A THESIS ENTITLED

THE STUDY OF GEODESIC ORBIT IN
HOMOGENEOUS FINSLER SPACES

Submitted to the

Faculty of Science and Technology

KUVEMPU W) UNIVERSITY

For the Award of the Degree of
Doctor of Philosophy
MATHEMATICS
by
SUREKHA DESAI

Research Supervisor
Dr. S K NARASIMHAMURTHY

Professor

Department of P.G. Studies and Research in Mathematics,
Jnana Sahyadri, Shankaraghatta - 577 451,

Shivamogga, Karnataka, India.

February 2023



A THESIS ENTITLED

THE STUDY OF GEODESIC ORBIT IN
HOMOGENEOUS FINSLER SPACES

Submitted to the

Faculty of Science and Technology

KUVEMPU W) UNIVERSITY

For the Award of the Degree of
Doctor of Philosophy
MATHEMATICS
by
SUREKHA DESAI

Research Supervisor
Dr. S K NARASIMHAMURTHY

Professor

Department of P.G. Studies and Research in Mathematics,
Jnana Sahyadri, Shankaraghatta - 577 451,

Shivamogga, Karnataka, India.

February 2023



Dedeécated to

MY BELOVED PARENTS




DECLARATION

I hereby declare that the thesis entitled The Study of Geodesic Orbit in Homoge-
neous Finsler Spaces, submitted to the Faculty of Science and Technology, Kuvempu
University for the award of the degree of Doctor of Philosophy in Mathematics is the
result of research work carried out by me in the Department of Mathematics, Kuvempu
University under the guidance of Dr. S. K. Narasimhamurthy, Professor, Depart-
ment of P. G. Studies and Research in Mathematics, Kuvempu University, Jnanasahyadri,
Shankaraghatta.

I further declare that this thesis or part thereof has not been previously formed the

basis of the award of any degree, associateship etc., of any other University or Institution.

<

Place: Jnanasahyadri M/

Date: 98-02-92093 Surekha De.sai



KUVEMPU

UNIVERSITY

Dr. S.K. NARASIMHAMURTHY w.sc.,, m.phit, ph.o,

Professor and Chairman

Dept. of, P.G Studies and Research in Mathematics,
Kuvempu University, Jnana Sahyadri,
SHANKARAGHATTA-577 451,

Shimoga, Karnataka, INDIA.

Phone: 094485 90043 (M), 08282-257310 (O), e-mail: nmurthysk@gmail.com

CERTIFICATE

This is to certify that the thesis entitled The Study of Geodesic Orbit in Homogeneous
Finsler Spaces, submitted to the Faculty of Science and Technology, Kuvempu University for
the award of the degree of Doctor of Philosophy in Mathematics by Surekha Desai is the result
of bonafide research work carried out by her under my guidance in the Department of P. G.
Studies and Research in Mathematics, Kuvempu University, Jnanasahyadri, Shankaraghatta.

This thesis or part thereof has not been previously formed the basis of the award of Any

degree, associateship etc., of any other University or Institution.

\j\((\rccc_cnaa%

Place: Jnanasahyadri Prof. S K Narasimhamurthy

Date: 1§ -0 3-2013 Dr. SisARASIHEHAMURTHY

M.Sc.,M.PhiLPh.D.,

Professor
of Studies in Mathematics
KUVEMPY URIVERSITY, Jnana Sahyadri
SHANKARAGHATTA-577 451
Shivamocgga, Karnataka, INDIA.


mailto:nmurthysk@rediffmail.com

ACKNOWLEDGMENT

With great pleasure I take this opportunity to express my deep sense of gratitude and
heart-felt thanks to several individuals from whom I recieved impetus, motivation and
invaluable help during the course of my research work.

Firstly, I would like to thank the supreme god for everything in my life. The good
and bad, some were blessings and some were lessons. | express my respectful thanks and
deep sense of gratitude to my guide Dr. S. K. Narasimhamurthy, Professor and Chairman,
Department of P. G. Studies and Research in Mathematics, Kuvempu University. Without
his support, inspiration, suggestions, motivation and creative guidance, this work would
not have been possible. I would like to thank him for his precious suggestions in completion
of this work.

A special and deep sense of gratitude to Prof. C. S. Bagewadi, Emeritus Professor,
Department of P. G. Studies and Research in Mathematics, Kuvempu University for his
kind support, help, advice and precious suggestions.

I express my special gratitude to Prof. B.J. Gireesha, Prof. Venkatesha, Department
of P. G. Studies and Research in Mathematics, Kuvempu University and Dr. Venkatesh
P., Associate Professor, Sahyadri Science college, Shimoga, for their suggestions and kind
co-operation.

I extend my sincere thanks to Prof. Pradeep Kumar, Presidency University and Dr.
Ramesh M., Jain University, for valuable suggestions and discussions which are indeed
helped throughtout my research work. Thanks to them for their concern on me.

I express my special grattitude to my colleague Mr. Raghavendra R. S., from the
beginning of my research career to the present he has always supported me. I am very
much thankful for his invaluable moral support, endless patience and support throughtout
my research work.

My sincere thanks to all my senior and junior research colleagues and my friends

Varnashree, Salma and my roomates Savithra and Supraja for their love, affection and



kind support. I would like to offer my thanks to who directly and indirectly helped me
in the completion of my research work. In addition, I would like to express my gratitude
to non-teaching staff Mrs. Latha M. P., Mr. Shivakumar and Mr. Rakesh, and library of
Kuvempu University for providing useful information for my research work.

Words fail to express the deep appreciation to my loving parents Shri. Hanamantray
Desai, Smt. Aniladevi Desai, my brother Shivakumar, and my sisters Shobha, Renuka,
Nirmala, Savita, my nephews Arush and Prabhas, brother-in-law and sister-in-law for
supporting me spiritually throughout my Ph.D. study period and my life in general,
without their inspiration, drive and support that they have given me, I might not be the
person I am today.

Finally, I offer my regards to all of those who supported me in any respect during the

completion of my Ph.D. Many Thanks!

