Recently,
R.G. Beil advised to think about a extra commonplace case, the classification of Lagrange
spaces with («, 3)-metric, which used to be mentioned by means of R. Miron in [37]. Next
we look for some different Finsler space with («, 3)-metrics.

Definition 2.2.1. A Finsler space F™ = (M, F(x,y)) is stated to have an («, 3)-metric
if there exists a 2-homogeneous function L of two variables such that the Finsler metric

F:TM — R s given by,

F*(z,y) = L(a(z,y), B(z,y)), (4.2.1)
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where o*(x,y) = a;;(x)y'y’, a is a Riemannian metric on M and (x,y) = bi(x)y' is a
1-form on M.

82F - the fundamental tensor of the Randers space (M, F'). Taking

Consider g;; = %

into account the homogeneity of a and F' we have the following formulae:

= —y' =a¥ i = QgD = 75
P Oéy a 'R p J ayz
, 1 . 8L 0L
) 2 — P 7’-7—. =D; ’L; 4.2.2
1 ; Q
I'=— lzlizﬂ:l; 'pi = 7
Lpa pp p I
. L . .
Pli=—; bip'= é; bil® = J
Q Q L

With recognize to these notations, the metric tensors a;; and g;; are related by [90],

L 3 L
9ig = - @i + bipj + pibj + bib; — PP = E(CLU — pip;) + il (4.2.3)

Theorem 4.2.1. For a Finsler space (M, F), consider the matriz with the entries:

i a a
Y;. = \/; ((5] — lzl] + \/;p pj) > (424)

defined on TM. ThenY; = YZ( ), J € 1,2,...,n is an nonholonomic frame.

Theorem 4.2.2. With recognize to frame the holonomic elements of the Finsler metric

tensor (aqg) is the Randers metric (g;5), i.e.,
9ij =YY tqp. (4.2.5)

Throughout this area we shall upward shove and lower indices only with the Rie-
mannian metric a;;(z), ie., y; = a;y’, b = a”b; and so on. For a Finsler space with
(o, B)-metric F?(x,y) = L(a(xz,y), B(x,y)) we have the Finsler invariants [90],

1 0L 16°L 1 2L 1 L 10L (428
P 500 PP T 285 P T 200008 P2 T 90?2  ada
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where, subscripts {1,0, —1, —2} gives us the degree of homogeneity of these invariants.

For a Finsler space with («a, 3)-metric we have:
p_1ﬁ + p_20é2 = 0. (427)

With respect to these notations, we have that the metric tensor g;; of a Finsler space with

(e, B)-metric is given by [90]:
9ij (. y) = pay(z) + pobi(x) + p—1(bi(2)y; + bj(2)yi) + p—2yiy;. (4.2.8)
From (4.2.8), we can see that g;; is the result of two Finsler deformations:

. 1
i) @i — hy = pag; + E(P—lbz‘ + p—2yi)(p-1bj + p_2y;),

. 1
i) hij v gij = hij + IO—Q(PoP—z — p2,)bib;. (4.2.9)

The Finslerian nonholonomic frame that corresponds to the first deformation (4.2.9) is,

according to the theorem 7.9.1 in [36], given by:

, . 1 B2 . .
X5 =Vmd; = pa(VerE ot =) (p-ab o+ oy ) (paby + poayy), (4.2.10)

where
B? = aij(p1b’ + p_oy’)(p-ab’ + p_ay’) = p2 10> + Bp_1p_a.
The metric tensors a,;; and h;; are related by:

hij = XF X ay. (4.2.11)

Again the frame that corresponds to the second deformation (4.2.9) is given by:

) ) 1 p_oC? )
Yi=0——|1+,/1+ ————— | 'D; 4.2.12
j i 02 ( \/ + pop—2 — P2y 5 ( )

where

C? = hyb't = pib* + E(P—1b2 + p_af3)>.
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The metric tensors h;; and g;; are related by the formula:
G = Y, YT Ry (4.2.13)

Theorem 4.2.3. [36] Let F*(z,y) = L(a(x,y), 5(z,y)) be the metric function of a Finsler

space with («, B)-metric for which the condition 18 true, then
Vi=XY}, (4.2.14)

is a Finslerian nonholonomic frame with X} and YJ’“ are given by (4.2.10) and

respectively.

4.3 Nonholonomic frame for Finsler spaces with («, 3)-

metrics

In this part we consider Finlser metric with («, 3)-metrics, such as I** Finsler frame
product of Infinite series metric and Kropina metric and I7™¢ Finsler frame product of
Cube root metric and Kropina metric and one of a kind (o, §)-metric then we construct

Finslerian nonholonomic frame for these.
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4.3.1 Finslerian Nonholonomic frame for («, 5)-metrics

L? = (%) (5):

In the first case, for a Finsler metric with the fundamental function L? = ( (ﬂﬁ4) )(0‘7;) =