Place: Jnana Sahyadri

Date: Surekha Desai



Nomenclature/Notations
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N" — n-dimensional manifold,
L - Finsler metric,
gij — metric tensor,
F™ —  Finsler space,

TN — Tangent bundle,
TpN — Tangent space,
hij — Angular metric tensor,

Normalized element of support,

Cyr  — Cartan’s tensor,
7;'19 Christoffel symbol,
N} Non-linear connection,

h-covariant derivative w.r.t Cartan’s connection,
v-covariant derivative w.r.t Cartan’s connection,

—  Covariant derivative w.r.t Berwald’s connection,
ije — Cartan’s third curvature tensor,

i
hjk — hv-curvature tensor,

vil



Nomenclature

‘v — h-torsion tensor field,
Q — Riemannian metric,
I5; — Differential 1-form,
D!, — Douglas tensor,
Ric — Ricci curvature,
R;.  — Ricci curvature tensor,
“Ric — Ricci curvature of «,
N? — Normal vector,
P, — Torsion tensor field,

K(P,n) — Flag curvature,
B! — Projection factor,

i
hjk ~— Douglas tensor.

Viil
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Preface

Geometry is a part of Mathematics concerned with questions of size, shape and relative
position of figures and with properties of space. Initially a body of practical knowledge
concerning lengths, areas and volumes in the third century B.C., geometry was put into a
axiomatic form by Euclid, whose treatment is known as Euclidean Geometry. Differential
geometry has a long history as a field of Mathematics. The authors Schouten and Van
Dantzing in 1930, first tried to transfer the results of differential geometry of spaces with
Riemannian metric with affine connection to the case of spaces with complex structure.

The theory of spaces with a generalized metric was initiated by Finsler in 1918 under
the influence of geometrization of variation calculus and was developed independently by
Synge, Taylor and in particular, Berwald in the middle of 1920’s as a generalization of
Riemannian geometry. The study of Finsler spaces has important significance in physics.
The concept of homogeneity is one of the fundamental notions in geometry although
its means must be specified for the concrete situations. Homogeneous Finsler spaces
emphasizes the relationship between Lie group and Finsler geometry. Let (N, F') be a
connected Finsler space. The group of isometries of (IV, F'), denoted by I(N, F') is a Lie
transformation of N. We say that (IV, F') is homogeneous Finsler space if the action of
I(N, F)on N is transitive. A homogeneous Finsler space emphasizes the relation between
Lie groups and Finsler geometry. A geodesic vector is a non-zero vector that generates
a geodesic curve. The non-zero vector of a geodesic orbit in homogeneous Finsler space
was first described by Dariush Latifi.

This thesis comprises of six chapters commencing with introduction as Chapter 1,

which consists of concise history of Finsler geometry, homogeneous Finsler spaces and
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its applications, definitions and description of significant terms involving formulae. It
includes various types of curvatures such as Riemannian curvature, Flag curvature, S-
curvature, Ricci curvature etc., and also geodesic orbit spaces, invariant Finsler metric,
Projective change, Non-holonomic frames, and hypersurfaces.

Chapter 2 is devoted to study of the explicit formulae for the flag curvature of
homogeneous Finsler spaces with some special («, 5)-metrics. First, we discusses a brief
review of literature of Flag curvature. Further, by using Puttmann’s formula we give the
formula for flag curvature of naturally reductive homogeneous Finsler space with (a, 3)-
metric. Also, we have discussed the existence of homogeneous geodesics for the space

(N, F') and obtained the following results:

e Let a compact Lie group G contains a closed subgroup H with Lie algebras g and § of
G and H respectively. Also an invariant Riemannian metric & on the homogeneous
space G/H such that (v, w) = (((v),w)), where ¥ : g — g,Vv,w € g is a positive
definite endomorphism. Suppose that an invariant vector field @ on homogeneous
space G/ H is parallel with respect to Riemannian metric @ and @y = v and assume
that ' = a + \/m be a special (a, §)-metric arising from & and @ such that
its Chern connection of F' and the Riemannian connection of a are coincides, and a
flag {P,n} in Ty (G/H) such that {{,n} is an orthonormal basis of P with respect

to (-,-). Then the flag curvature of the flag { P,n} is given by

(¢ R(¢,mn) St + (u, ¢){u, R(C,m)n)S2 + (n, R(¢,m)n)Ss

KB = 8+ 4(u,n)” +2(u, ¢)° + A ’
where
6oy 2 o il o ()
1+ (u,n)? (1+ (u,m)?)2 (1+ (u,m)?)2
Sa =8+ 8(u,m)* + 2{(u, O)*(1 + (u,m)*) + (u, )", = 2(u, ()* — (u,m)*(u, (),
Sy 2(u, ¢)* Ss < )2 (u, ¢)?

A =

“‘3

N

T+ (u,m)?2 T+ um? (14 (u,n)?) (L4 (u, )%

e Let a homogeneous Finsler space (G/H, F') with («, 8)-metric F' = o + /a2 + 32

be defined by an invariant Riemannian metric & and an invariant vector field v such
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that the Chern connection of F' coincides the Levi-Civita connection of &. Then
(G/H, F) is naturally reductive if and only if the underlying Riemannian space

(G/H,@&) is naturally reductive.

e Let a homogeneous Finsler space (N, F) with F' = o + \/m defined by the
Riemannian metric a = a;;dz’ ® da? and the vector field u corresponding to 1-form
B. Then the homogeneous Finsler space (NN, F') with the origin p = {H} and with
an Ad(H )-invariant decomposition g = [+ b is naturally reductive with respect to
this decomposition if and only if for any vector u € [\ {0}, the curve (t) is geodesic

of homogeneous Finsler manifold, here ~(¢) is exp tu(p).

Chapter 3 deals with the study of the existence of invariant vector fields of homo-
geneous Finsler spaces with (o, 5)-metrics. The formula for S-curvature of homogeneous
Finsler spaces with an (o, §)-metric is obtained. Further, using it, it is shown that these
homogeneous Finsler spaces have isotropic S-curvature if and only if they have vanishing
S-curvature. In the last section, the formulae for mean Berwald curvature of homogeneous

Finsler spaces with («, f)-metrics are obtained. We have proved the following results:

e Let G/H be reductive homogeneous Finsler space with a decomposition of the Lie

Oé2

algebra g =bH+1, and F' = W + [ be a G-invariant Randers-Matsumoto metric
a JR—
on G/H. Then the S-curvature is given by

6s* — (9n + 15)s® + (6b*n + 27n + 21)s? — (16b%n + 10b* + 14n
+ 14)s + 40?n + 1062 4 2n + 2

S(H,n) = 2(s2 — s — 1)(202 — 35 +1)2

(S o+ ).

where u € [ corresponds to the 1-form 3, [ is verified with the tangent space
Ty(G/H) of G/H at the origin H.

e Let G/H be reductive homogeneous Finsler space with a decomposition of the Lie
2

algebrag=H+land F = —
(= B)

+ [ be a G-invariant Randers-Matsumoto metric
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on G/H. Then (G/H, F) has isotropic S-curvature if and only if it has vanishing

S-curvature.

e Let G/H be a reductive homogeneous Finsler space with a decomposition of the Lie

052

(o= p)

Then the mean Berwald curvature F;; of the homogeneous Finsler space with special

algebra g = h+ [, and F' =

+ (8 be a G-invariant special metric on G/H.

(e, B)-metric is also derived.

In Chapter 4, we discuss the geodesic orbit of homogenous Finsler spaces and we have
proved the necessary and sufficient conditions for a non-zero vector in these homogeneous
spaces to be a geodesic vector with two different (o, 3)-metrics. We have obtained the

following results:

2

e Let N be a homogeneous Finsler space with Matsumoto metric F' = a 5 Then
a —_
a vector 1(# 0) € g is a geodesic vector if and only if
([, €l Il = 2{w, mym+ | *u) = 0,
holds for every £ € I.
. B2
e Let (N, F) be a homogeneous Finsler space with special metric F' = ae« +—. Then

!
a non-zero vector n € g is a geodesic vector if and only if

(v oo (52) oo (5) 58
+ (!m| exp (%) + 2<u,n[>) u> —0,

holds for every & € [.

e For a homogeneous Finsler space (N, F), there exists at least one homogeneous
2

a—f

e For a homogeneous Finsler space (N, F'), there exists at least one homogeneous

2
geodesic, with metric F' = aes + B—
o

geodesic, with Matsumoto metric F' =



Preface v

e Using above results, we discuss the geodesic vectors for a two-step nilpotent Lie

group of dimension five with left-invariant (o, §)-metrics.

In Chapter 5, the concept of Ricci curvature in Finsler geometry is discussed. Cur-
vature properties of homogeneous Finsler spaces with (o, 5)-metrics are among the most
significant topics in Finsler geometry. Here, we have obtained the formulae for Ricci cur-
vature of homogeneous Finsler spaces with special («, §)-metrics. Based on this formula,
we have discussed the condition for vanishing S-curvature for the space (G/H, F). We

have obtained the following results:

e A compact homogeneous Finsler space G/H with G-invariant special metric F' =

a+ +/a? + B2. Then the Ricci curvature is given by Eq. (5.3.1)).

e Let (N = G/H,F) be a compact connected homogeneous Finsler space with G-
invariant special metric F' = a + y/a?+ 2 on G/H. Suppose that (N, F) has
vanishing S-curvature. Then Ricci curvature is given by

62

Ric(Z) =Ric*(Z) — —(Cly)* K19 + Ea(Z) (20;003m +Cn CY >K24
2

4 qm = qm
C

- ZQQ(Z)( 1)? Ko,

—2(s*Vs?+1—s*—¢) 2s —s?
, Koy=—, Ky=—5.
P*/s? + 1 ¢ ¢

Chapter 6 focuses on some properties of Finsler space with («, 5)-metrics. In this

where, Z(# 0) € l and K9 =

chapter we discuss the nonholonomic Finsler frames, hypersurface and projective flatness
of Finsler space with («, 5)-metrics. Nonholonomic frames have been studied by many ge-
ometers and the concept of nonholonomic Finsler frames was introduced by P. R. Holland
in 1982, when he studied electromagnetism by considering the charged particles moving
in an external electromagnetic field. Many researchers have worked on this concept with
different (v, f)-metrics. In 1985, M. Matsumoto studied the theory of Finslerian hyper-
surfaces, a hyperplane of the first kind, a hyperplane of the second kind, and a hyperplane
of the third kind are three different forms of Finslerian hypersurfaces that he investigated.

Next we have discussed the projectively flat Finsler spaces with special («, 5)-metric. The
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condition for a Finsler space to be projectively flat was studies by L. Berwald and this

work was completed by M. Matsumoto. We have discussed the following results:

042

a—pf

invariants p, pg, p—1, p—z which satisfies the condition, p_13 + p_oa® = 0. Then we

e For the deformed Finsler metric F' = (a + f3) ( ), we have obtained Finsler

have constructed a nonholonomic Finsler frames, which are given by,
i = Ak

where X} and Y]"“‘ are given by Eqgs. (6.2.13)) and (6.2.14)) respectively.

2
e For the deformed Finsler metric F' = («a + f) (a + 38+ ﬁ—), we have obtained
o

Finsler invariants p, pg, p_1, p—2 which satisfies the condition, p_i8 + p_sa® = 0.

Then we have constructed a nonholonomic Finsler frames, which are given by,
i yivyk
Vi =Xk
where X} and ij are given by Fqgs. (6.2.16)) and (6.2.17)) respectively.

e By considering the hypersurface of a Finsler space with generalized Matsumoto

metric, we have obtained the following results:

(a) The induced metric structure of the generalized Matsumoto metric on the

hypersurface F"~! and obtained the scalar function b(z) given by b;(z(u)) =

b2 A - omb? .
T N; and b = /b2 ((m2 +m)b® + 1)N* + ——n', where N; is
a

m? 4+ m)b?

a unit normal vector.

(b) For the generalized Matsumoto metric on the Finsler hypersurface F™~! the sec-

b2
ond fundamental tensor is given by M,z = 2—\/ 5 (mZ £ )l
o m?+m

(¢) Further, using Matsumoto’s results, we have discussed the properties of hyper-

m

hag, My = 0.

surface F™~!(c) that it is a hyperplane of a first and second kind but not of
third kind.

e A Finsler space F™ with an (a, 8)-metric F' = o+ +/a? + 32 provided b? # 1 is pro-
jectively flat if and only if the associated Riemannian space (N™, «) is projectively

flat and b;,; = 0.



Chapter 1

Introduction

1.1 History and Development

Finsler geometry is a branch of differential geometry, has been started with Finsler’s
famous dissertation. In 1918, a German mathematician Paul Finsler studied Finsler
geometry under the supervision of C. Caratheodory who intended to geometrize the cal-
culus of variations. It is actually the geometry of a simple integral and is considered
as old as the calculus of variations. The name ‘Finsler Geometry’ was first given by J.
Taylor in 1927. Later, E. Cartan aquainted a system of axioms to give a Finsler connec-
tion from the fundamental function F(z,7n). In Riemannian geometry, the connection of
choice was assembled by Levi-Civita, using the Christoffel symbols. It has two remark-
ably distinguished attributes, metric compatibility and torsion freeness. Furthermore, the
Levi-Civita connection operates on the tangent bundle T'N of our underlying manifold
N. But we cannot say the same for its Finslerian counterpart. Finsler geometry is not
considered as a generalization of Riemannian geometry, it is described as Riemannian
geometry without quadratic restriction. The metric ds* = F?(x,dz) = g;j(x)dz'da?, is

called Riemannian metric. The geometry based on the this metric structure with n-form
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and F' is positively homogeneous of degree 1 in dz; is now called as Riemann-Finsler
geometry or Finsler geometry in short.