I? = %, the Finsler invariants (4.2.6)) are given by:
e
SENCEO TR e
_ Pla—p) 38
P-1 = —W, P—2 = m (431)
e o= B)(da®? — afl? — 35°)
a(o— B)*
Using (4.3.1)) in (4.2.10]) we have,
T 54 7 1
XJ‘ - 36] 66 dov — a2b2 — afb? — 352)
—ﬁ —954 352(4a — B)(4a2b? — afb? — 33?)
= W a=s (a— D)
B*(4a — ﬁ3 4o — ) 33y,
( . am—ﬁ%)( <a—m4@+am—%ﬁ>' 132
Again using (4.3.1)) in (4.2.12)) we have,
i i 1 C2a?f i1 .
Y/ =0, — 1 <1i\/1+(2ﬁ+a)(a2+aﬁ+52)>bbj’ (4.3.3)

where
ﬁ4b2 (40&252 _ OéﬁbQ _ 362>2ﬁ2

=TT ala_py

Theorem 4.3.1. Consider a Finsler metric L* = (ﬁ)(%), for which the condition

is true. Then

i __ vivk
V=X

is a Finslerian nonholonomic frame with X; and Y;k are given by and

respectively.
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4.3.2 Finslerian Nonholonomic frame for (o, 8)-metrics L = (c;o?3+
3\ (a2
23°)(% )

In the second case, for a Finsler metric with the fundamental function L = (c;a?3 +

CQﬁ?))(aT;), the Finsler invariants (4.2.6) are given by:

p1 = 2010 + 8%, po = 20,
P—-1 = chﬁ, P—2 = 401, (434)

32 = 4C262(02b2 —+ 201)

Using (4.3.4) in (4.2.10]) we have,

2 2
X;ﬁ _ \/2(0104 + o3 )5?

32 j
) ( 26102 + 0P & \/2c§a2+cmﬁ2tlcgﬁ2(ch2+2¢1))
- 3 T (4.3.5)
(2¢28b; + 4cry;) (26285 + 4ery;)]
Again using (4.3.4)) in (4.2.12)) we have,
Yy=0- % (1 + \/1 - 62(6152’2?0%52)) o, (43.6)

where
b2(02b2 + 201)2
C1 ’

C? = (2c10%cy )b +

Theorem 4.3.2. Consider a Finsler space L = (cla25+02ﬁ3)(0‘7;), for which the condition

1s true. Then

i vk
Vi =Xy,
is a Finslerian nonholonomic frame with X; and ij are giwen by (4.3.5) and

respectively.
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4.3.3 Nonholonomic frame for Infinite series (o, f)-metric:

In the third case, for a Finsler metric with the fundamental function L = F? = (ﬁf—‘;)z,
the Finsler invariants (4.2.6)) are given by:
a? —af + (2 3a? — 208 + 232
pPr=—""—""F7 """ Po= > )
Q@ o
ad —3a% + 43 Bla?® — 3ap? + 43
pP-1 = 1 , P—2 = ( 6 y (437)
o Q@
B2 _ o — 3af? + 433 (b*a? — 5?)
10 :
Using (4.3.7) in (4.2.10)) we have,
N ey R LR
X, = \/ > 05 — (P2 = 79) (4.3.8)

(waz —af+ - ) & \/ (a2 — aff + ) (a2 — 2) -

B B
(0= 20) (- )

Again using (4.3.7)) in (4.2.12)) we have,

a3 —3af% 4+ 433
B

i . 1 a?(c? ;
Yj_53.—@(11\/1+a3+3a6(_a+m_263>bb] (4.3.9)

where

(o’ +0f + F)(0? = ) (08 =30 +45%) (PP — 57
ot o ab3 :

N 2
Theorem 4.3.3. Consider a Finsler meric L = (04 — 0+ %) , for which the condition
is true, then

i _ yiyk
‘/Y]_Xk}/;7

is a Finslerian nonholonomic frame with X; and ij are given by and

respectively.
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4.4 Conclusion

The frequent Finsler concept used by the physicists Beil and Holland is the existence of
a nonholonomic frame on the vertical subbundle VT'M of the tangent bundle of a base
manifold M. This nonholonomic frame relates a semi-Riemannian metric (the Minkowski
or the Lorentz metric) with an induced Finsler metric. In 2001,Antonelli and Bucataru
have decided such a nonholonomic frame for two important classes of Finsler spaces that
are dual in the sense of Randers and Kropina spaces.

In this chapter, the fundamental tensor field might be taught as the result of two
Finsler deformation. Then we can determine a corresponding frame for each of these two
Finsler deformations. Consequently, a Finslerian nonholonomic frame for a Finlser spaces
with (o, 3)-metrics, such a I** Finsler frame product of product of Infinite series metric and
Kropina metric and 17 Finsler frame product of Cube root metric and Kropina metric
and special (a, 3)-metric then we construct Finslerian nonholonomic frame for these. We
study the different types of Finsler space with («, #)-metrics which have nonholonomic

frames.
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Chapter 5

L-DUALLY OF RANDERS
CHANGE OF MATSUMOTO
METRIC

5.1 Introduction

Matsumoto metric is an interesting («a, 3)-metric introduced by using gradient of slope,
speed and gravity used to be studied by [91]. This metric formulates the mannequin
of a Finsler space. Many authors ([63],[91],[139]) have studied this metric via different
perspectives.