The general development took a curious turn away from the basic aspects and later on
methods of the theory were developed by P. Finsler. Finsler did not use tensor calculus.
In 1925, the methods of tensor calculus were applied to the theory of Finsler spaces
independently but almost at the same time by Synge [77], Taylor [79], who introduced a
special parallelism and Berwald [I1] introduced the concept of connection in the theory of
Finsler spaces. It was found that the second derivative of %F %(z,dx) with respect to dz;
functioned very well as components of a metric tensor, similar to Riemannian geometry,
and that the connection coefficients could be derived from the differential equations of the
geodesics, with the help of which Levi-Civita’s generalized parallel displacement could be
defined. Finsler geometry contains analogs for huge number of the common questions in
Riemannian geometry. For instance, length, geodesics, curvature, connections, covariant
derivative, and structure equations.

S. S. Chern (1911-2004), one of the greatest mathematicians of the 20th century,
introduced a connection for Finsler metric in 1948, known as Chern connection which is a
generalization of Levi-Civita connection in Riemannian geometry. Levi-Civita connection
is metric compatible and torsion-free, but Chern connection is torsion-free and almost
metric compatible.

L. Berwald introduced the notion of flag curvature, which is the natural generalization
of sectional curvature in Riemannian geometry. In 1972 [45], generalizing the Randers
type and Kropina type metrics, Matsumoto introduced the concept of («, 5)-metrics, « is

a Riemannian metric and § is a 1-form. In 1997, [73] Zhongmin Shen, while studying the
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volume comparison in Riemann-Finsler geometry, introduced the notion of S-curvature.
S-curvature is a non-Riemannian quantity, plays an important role in Finsler geometry
and is related subtly with flag curvature of Finsler metrics.

In later years, Finsler geometry got more attention by physicists. A Norwegian physi-
cist, G. Randers [65] used the concept of Finsler geometry to study the theory of elec-
tromagnetism and gravitation and introduced a metric called “Randers metric”. Another
physicist, R. S. Ingarden used Finsler structure to study electron microscope in 1948.
Further, important contribution came from the German mathematician, H. Rund [67]
who studied parallelism based on Minkowski geometry while Cartan studied the paral-
lelism from the viewpoint of Euclidean geometry. One of the famous geometer R. Miron,
a fellow researcher of Matsumoto, build a field of orthonormal frames associated to an
n-dimensional Finsler space, in 1974. It was named Miron frame by Matsumoto in his
monograph “Foundations of Finsler geometry and special Finsler spaces [47]”. In his
lecture at the University of Brasov, Miron introduced the Finsler connection as linear
connections in the tangent bundle T'N which is tangent to a manifold N. In 1989, M.
Matsumoto [48] proved that a slope of a mountain with respect to time measure is a
Finsler structure.

The importance of S-curvature in Riemann-Finsler geometry can be seen in several
papers [75, [74]. S-curvature is used to measure the rate of change of the volume form of
a Finsler space along geodesics.

Finsler geometry has abundance of applications in physics, mechanics and information
geometry. During 1980s, R. S. Ingarden, P. L. Antonelli and among others developed new

applications in biology, optics, quantum physics, psychology, geosciences and geodesy [19].
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This theory was applied to the electron microscope by R. S. Ingarden and P. L. Antonelli
used the Finsler geometry in biology. Finsler geometry has its roots in various problems
from Differential equations, Calculus of variations, Mechanics, Theoretical physics.
Finsler geometry was first connected in gravitational hypothesis, and this application
prompt redresses to observational outcomes anticipated by general relativity. The main
application of Finsler geometry is the geometrization of electromagnetism and gravitation.
Some («, §)-metrics are essential for Cosmology, in application perspective. These days
Finsler geometry has discovered a plentitude of applications in both physics and practical

applications.

1.2 Basic concepts of Finsler space

Definition 1.2.1. Let N be an n-dimensional smooth manifold, F' : TN — [0, +00) be
a non-negative function on the tangent bundle TN. F' is called a Finsler metric on N if
it satisfies the following conditions:

1. F(z,An) = AF(z,n),VA > 0 (Positively homogeneous);

2. F(z,n) is a C* function on the slit tangent bundle Ny = T'N \ {0};

1 0°F? ivel
———— is positively
2 Ontony

3. For any non-zero vector n # 0, the Hessian matrix g;;(x,n) =

definite.

A differentiable manifold N equipped with a Finsler metric F' is called a Finsler man-

ifold or Finsler space denoted by (N, F).

Lemma 1.2.1. [76] Let F = a¢(s),s = é, where ¢ is a smooth function on an open
!

interval (—bg, by), v is a Riemannian metric and § is a 1-form with |3, < by. Then F
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s a Finsler metric if and only if ¢ satisfies the conditions:
B(s) >0, &(s) —s¢'(s) + (b* — s%)¢"(s) >0, V|s| <b< by

Definition 1.2.2. A Finsler metric F' on a differentiable manifold NV is called an (a, 3)-
metric, where « is a Riemannian metric, o = \/a;;(z)n'n/ and 3 is a 1-form, 8 = b;(z)n’,

if F'is a positively homogeneous function of degree one in o and S.

M. Matsumoto has introduced the concept of («, 5)-metric in 1972 [45]. In physics
and biology, («, §)-metrics have several applications.

Here are some notations are related to («, )-metrics

o, — Dii b o = Dug — by b iy
J 9 ) ij 9 ) j aj>
i = bjrjl- = bj?”g, S; — biji = bng, r = T’ijbibj = biT’i,
Too = Tijﬁiﬁj, Tio = Tiﬂ?ja Si0 = Sijnja
To = 7‘i77i, So = sm’} 3; = aiqsqp

where ‘;” denotes the contravariant derivative, with respect to the Levi-Civita connection

on Riemannian metric o and a” = (a;;)~", b* = a"b;.

Ricci curvature:

The Ricci curvature is an important geometrical entity. The notion of Riemannian cur-
vature can be extended to Finsler metrics for Riemannian spaces. For a non-zero vector

z € T, N, a linear map R, : T,N — T, N is the Riemannian curvature [I7], which can be
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defined as follows:

. 0 o,
__ i k — o
R.(u) =R (2)u Er u= o
, 0G" [(CL - 92GY oG 0GY
Z — — J J —
where R.(2) ank PR +2G 5570~ 8.7 5k

and G* are geodesic coefficients given by
i L im 2 k 2 :
G =19 (F?)phgm2® — (F?)gm}, i=1,2,...,n.

Definition 1.2.3. [17] Let (NN, F') be a Finsler space. A scalar function Ric : TN — R
such that Ric(z) = tr(R,) is called Ricci curvature of Finsler space (N, F') and tr(R,) is

the trace of its Riemannian curvature, where z € T'N.

Definition 1.2.4. The Berwald curvature of a Finsler metric F' is defined, in local coor-

dinates, as follows:

B = Bjyda) @ di* @ da’ ® o,

PG
oni Onkon!

called a Berwald metric if its Berwald curvature is zero.

where B, = and G* are the geodesic spray coefficients. A Finsler metric F is

S-curvature:

Let V be a n-dimensional real vector space with basis c; and F' be a Minkowski norm on
V. Let Vol(B) be the volume of a subset B of R", and B"™ be the open unit ball. The

function 7 = 7(n) is defined as

7(n) =In (M) neV —{0},

OF
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Vol(B™)
Vol{(n?) € R* : F(n', ;) < 1}

For a Finsler space (N, F'), distortion of Minkowski norm F, on T, N is 7 = 7(x,n),

where op = is called the distortion of (V| F').

x € N. Let v be a geodesic with v(0) = x,%(0) = n, where n € T, N, then S-curvature

denoted as S(x,n) is the rate of change of distortion along the geodesic v, i.e.,

A CCTORION,

(t=0)’
Here, S(x,n) is illustrated as positively homogeneous of degree one, i.e., for A > 0, we
have S(x, A\n) = \S(z,n).

A Finsler space’s S-curvature is interconnected to a volume form. The Busemann-
Hausdorff (dVpy = opu(z)dz) and the Holmes-Thompson (dVyr = opr(x)dz) volume

forms are significant volume forms in Finsler geometry:

Vol(B") 1
Vou(d) © and - onr(®) = G

opu(T) = / det(g;;)dn, respectively,
A

where A = {ni €ER":F (:U, n’%) < 1}. If we consider a Riemannian metric instead
of Finsler metric F', then dVyr and dVpy are reduced to single Riemannian volume
form dVyr = dVpg = \/Wij(x))dx. Subsequently, the function T'(s) = ¢(¢ —
s¢ )2 {(¢ — s¢') + (0 — s2)¢"}, dV = dVpy (or dVyr) is given by dV = f(b)dV,,

where

foﬂ sin™2tdt

T g if dV =dVpp,
f(b) _ fO ¢(becost)™ t
o (sin"=2t)T (bcost )dt ,
if dV =dVyr

o sin™—2tdt ’
and dV, = y/det(a;;)dz is the Riemannian volume form of .

In a local coordinate system, the formula for the S-curvature is given by Cheng and
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Shen [16] and is written as:

S = (2111 — é)ff<(ll))))) (7“0 + 30) — %(TOO — QOZQSO), (121)
where,
¢ _ oo we
Q—W, A=1+5Q+ (1 —-s)Q, V= oA

® = (5Q — Q)(nA+1+sQ) — (b = s*)(1 +5Q)Q".

It is commonly known that ry + so = 0 if b, the Riemannian length, is constant. Hence,

)
S = —M(Too —2aQ)s0).

Flag curvature:

Flag curvature in Finsler geometry, is a generalization of notion of sectional curvature
of Riemannian geometry. We consider a flag on a Finsler manifold (N, F’). Installing a
flag at a point € N, gives a non-zero tangent vector n € P C T, N, which we call the
flagpole. The flag (P, n) is described by one edge along the flagpole and another transverse
edge, say ¢ = Ci% € P such that P = span{n,(}. Then the flag curvature of the flag

(P,n) is given by [7]

9,(¢, R(C,m)n)

Kbn) = 9n(1,1)99(C, ¢) — g2(n, )

(1.2.2)

1.3 Nonholonomic Frames

Definition 1.3.1. Let U be an open set of TN and V; : w € U — V;(u) € V, TN,

0 .
—| , then V7 (u) are the

i € {1,2,...,n} be a vertical frame over U. If V; (u) = V} (u) o
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entries of the invertible matrix for all u € U. Denote by V{(u) the inverse of this matrix.

This means that: Vijj = 5%. We call Vj a nonholonomic Finsler Frame.

1.4 Hypersurface of Finsler spaces

Let F™~! be a hypersurface which contains an equation z = x*(u®),a = 1,2,...,(n — 1),

where u, be a Gaussian coordinates on the hypersurface F"~!. Let us consider that the
i

, x
matrix of the projection factor B!, = 5 is of rank (n — 1), then
uO[

n' = B’ (u)v®. (1.4.1)

Here n' is the supporting element of F™ is tangential to F" ! and thus v = v® is the

element of support of F"~! at the point u®. Denote n’ of (1.4.1)) by n*(u,v). Then
Fi(u,v) = F(z(u),n(u,v)),

gives rise to the fundamental function of M™~!, induced from one of the ambient space.
Thus we obtain the (n — 1)-dimensional Finsler space F"~1 = (M™, F,(u,v)), called the
Finslerian hypersurface of F™.

The metric tensor g,5 and Cartan tensor Cg, of F™~! are given by

Jap = gz‘jBéB%’ Capy = ijkB,iB%Bf;, (1.4.2)

where B!, = is of rank (n — 1). A unit normal vector N*(u,v) is at each point u, of

~ Oue
Fn~1is expressed by,

9ij(x(u,v),n(u,v))BLN* =0,
(1.4.3)
gij(x(u,v), n(u,v)) N'N7 = 1.
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In terms of angular metric tensor h;;, we have

has = hi; B B’ hi;B. N7 =0, hi;NINT = 1.

aDp;
If B is the inverse of B!, , then
By = g*%g;B),  BLB’ =08,  BIN'=0,
N; = g N9, BiB¢ + NN, = oi.
where g* is the inverse of g, of F"~1,

From Eqs. (1.4.3)) and (1.4.5), we have

BiB’=4°  BIN,=0, NB*=0, N'N,=

And also we have,

B’B‘H—N’ —(5Z

1.