The L-duality of Finsler and Lagrange spaces used to be introduced via R. Miron[101]
and was intensively studied by using others. Concrete cases of Hemiltonians acquired by
means of L-duality methods were also constructed. In special, the L-dual of some (a, 3)-
metrics like Randers and Kropina are quite interesting ([50], [51]). In 2007, Masca[72],
has studied the L-dual of a Matsumoto space, very lately G.Shanker[90] have succeeded
to compute the L-dual of a Generalized Matsumoto space. One of the remarkable re-
sults obtained are the concrete L-dual of Randers,Kropina and Matsumoto metrics([50],
[51],[90]). However, the importance of L-duality is by far limited to computing the dual

of some Finsler fundamental functions.

99
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The cause of this chapter is to investigate the L-duality of the special («, 3)-metric

aa—jg + (8 which is regarded to be Randers change of Matsumoto metric.

5.2 The Legendre Transformation

Let F" = (M, F) be an n-dimensional Finsler space. The fundamental function F(z,y)

is called an (a, 8)-metric if F' is homogeneous of a and 3 of degree one, where o =

a(y,y) = ayy'y’,y = y'sn

» € T, M is Riemannian metric, and 3 = b;(x)y* is a 1-form on

TM =TM — 0.

A Finsler space with fundamental function:

F(z,y) = a(z,y) + B(z,y) (5.2.1)

is called a Randers space, where as the space having the fundamental function:

o?(z,y)
F(x,y) = 7 5.2.2
(@) Bz, y) (522)
is called a Kropina space.
A Finsler space with fundamental function:
o?(z,y)
F(x,y) = ’ 5.2.3
)= ) - B ) 023
is called a Matsumoto space.
The generalized metrics:
a™ (2, y)
Flz,y) = ——= (m#0,—1 5.2.4
(@) = Gt ) (52.4)
and
m+1
Play) = —2 08 20, 1) (5.2.5)
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are called generalized Kropina and Matsumoto metrics respectively and the spaces equipped
with the corresponding metrics are called generalized m-Kropina and generalized Mat-

sumoto space respectively.

Definition 1. A Cartan space C™ is a pair (M, H) which consists of a real n-dimensional
C*>-manifold M and a Hamiltonian function H : T* M\ {0} — R, where (T™M, 7%, M)
is the cotangent bundle of M such that H(x,p) has the following properties:

1. It is two homogeneous with respect to p;(i,j,k, =1,2,...,n).

2. The tensor field ¥ (z,p) = %ag%é; 1s nondegenerate.
i0Pj

Let C™ = (M, K) be an n-dimensional Cartan space having the fundamental function

K (z,p). We also consider Cartan spaces having the metric function of the following forms

(l0D):
K(z,p) = +/a(z)pip; + b'(z)p;. (5.2.6)
aijpz'pj
K(z,p) = T (5.2.7)
K(z,p) = «pip; (5.2.8)

V@i (2)pip; — bi(z)p;

with aijaj'“ = 6F and we will again call these spaces Randers, Kropina and Matsumoto

spaces respectively on the cotangent bundle T* M.

Definition 2. A regular Lagrangin (Hamiltonian) on a domain D C TM(D* C T*M) is

a real smooth function L : D — R(H : D* — R) such that the matriz with entries

gap(T,y) = (%(%L(JU, Y)(g*(z,y) = 3“3bH(x, y))
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is everywhere nondegenerate on D(D*).
A Lagrange (Hamilton) manifold is a pair (M, L(H)), where M is a smooth manifold and

L(H) is regular Lagrangian (Hamiltonian) on D(D*).

Example 1:
(a) Every Finsler space F™ = (M, F(z,y)) is a Lagrange manifold with L = 1 F?.
(b) Every Cartan space C" = (M, F(x,p)) is a Hamilton manifold with H = $F?. (Here
F is positively 1-homogeneous in p; and the tensor g% = %@(%F % is nondegenerate).

(¢) (M, L) and (M, H) with

La,y) = 5o (e)y'y’ +ba)y + cl)

and

H(r,y) = 5 (), + B (@)p + ().
are Lagrange and Hamilton manifolds respectively. (Here a;;,a” are the fundamental
tensors of Riemannian manifold, b; are components of covector field,b* are the components
of a vector fields, C' and C' are the smooth functions on M).

Let L(z,y) be a regular Lagrangian on a domain D C T'M and let H(z, p) be a regular
Hamiltonian on a domain D* C T*M. If L is a differential map, we can consider the fiber
derivative of L, locally given by the diffeomorphism between the open set U C D and
U* c D* ([101],[102]):

o(x,y) = (¢}, 0, L(x,y)). (5.2.9)
which is called the Legendre transformation. We can define, in this case, the function
H:U"'— R:

H(z,y) = pay® — L(z,y). (5.2.10)

where y = y* is the solution of the equation:

Pa = OaL(z,y). (5.2.11)
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In the same manner, the fiber derivative of H is locally given by:

o(z,p) = (xi,(‘?“H(x,p)), (5.2.12)

where ¢ is a diffeomorphism between the same open sets U C D and U* C D* and we

can consider the function L : U — R, such that
L(z,y) = pay® — H(z,p), (5.2.13)

where p = (p,) is the solution of the equations:
y* =0"H(x,p). (5.2.14)

The Hamiltonian given by is the Legendre transformation of the Lagrangian L and
the Lagrangian given by is called the Legendre transformation of the Hamiltonian
H.

If (M,K) is a Cartan space, then (M, H) is a Hamiltonian manifold ([101],[102]),
where H(z,p) = %K %(z, p) is 2-homogenous on a domain of T*M. So we get the following

transformation of H on U :
L(z,y) = pay" — H(z,p) = H(z,p). (5.2.15)

Theorem 5.2.1. The scalar field L(x,y) defined by is a positively 2-homogeneous
reqular Lagrangian on U.
Therefore, we get Finsler metric F' of U, so that

1
L= 5F? (5.2.16)

Thus for the Cartan space (M, K) we always can locally associate a Finsler space
(M, F) which will be called the L-dual of a Cartan space (M, Cjy-) vice versa, we can
associate, locally, a Cartan space to each and every Finsler space which will be called the

L-dual of a Finsler space (M, Fjy).
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5.3 The L-Dual of Randers change of Matsumoto

metric

In this section, we consider the Finsler (o, )-metric F' = aa—jﬁ + 3 we put, o =y, 3 =
biy', B* = b'pi,p' = ap;, 0’ = pip' = aVpip;.
We have :
2Fy F

a2 ala—p)
Contracting (5.3.1)) by p* and b’ respectively, we get

pi = %8"}72 =F { (y" — bia)} (5.3.1)

*2 2F3 F 2 * *

o _F[a2 s F —aﬁ)+5], (5.3.2)
* QFﬁ F 2 2

6] :F{QQ —a(a_ﬁ)(ﬁ—ba)er}, (5.3.3)

In [50], for a Finsler («, #)-metric F' on a manifold M, there is a positive function ¢ = ¢(s)
on (—bg; by) with ¢(0) =1 and F' = a¢p(s),s = g, where a = /a;;yy7 and 8 = b;y" with
18]l < bo, ¥ € M.  satisfies 6(s) — s'(s) + (17 — $°)6"(s) > 0, (Is| < bo).

A Randers change of Matsumoto metric is a special (o, §)-metric with ¢ = [1+s— 1].

Using Shens notation[127] s = g, 1} and 1' become

oF 1 B*
2= F - * 5.3.4
= .
and
2s 1
*=F - — )+ b?|. 3.
= F | e+ (5:39)
Putting (1 — s) =, so that s = (1 —¢) in (5.3.4) and (5.3.5)), we get
) 2F? P2 1.
a2:F{t—2—t—3+F(1+t—2)ﬁ], (5.3.6)

and

- {2(1; t) _ é(l )+ bQ} . (5.3.7)
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Now, we have following two cases:

Case 1. For b? = 1, from ([5.2.7)), we get

From (5.3.6) and (5.3.8), we get

(K —1)s* + 3Ks* +4s — (4K +5) =0,

CY*Q

W.
Solving ((5.3.9) for s, using maple, we get

where K =

| —q @ p? —q @
S=lg TV T T 1 o7
where
_[A*—2A°+B]  [3C - AB
p 3 .q 3 7
and
3K 4 4K +5
A= = C = .
(K —1) (K —1) 1- K

F =

From ([5.2.15)) and (5.2.16)), we get

H(x,p) =

1 1
3 3
ﬂ;[l—[-?u §+3| - [#-vE+5)

Hence we have the following theorem :

1 1
— 2 3g _ 2 3§ A
24 |F+EHE| + |- E4E] —g]
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(5.3.9)

(5.3.10)

(5.3.11)

(5.3.12)

(5.3.13)

(5.3.14)
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Theorem 5.3.1. Let (M, F) be a Randers change of Matsumoto space and b = (aijbibj)%

the Riemannian length of b;. Then if b* = 1, the L-dual of (M, F) is the space having the
fundamental function (5.3.1/)).

Case II. For b* # 1, from (5.3.7)), we get

Fe Bt (5.3.15)
=223t (b2 —-1) ] o
from (5.3.6) and (5.3.15)), we get

st A3 4 Axs® + Ass + Ay =0, (5.3.16)

where

Ap = (4Kb* — 10KV — 4b? + 4K +6)/A, Ay = (—8Kb* + 12Kb* + 80> — K —7)/A

Az = 8KV —4KbB*—8b*+1) /A, Ay = (—4 Kb +4b°+1) /A, A = (= Kb +4 Kb +b*—4K —2)

Using maple, after long computations solving ((5.3.16)) for s,we get

—Hy+/H} — 4HH; A
21

, 5.3.17
- ; (5.3.17)
where
H, =B, +2C,Hy, = —By, Hy = B? — B3 + 2B,C + C?,
—3A2 A3 A A —3AY  A3A,  A2A
B =" P By = - T A By = L Ah S