10

(1.4.4)

(1.4.5)

(1.4.6)

(1.4.7)

The induced Cartan’s connection ICT' = (FEO‘W,G%‘,CE‘W) of F"~1 generated from the

Cartan’s connection CT' = (I'}’ , T'5',, C5, ) is given by [46],

*Q a/ i *4 i Rk «a a a( i *7 j
U5, =Bi(By, + 17, ByBy) + MGH,,  Gj = Bi'(Bys + 15, By),

o _ poasi i Dk

where, Mgy =N,C4BiBE, Mg =g My,  Hy = Ni(By + I3 B%)

OB: By
our’

%

and BB'Y B(Z]ﬁ — Béﬁva.

Here the second fundamental v-tensor and normal curvature vector are Mp, and Hg

respectively, the second fundamental h-tensor Hg, is stated as [40]

Hg, =N;(Bj, + ;i B BY) + M3H,,

where, =N; C”kBJ N*.

(1.4.8)

(1.4.9)
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The second fundamental h-tensor and the normal curvature vector are H,pg and H, of

Fn=! respectively, are given by

Hos =Ni(Bls+ Fi BLBj) + MyHjg (1.4.10)
and H, =N;(B}, + GiBl), (1.4.11)
here M, = C BININE, B — 0T B~ Bi o Tt cleard that
where M, = Cijp b, , a8 = Guagud and Dy, = Dg,v°. 1t clearly expresses tha
H,z is not symmetric and

Hys — Hgo = MyHz — M3H,. (1.4.12)

The Egs. (1.4.10) and (1.4.11)) gives
Hoo = Hpot” = H,, Huo = Hopv® = Hy + M, H,y, (1.4.13)
Here, M5 = Ciju BLBIN, (1.4.14)

where M,z is the second fundamental v-tensor. The projection factors B and N* contain
the h and v-covariant derivatives evolve with respect to induced Cartan connection ICT

respectively are given by
nylﬂ = HaﬁNiv B‘i|/3 = MaﬁNi7 N\Zﬂ = _HaﬁB?gij = - a/gB;‘gij (1415)
and in terms of h and v-covariant derivatives of vector field X* are as follows:
Xip = Xu;By + X, N'Hs,  Xus = Xi; B3, (1.4.16)

The following lemmas state the different kinds of hypersurfaces and their characteristic

conditions which are defined by M. Matsumoto [46].

Lemma 1.4.1. A hypersurface F"~' of a Finsler space F™ is a hyperplane of the 15 kind

if and only of H, = 0.



Chapter-1:  Introduction 12

Lemma 1.4.2. A hypersurface F"~' of a Finsler space F™ is a hyperplane of the 2" kind

if and only if Hy, =0 and H,z = 0.

Lemma 1.4.3. A hypersurface F"~1 of a Finsler space ™ is a hyperplane of the 3" kind

if and only if H, =0 and Myp = Huop = 0.

1.5 Projectively flat Finsler Space

A Finsler space F™* = (N" F) is called a locally Minkowski space [47] if N™ is covered by
coordinate neighborhood system z° in each of which F is a function of 1’ only. A Finsler
space F" = (N", F) is called projectively flat if F™ is projective to a locally Minkowski

space.

1.6 Homogeneous Finsler space

S. Lie, W. Killing, and E. Cartan developed the Lie group theory in the late ninteenth
century. Later on, H. Weyl, E. Cartan, and O. Schreier developed global Lie group theory
in the year 1920. Cartan applied Lie theory to the theory of Riemannian geometry for
classification of globally symmetric Riemannian spaces and in 1930, these groups were
named “Lie groups” by E. Cartan. Lie stated that a Lie group, which is a non-linear
object is determined by a linear object called “Lie algebra”. If the action of a Lie group
on a manifold is transitive, then such a manifold is called as homogeneous manifold. Here,
transitive means that as far as properties preserved by a Lie group are concerned, any two
points of the manifold are alike. The Lie group G is an analytic manifold whose group

operations are analytic, i.e., the maps G x G — G, defined by (¢,d) — cd, and G — G,
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defined by ¢ — ¢~! are analytic [66].

Homogeneous Finsler spaces emphasizes the relationship between Lie group and Finsler
geometry. Let (N, F') be a connected Finsler space. The group of isometries of (N, F),
denoted by I(N, F)) is a Lie transformation of N. We say that (IV, F') is homogeneous
Finsler space if the action of I(N, F') on N is transitive. A geodesic vector is a non-zero
vector that generates a geodesic curve. The non-zero vector of a geodesic orbit in homo-
geneous Finsler space was first described by Dariush Latifi [41]. In 2002, S. Deng and Z.
Hou [20] have generalized Myers-Steenrod theorem (1939) to Finslerian case, extended the
application of Lie theory to the scope of all homogeneous Riemannian manifolds. Finsler
geometry can be studied with Lie theory using this result. In homogeneous Riemannian
manifolds, the study of homogeneous geodesics is carried out by O. Kowalski, S. Nikcevic
and Z. Vlasek [37]. Let (N, F) be a Finsler space and let G be the group of isometries
I(N, F). If each of its geodesics is an orbit of a one-parameter subgroup of G, the space

(N, F) is a Finsler geodesic orbit space.

Definition 1.6.1. [19] Let (N, F') be a Finser space and G a Lie group. A diffeomorphism

¢ : N — N is called an isometry if F'(¢(p), d¢,(u)) = F(p,u), p € N, u € T,N.
We denote the group of isometries of (N, F') by I(N, F).

Definition 1.6.2. Let GG be a Lie group and N be a smooth manifold. If G has a smooth

action on N, then G is called a Lie transformation group of N.

Definition 1.6.3. [19] If the action of the group of isometries I(N, F’) of a Finsler space

(N, F) is transitive on NN, then N is said to be a homogeneous Finsler space.

Definition 1.6.4. A Riemannian homogeneous space (G/H, g) is said to be naturally
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reductive if there exists a connected Lie group G of isometries acting transitively on G/H

is a reductive decomposition g = [ + § of g satisfies the following condition:

(In,w], &) + (0, [w, €]y =0,V n,{w el (1.6.1)

Here, the subscript [ indicates the projection of an element of g into [. And (,-)

denotes the inner product on [ induced by the metric g [3§].

Definition 1.6.5. Let GG be a Lie group with the identity element e and g be its Lie

algebra. The exponential map exp : g — G is characterized by
exp(tY) = U(t),Vt € R,

where U : R — G is defined as a unique one-parameter subgroup of G with \I/(O) =Y..
In a reductive homogeneous manifold, at the origin eH = H, we can recognize the

tangent space Ty (G/H) of G/H with [ through the map,

d
Y — 7 exp(tY)H}(tZO), Yel,

since G/ H is recognized as N and for any Lie group G that contains Lie algebra described

as T.G.