256 4 16

- [ p\" (-n [P P\ b
c= (T2 iE Y R IS ) I
2 + 4 + 27 * 2 4 * 27 37

. [Df 2D}

DD,
— — — 4+ Dy| ,Py=|Ds—
3 3 + 2],2 [3 3 ]7

+A47
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and
D, = gBl,Dz —2B? — By, D3 = 457 - 3228_ 155
From , we get,
F= P [—H2+W + %] . {‘H”W ) %] o 1). (5.3.18)

From (5.2.15)) and (5.2.16|), we get

4
B2 [1 _ —Ha+\/H3-4H1H3 i ﬂ]
2

2H, 1
H(z,p) =

2H, 2H,

2 2
[(bQ B 2) |:—H2+\/H22—4H1H3 + %‘| + 3 |:—H2+\/H22—4H1H3 + %‘| + <b2 . 1>]
(5.3.19)

Hence we have the following theorem :

Theorem 5.3.2. Let (M, F) be a Randers change of Matsumoto space and b = (aijbibj)%

the Riemannian length of b;. Then if b* # 1, the L-dual of (M, F) is the space having the

fundamental function :

5.4 Conclusion

As we know, Finsler geometry is just Riemannian geometry without the quadratic restric-
tion. Therefore, it is natural to extending the construction of locally dually flat metrics
for Finsler geometry. In Finsler geometry, Z.Shen extends the idea of locally dually flat-
ness metric in Finsler information geometry, which play a very important role in studying
many applications in Finsler information structure.

In this chapter, we proved the following two consequences first one is Let (M, F') be

a Randers change of Matsumoto space and b = (a;;b't/ )% the Riemannian length of b;.
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Then if b*> = 1, the L-dual of (M, F) is the space having the fundamental function([5.3.14])
and second one is Let (M, F) be a Randers change of Matsumoto space and b = (a;;bb7)2

the Riemannian length of b;. Then if b* # 1, the L-dual of (M, F) is the space having the

fundamental function(j5.3.19)).
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Chapter 6

CONFORMAL CHANGE OF
FINSLER SUBSPACES

6.1 Introduction

Let (M,L) be a Finsler space, where M is an n-dimentional differentiable manifold

equipped with a fundamental function L. Given a function o, the change
L(z,y) — @ L(x,y), (6.1.1)

is called a conformal change. The conformal theory of Finsler spaces has been initiated
by many authors. For a differential 1-form 3(z,y) = b;(x)y’ on M, Randers, introduced
a special Finsler space defined by 3-change L = L + 3, where L is Riemannian. In 2008,
S. Abed ([61], [62]) introduced the transformation L = @[ + 3, thus generalizing the
conformal, Randers and generalized Randers changes.

General change of Finsler metrics defined by:

L(z,y) — L(z,y) = f(e"™L(z,y), B(z,y))

where f is a positively homogeneous function of degree one in L := e’ L and 3. This change
will be referred to as a generalized J-conformal change. It is clear that this change is a

generalization of the above mentioned changes and deals simultaneously with 3-change
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and conformal change. It combines also the special case of Shibata (L = f(L,()) and
that of Abed (L = ¢°L,f3) .

In 1984, C. Shibata [I32] studied [-change of Finsler metrics and discussed certain
invariant tensors under such a change. In 1979, Singh, et. al. [140] studied a Randers
space F™(M, L(z,y) = (g;;(x)y'y?) 2 +b;(x)y?),n > 2 which undergoes a change L(z,y) —

L*(z,y) = L*(x,y) + (ou(x)y")*.

6.2 Preliminaries

Let F* = (M,L),n > 2 be an n-dimensional C'*° Finsler manifold with fundamental
function L = L(z,y). Consider the following change of Finsler structures which will be

referred to as a generalized 3-conformal change:

L(z,y) — L(z,y) = f(e"“ L(z,y), B(z,y)), (6.2.1)

where f is a positively homogeneous function of degree one in e’ L and 1-form (3 where,

B = bi(x)dx".
We define
_of . _of ,  0f
fl T 8_Laf2 C %7f12 C m» """ )
where L = e° L.

The angular metric tensor Bij of the space F™ is given by [146]

hij = e”phij + qomm;my; (622)
where
p = ffi/L, qa=1ffo, q=ffo po=fi+q, q1=ffa/L,

po1 = qa+pf/f, q2=f(e"fi1— fi/L)/L? p_s=qo+e"p*/f? (6.2.3)

m; = bi_ﬂyi/L27é07 o; = 00.
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hi; being the angular metric tensor of F". The fundamental metric tensor g;; and its

inverse g of F" are expressed as
Gij = €7pgij + pobibj + €7 p_1(biy; + bjyi) + € p_2yiy;, (6.2.4)

g7 = (e77/p)g” — sob't — s (V'Y +by") — s_ay'y, (6.2.5)
where

S0 = e_ngQO/(5PL2)7 S_1 = p—1f2/(€pL2),
5o = pal(e”m*pLl? =" f*)/(epBL?), (6.2.6)
e = fHe“p+mPq)/L*#0, m’= gijmimj.

gij and g" respectively being the metric tensor and inverse metric tensor of F™. The
Cartan tensor Cj;; and the associate Cartan tensor C_’fj of F™ are given by the following

expressions:

1 1
Ciji = e“pCijp, + §eap—l(hijmk + hjmy + hiim;) + o Po2mim;my, (6.2.7)
The (h)hv-torsion tensor C_’fj is expressed in terms of C}; as

5

(6.2.8)

where

1 —0 (o
Ml.lj = 2—p[e m' — pm?(sob’ + s_19")](e"p_1hij + poamim;)

_ eo'(S(]bl + Sflyl)(pcisjbs _'_p*lmlmj) + ];;;(himj + héml), (629)

dpo

h = g"hy, Doz = 3

j:

Ciji and ij respectively being the Cartan tensor and associate Cartan tensor of F". The

spray coefficients G* of F™ in terms of the spray coeflicients G* of F" are expressed as

G'=G"+ D', (6.2.10)
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where
. g . .
D' = ﬁ 2p — Bp-1 — e“p*L%s 5 — ps 1 (2e7pf + e“p_1 L*m?)]y" — 2¢7p” Bsob’}
A | . .
+ %e‘”Fg - §L20’ + 5(e"pEOO — 2qF50 + " pL?05)(s0b" + s_1y"), (6.2.11)

Ejw = (1/2)(bjie+bry),  Fiw = 1/2)(bj — bwyy),  F} = g™ Fy;,

the symbol ’|” denote the h-covariant derivative with respect to the Cartan connection
CT and the lower index 'y’ (except in sq9) denote the contraction by 3"
The relation between the coefficients NV ]’ of Cartan nonlinear connection in F™ and the

coefficients N ]’ of the corresponding Cartan nonlinear connection in F™ is given by
N; = N;+ Dy, (6.2.12)
where
. e 79 . . . .
D = —A; — (sob' + s_1y") Ayt — (gboy; + e’ pL?0;)(s_1b" + s_oy"), (6.2.13)

p

Aij = EoBij+ FioQj + by + EjoQi — 2(e”pClij + Vi) D

1
+ —UO[ZeUpgl-j -+ Qeap,lmjyi — 2ﬁBZj + €Up,1(biyj — b]yl)] (6214)

2
1 or2 o 1 o or2
- 5%(6 L7p_ymj + 2e“py;) + 503'(26 pyi + €7 L*p_1my),
Aj— = gliAlja 2B;; = e“p_1hij + poamym;, Qi = e p_1y; + pob;

The coefficients F, of Cartan connection CT in F™ and the coefficients FY, of the

corresponding Cartan connection CT" in F™ are related as

F = Fl + Dl (6.2.15)

J
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where

Dl = {(e77/p)g" — (sob" + s_1y" )b’ — (s_1b" + 5oy )y HFuQ; + F;Qr + EjQ

1
+ 5@(j7k7t)(260p0jkthm + 2‘/kaD;n — Kjkat - 2Bjkb0\t)} (6216)
1 1
Vijk = §eap71(hijmk + hjrmi + hmg) + P02t

Ky = Aigi; + Asbibj + Az(biy; + bjys) + Asviy;,
A = ¢“(2p—PBp-1), As=—Ppo, As=e"p1+ (5°/L%)pe,

Ay = € pa— (B/LYYpo2, O {Ajre} = Ajir — Arej — Agji,

The tensor D}k has the properties:

D}y = Bj,=Dj; Dj,=2D', where B}, = dD;.

6.3 Conformal transformation of Finsler space with

Killing vector fields
Let us consider an infinitesimal transformation
‘vt =2 + eV’ (1), (6.3.1)

where ¢ is an infinitesimal constant and v'(x) is a contravariant vector field.

The vector field v*(z) is said to be a Killing vector field in F™ if the metric tensor of
the Finsler space with respect to the infinitesimal transformation is Lie invariant,
that is,

£vgij == 0, (632)

£, being the operator of Lie differentiation. Equivalently, the vector field v*(z) is Killing
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in F™ if
Vil + 051 + 2C;0p0 = 0, (6.3.3)

where v; = gyv'.
Now, we prove the following result which gives a necessary and sufficient condition for a

Killing vector field in F™ to be Killing in F™:
Theorem 6.3.1. A Killing vector field v'(x) in F™ is Killing in F™ if and only if
Mo + Crjuv" Df + Crv" DY + v, (e T F;" — F) + ¢"CL(2Cuv' D" + v, D)) = 0, (6.3.4)

where C_'fj is the associate Cartan tensor of F™.

Proof: Assume that v*(z) is Killing in F™. Then (/6.3.3)) is satisfied. By definition, the

h-covariant derivatives of v; with respect to CT' and CT are respectively given as

(a) wvy; = 0ju; — e”(érvi)ég —eu Fj;, (b)) vy = 05 — (3Tvi)G§ — v, F},

YR

(6.3.5)

where §; = /027 and ’||" denote the h-covariant differentiation with respect to CT.

Equation (6.3.5))(a), by virtue of (6.2.10]), (6.2.15)) and (6.3.5))(b), takes the form

vy); = vitj — 2C0' D} — v (e F" — F). (6.3.6)

Now, from (/6.3.6)), we have

ol ol t t
Vil + s + 267 Chogo = vy + g + 27 Chyoe — 200" Dy — 2C,50° Dy

— 20.(eF;" — F;) = 2¢°CL(2Cu' D" + v, Dy). (6.3.7)

Using (6.2.10)) in (6.3.7) and applying (6.3.3)), we get

Ui”j + Uj||i + 2606_%1)1”0 = QMiljU”() — QC(H‘t?Jtl);T — QOTthtD;

— 20.(e F;" — F;) = 2¢°CL(2Cv' D" + v, Dy). (6.3.8)
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Proof completes with the observation that v*(x) is Killing in F™ if and only if v;; + v +

26"C_'fjvl||0 = 0, that is, if and only if |) holds.
If a vector field v'(z) is Killing in F™ and F™, then from Theorem 3.1, (6.3.4) holds,

which on transvection by 3 yields
2C,uv' D" + v, (e F;" — F) = 0. (6.3.9)
Equation , in view of , enables us to state the following:
Corollary 6.3.2. If a vector field v'(z) is Killing in F™ and F", then
Crv' D + Cpjpv' D} + vp (e F;" — FJ;) — M vyo = 0. (6.3.10)
As another important consequence of Theorem 6.3.1, we have the following:

Corollary 6.3.3. If a vector field v'(x) is Killing in F™ and F™, then the vector vi(z,y)

is orthogonal to the vector D'(x,y).

Proof: As vi(z) is Killing in F™ and F™, (6.3.4) holds, which on transvection by %’

gives (6.3.9). Again transvecting (6.3.9)) by ¢ , it follows that v, D" = 0. This proves the

result.

6.4 Finslerian Subspaces given by conformal $-change

Let M™ be an n-dimensional smooth manifold and F" = (M™, L) be an n-dimensional
Finsler space equipped with a fundamental function L(z,y) on M™. Then the metric

tensor g;;(z,y) and Cartans C-tensor Cyji(z,y) are given by

gij = (*L?*/oy'0y’) /2, Cijx = (89:;/0y") /2,
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and we can introduce in F™ the Cartan connection CT = (F},, G%, C4;). An m-dimensional
subspace M™ of the underlying smooth manifold M"™ may be parametrically represented
by the equation % = x'(u®)(i = 1,2, ....... ,n), where u® are Gaussian coordinates on M™
and Greek indices run from 1 to m. Here, we shall assume that the matrix consisting
of the projection factors B = 0x'/du® is of rank m. The following notations are also
employed : Bl = 9°2"/ou~du’, By = vaBgﬁ,ng:__ = Bngé ....... If the supporting
element y' at a point (u®) of M™ is assumed to be tangential to M™, we may then write
y' = B’ (u)v®, so that v* is thought of as the supporting element of M™ at the point
(u®). Since the function L(u,v) := L(z(u),y(u,v)) gives rise to a Finsler metric of M™,
we get an m-dimensional Finsler space I = (M™, L(u,v)).

At each point (u®) of F™, the unit normal vectors N/ (u,v) are defined by

gi;BLN? =0, gijN;Ng =0w (a,b,...... =m+1,... ). (6.4.1)

If (B, N#) is the inverse matrix of (BY,, N!), we have

BB =46° BIN*=0, N!B*=0, N!N’=¢, (6.4.2)

and further

B.BY + NiN? = §. (6.4.3)

Making use of the inverse matrix (¢°7) of (gag), we get Bf = g*%g;;B). By (6.4.1) and

(6.4.3), we also have §,,N? = g;; N
For the induced Cartan connection CT' = (F 5y G gw) on ™, the second funda-

mental h-tensor HZ; and the normal curvature vector HS in a normal direction N! are
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given by

HYy = N{(Bis+ FiBJ)+ M H), (6.4.4)

7

Hs = Nia(B(i]a + G;Bgz)v

where M, = C’kagN]‘-le and Bf, = Béavﬁ. Contracting Hg, by v?, we immediately
get

Hg, == Hj,0" = H. (6.4.5)

Lets introduce in F™ = (M", L) the Cartan connection CT = (F;k, G, C_']Zk) from a
generalized conformal [-change of the metric.

We now consider a Finslerian subspace F™ = (M™, L(u,v)) of F™ and another Finsle-
rian subspace F'™ = (M™, L(u,v)) of the F™ given by the generalized conformal 3-change.
Let N! be unit normal vectors at each point of F™, and (B®, Nf) be the inverse matrix
of (B!, N?). The functions B! (u) may be considered as components of m linearly inde-
pendent vectors tangent to F™ and they are invariant under the generalized conformal

(-change. The unit normal vectors N¢(u,v) of F™ are uniquely determined by
Gy BANI =0, gy NoNj = bap. (6.4.6)

The fundamental tensor g;; = (02L?/dy'0y’)/2 of the Finsler space F™ given by (6.2.4),
6275).