One parameter subgroups are the mappings t — exptz, where z is an element of Lie

algebra [30].

Definition 1.6.6. [38] A homogeneous space G/H of a connected Lie group G is called

reductive if the following conditions are satisfied:

e In the Lie algebra g of G, there exists a subspace [ such that g = [+ b (direct sum

of vector subspaces).



Chapter-1:  Introduction 15

e Ad(h)l C [, for all h € H, where b is the subalgebra of g corresponding to the

identity component Hy of H and Ad(h) denotes the adjoint representation of H in

The following geometrical property and the above-mentioned condition both
are equivalent:

For any vector z € ['\ {0}, the curve v(t) = 7(exptz)(p) is a geodesic with respect
to the Riemannian connection. Here, exp and 7(h) denote the Lie exponential map of G
and the left transformation of G/H induced by h € G, respectively. Thus, for a naturally
reductive homogeneous space, every geodesic on (G/H, g) is an orbit of a one-parameter
subgroup of the group of isometries [44]. Let (G/H,g) be a homogeneous Riemannian

manifold with a fixed origin p, and

g=1+b,

a reductive decomposition. A homogeneous geodesic through the origin p € G/H is a

geodesic y(t) which is an orbit of a one-parameter subgroup of G, that is

v(t) = exp(tz)(p), t € R,

where z is a nonzero vector of g. Kowalski and Venhecke [40] proved the following char-

acterization of geodesic vectors.

Lemma 1.6.1. [/1|] A vector n € g is a geodesic vector if and only if

G (0, €], m) = 0,VE € L.
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Geodesic orbit space

Definition 1.6.7. [4I] Let (N, F') be a homogeneous Finsler space. If every geodesic in
N is an orbit of a one-parameter group of isometries, i.e., there exists a transitive group
G of isometries such that every geodesic in N is of the form exp(tz)p with z € g, p € N.

Then N is said to be geodesic orbit space.



Chapter 2

Flag curvature and geodesic orbit of
homogeneous Finsler space

In this chapter, we have deduced the formula for flag curvature of homogeneous Finsler
space (N, F) with metric F' = a + \/m and studied the condition for naturally
reductive of homogeneous space (N, F'). Further, we have discussed the existence of
homogeneous geodesics for space (N, F'). In the last part, we have obtained the formula

for flag curvature of naturally reductive homogeneous Finsler space (N, F).

2.1 Introduction

Flag curvature was first introduced by Berwald (1926). It has an important role in char-
acterizing Finsler spaces. The notion of naturally reductive Riemannian metrics was first
introduced by Kobayashi and Nomizu [3§]. It is well-known that the geodesics of a natu-
rally reductive homogeneous space are the orbits of one-parameter subgroups of isometries
[5]. In the field of mechanics homogeneous geodesics has important applications.

In recent years, many authors have given the formula for flag curvature of a naturally
reductive homogeneous Finsler space with different (o, 5)-metrics [18, 44, 4T], [57] and

also discussed the naturally reductive of homogeneous Finsler space. We have studied

17
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the existence of homogeneous geodesics for the homogeneous Finsler space with metric
F=a+/a*+ 3.
Using the lemma[1.6.1] as a result of Puttmann’s work, the curvature tensor of invari-

ant metrics (-, -) in compact homogeneous spaces G/H has the following formula:

(R(u, v, 2 =5 { (4B (w,0), [w, ) + {([u, 0], B-(w, 2))}
1

2 (b2, oyl = (), v, 2)) = 20, o], [, 2]}

((Ba(u, 2), ¥ B (v,0))) = ({By(u,w), ¥ B (v, 2))), (2.1.1)

where the bilinear maps B, (symmetric) and B_ (skew-symmetric) are defined by

B (u,0) =5 ([, 0] + [o, ),
B-(u,0) =5 (1w, 0] + [u, 2],
and [, |; is the projection of [, | to [.

2.2 Flag curvature of homogeneous Finsler space

The present section deals with the flag curvature of a homogeneous Finsler space with
metric F' = a + /a2 + (2.

Let (G/H,a) be a homogeneous Riemannian manifold. Then the Lie algebra has a
decomposition g = [+ b, where h and g are the Lie algebras of H and G respectively.
We consider [ along the To(G/H), the tangent space at H = o (origin) (means isomor-
phism between the [ and To(G/H)). Here a left-invariant metric denoted by @ on G was

generalized by a G-invariant Riemannian metric on G/H.
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The concept of a naturally reductive homogeneous Riemannian space is a generaliza-
tion of the concept of bi-invariant Riemannian metric denoted by &y on G. The values
of @y and @& are the inner products on G and denote them as ((-,-)) and (-,-) respec-
tively. The inner product (-,-) induces an endomorphism v of g such that (v,w) =
((Y(v),w)),Yv,w € g. In fact, if H = e then [ = g, Eq. is just the condition for a

bi-invariant Riemannian metric on G.

Theorem 2.2.1. Let a compact Lie group G contains a closed subgroup H with Lie
algebras g and by of G and H respectively. Also an invariant Riemannian metric & on the
homogeneous space G/H such that (v,w) = ({(¢(v),w)), where p : g — g,Vv,w € g is a
positive definite endomorphism. Suppose that an invariant vector field @ on homogeneous
space G/H is parallel with respect to Riemannian metric a and Uy = u and assume that
F=a+ \/Wﬂ2 be a special (o, 5)-metric arising from & and 4 such that its Chern
connection of F' and the Riemannian connection of a are coincides, and a flag {P,n} in
Ty(G/H) such that {¢,n} is an orthonormal basis of P with respect to (-,-). Then the

flag curvature of the flag {P,n} is given by

K(P
(o) 8+4<u,77>2 + 2<u,C>2 + Ay

(2.2.1)

where

g —pp 2H@n? o QkQmEel o (wn)u)

VIt I+ wn2i 77 1+ )
Sy =8+ 8(u,m)? + 20, O2(1 + (u,m)2) + (w,m, S5 = 2(u, OO — (u,m)2(u, €)%,

A= S L 2w Ss (u, m)*(u, )*
VIt wn? T+ wm? (14 (u,n)?): (14 (u,n)?)?
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Proof. We can write F'(n) = \/(n,n) + +/(n,n) + (u,n)?,Vu € I. By the formula,

1 0
(G w) =555 7+ sC+tw)] (2.2.2)

t=s=0

1
(m,m? + (u,m)*(n,n)

X [\/<n, m? + (u,m*(n, n>{4<n, ) (n,w) + 2(n, (¢, w) + 2{u, ) (u,w)(n, )