Now contracting (6.4.1)) by v*, we immediately get
y; N =0 (6.4.7)

Further contracting by NC’;Ng and paying attention to , and ,

we have

31 NINY = €“pdas + po(biN,) (b;NY). (6.4.8)
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Putting a = b, then we obtain

i (N /€7 + po(b;N2)2) (£ N3 /\/ep + po(b:Ni)2) = 1, (6.4.9)

provided e?p + po(b; Ni)? > 0. Therefore we can put

N = Ni/v/eop+ po(b:iN})?, (6.4.10)
where we have chosen the sign ” +” in order to fix an orientation. On using (6.4.1]) and
(6.4.7)), the first condition of (6.4.6]) gives us

(b: N, ) (pob; B, + €7y; B%) = 0. (6.4.11)
Now, assuming that pob; B + ¢’p_1y; B2 = 0 and contracting this by v*, we find po3 +
e’p_1L?* = 0. By (66.2.4)) this equation lead us to ffz = 0, where we have used Lfr5 +
Bfss = 0 and Lf; + Bfs = f owing to the homogeneity of f. Thus we have fz = 0

because of f # 0. This fact means L = f(L) and contradicts the definition of a generalized

conformal (3-change of metric. Consequently gives us
biN! = 0. (6.4.12)
Therefore (6.4.10)) is rewritten as
N:= N!/\/eop (p>0). (6.4.13)
and then it is clear N! satisfies . Summarizing the above, we obtain

Theorem 6.4.1. For a field of linear frame (Bi,....... Bl Ny NE) of F™, there

exists a field of linear frame (Bi,....... , B!, N’rin—i—h ..... ,N) of F™ given by the generalized
conformal 3-change such that is satisfied along F™, and then we get .

The quantities B® are uniquely defined along F™ by

By = g*’g;; Bl (6.4.14)
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where g* is the inverse matrix of g,s. Let (B®, N&) be the inverse matrix of (B!, N),
we have

B'B=6% BIN*=0, NB*=0, N!N’=¢, (6.4.15)
and further

B.B§ + NN = 4. (6.4.16)
we also get 0, NP = g;; N7, that is,
N = \/e"pN}. (6.4.17)
Now assuming that the covector field b;(z) is gradient, we have from (6.2.13])
NED' = 0. (6.4.18)
Differentiating by 3’ and contracting it by BJ, we get
N{DB! = 0. (6.4.19)

If each geodesic of F™ with respect to the induced metric is also a geodesic of F™,

then F™ is called totally geodesic. A totally geodesic subspace F™ is characterized by

each H? = 0. From (/6.4.4)) and (6.4.17) we have
HE = /e?p(HE + N{'D,BY,). (6.4.20)
Thus from (6.4.19)) we obtain H? = \/epH?2. Hence we have

Theorem 6.4.2. Assume that the covector field b;(x) is gradient. Then the subspace F™

is totally geodesic, if and only if the subspace F™ is totally geodesic.

From (6.4.4), (6.4.17) and Lemma 2.1, we have H® = \/e?pH?. Thus we obtain

Theorem 6.4.3. Let b;(x) be parallel with respect to CT' on F™. Then the subspace F™

is totally geodesic, if and only if the subspace F™ is totally geodesic.
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If each h-path of ™ with respect to the induced connection is also an h-path of

F™ then F™ is called totally h-autoparallel. A totally h-autoparallel subspace F™ is

characterized by each HS; = 0. From (6.4.4)), (6.4.5), (6.4.17) and Lemma 2.1, we obtain

Theorem 6.4.4. Let b;(x) be parallel with respect to CT on F™. Then the subspace F'™

is totally h-autoparallel, if and only if the subspace F™ is totally h-autoparallel.

6.5 Conclusion

The infinitesimal symmetries of space-time are expressed by so-called Killing vector fields
in general relativity. Therefore, it is an important problem to determine the Killing vector
fields of different classes of generalized metrics. In a Euclidean space, translations are
distinguished from other types of isometries by the property that their orbits are straight
lines. This property is used to generalize the notion of translations to more general classes
of metrics, translations are Killing vector fields whose integral curves are at the same time
geodesics.

In this chapter, we consider a general Finsler space F™(M, L) which undergoes con-
formal and (-change, that is L(z,y) — L(z,y) = f(e?® L(x,vy), B(x,y)) where 3(z,y) =
bi(r)y' is a 1-form. We study Finslerian subspace F™ = (M™, L(u,v)) of F™ and another
Finslerian subspace F™ = (M™, L(u,v)) of the F™ subjected to the generalized confor-
mal [g-change. Further, we consider a Finsler subspace is totally geodesic and totally
h-autoparallel and we also examine the classical approach to the problem of existence of
Killing vector fields and study how they vary from point to point and how they are related
to Killing vector fields defined on the whole manifold and as its consequences we obtained
Corollaries 6.3.2 and 6.3.3. Since the Killing equation is a necessary and sufficient

condition for the transformation (6.3.1)) to be a motion in F", condition ([6.3.4]) obtained
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in Theorem 5.3.1 may be taken as the necessary and sufficient condition for the vectorfield
Vi(z), generating a motion in F", to generate a motion in F™ as well. It is clear that
vector field v*(x), generating an affine motion in F™ | generates an affine motion in F™ if
condition holds. Our study has applications to link various transformations in F™

with the corresponding transformations in ™.
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