(G, w) =2(¢, w) + (u, () (u, w) +

+ (u, Q) w, W) () + 2{u, n) (u, €) (1, w) + (u, 77>2<C,w>}

- {2<n,n><n,w> + (u,m) (w, w)(n,m) + <Uﬂ7>2<7bw>}

y {2<n,n><n, €) + {u,m) (1, ) (. m) + () (. ) }]
V) ) (n,m) ’

on simplification of the above term, we get

Ly L,
W -9 W u, U, w — 3
gn(G,w) =2(C, ) + {u, O >+\/<n,n>2+<u,n>2<n,n> ((n,m)? + (u,m)*(n,m)) 2

(2.2.3)

where,

Ly =4(n, ) (n, w) +2(n, n)(¢, w) + 2(u, n){u, w)(n, ¢) + (u, ) (u,w)(n,n)
+2(u, n) (u, Q) (n, w) + (u, m)*(C,w),

Ly =4(n,n)*(n, ) {n,w) + 2{u, n) {u, C)(n, w)(n,m)* + 2(u,m)* (1), €) {1, w)
+ 2w, 1) (17, 1) (s, ) (1, €) + (1) (m, ) (u, €y w) + (w,m)* (0, ) (u, w) (1, ©)

+ 2(u, ) (n, ) (n, C) (0, w) + (u,n)* (u, C) (n, 1) (n,w) + (u,n)*(n,)(n, w).
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For an orthonormal basis {¢,n} with respect to (-,-), Eq. (2.2.3]) can be reduces to

Ls B Ly
9n(C,w) =2(C,w) + (u, () (u, w) + TR eI (2.2.4)

where, Ls =2(C, w) + (u, C)(u, w) + 2(u, m) (u, () (n, w) + (u,7)*(C,w),

Ly =2(u, m)(u, ), w) + (w, 1m)*(u, O, w) + (u, m)*(u, €) (0, w).

From Eq. (2.2.3)), we get the following:

gn(1,1) =2+ (u,n)* 4+ 2¢/1 + (u,n)?,

+ (u, )% + 3(u, n)* + (u,n)*
(1+ (u,m)2)2
{u, m){u, ¢)
(1+ (u,m)2)s

00, 0) =2+ (0, Q) + 2
977(777 g) :<U’7 77> <u7 g) +

Therefore,

gn(1,m)9n(C,C) — g2 (0, ¢) ={2+ (u,)* + 23/1 + (u,n) }{
24 (uw, O + 3¢ ) + {wsm)* | f
" L } {< ), C)
N <u,n><u,C>3}7
(L4 (u,m)?)>

=8+ 4(u,n)? + 2{u, {)* +

8 + 8(u, m)* + 2(u, )*(1 + (u,n)*)
1+ (u,n)?
2(u, () L 2w 0 {un)*(u,()?
L () (1+ (um)?)z (14 (u,n)2)2
~{uy ) u, ()2 {u,m)*
(L4 (u,m)?)? 1+ (u,n)?’ (2.25)

and

2+ (u,n)?
L+ (u,m)?

9q(C, R(C,m)n) =(C, R(C,m)n) [2 +

(14 (u,m)*)? +1
(L+ (u,m)?)2

X
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Here, by using Puttmann’s formula [63], we obtain the following:

(¢, R(¢,mn) == ((([v¢,n] +[¢,¥n], [n,¢]))) + %([77,(], [, ¢)e)y + (¢ ), o ([, wm))))

| —

— TG+ 0] 6 ) + (G ) (227)

By substituting Egs. (2.2.5)) to Eq. (2.2.7) in (1.2.2)), we obtain the required Eq. (2.2.1).

]

2.3 Naturally reductive homogeneous Finsler space

Let G be a connected Lie group. Then there exists a bi-invariant Finsler metric on G if
and only if there exists a Minkowski norm F' on g such that the below condition (2.3.1)

is considered as a natural generalization of the condition (1.6.1)), that is

g"]([ga C]hw) + g77<<7 [57(’0][) + 2077([57 77][7 <7w) = 07 VU 7é 07 57 C7w el (231)

The naturally reductive homogeneous Finsler space was first proposed by D. Latifi [41].

Definition 2.3.1. A homogeneous manifold N = G/H with an invariant Finsler metric

F is called naturally reductive if there exists an Ad(h)-invariant decomposition g =@ b

such that Eq. (2.3.1) holds.

Definition 2.3.2. [2I] A homogeneous space (N = G/H, F) with an invariant Finsler
metric is called naturally reductive if there exists an invariant Riemannian metric & such
that (V, @) is naturally reductive and the Chern connection of F' coincides with the Levi-

Civita connection of &.

In this definition, the authors have assumed that the metric must be of Berwald type.
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Remark: If (G/H, F) is naturally reductive following the definition [2.3.1] then it implies

that (G/H, F') must be naturally reductive in the sense of definition [22].

Theorem 2.3.1. Let a homogeneous Finsler space (G/H,F) with («, 3)-metric F =
o+ \/m be defined by an invariant Riemannian metric & and an invariant vector
field w such that the Chern connection of F coincides the Levi-Civita connection of .
Then (G/H,F) is naturally reductive if and only if the underlying Riemannian space

(G/H, &) is naturally reductive.

Proof. Let n # 0,w € [. From Eq. (2.2.3), we get

Ly Le
A, wl) =, 0, wli) 2 N :
gn(n, [n,wli) =0, [n ]>{ +\/<n,n>2+<u,n>2<nﬂ7> (<n,n>2+<u,n>2<n,n>)z}
Ly
+ s wl) {<u’n> Tt
) Ls } (2.3.2)
((m,m)? =+ (u,m)*(n,m)) 2

where,
Ls =6(n,n) + 3(u,n)*,  Le =4(n,n)* + 6{u,n)*(n,n)* + 2{u,n)*(n,n),
Lz =3(u,n)(n, n), Ls = 2{u,n)(n,n)* + 2(u,n)*(n, n)*.

Since F' is of Berwald type, (G/H, F) and (G/H, &) have the connection that coincides.

Thus Eq. (2.3.2) implies that

(u, [n,w];) =0,Vw € L. (2.3.3)

Now, let (G/H, F) be naturally reductive, as per the reference [41], we can write Eq.

(2.3.1]) as follows:

9n([0, CJi,w) + 95(C, [, w]0) + 2C, ([0, 1), ¢, w) = 0,1 # 0.
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which implies
gn([n, Cluw) + g5(C [, w]i) = 0,
from Eq. , we have
gn([n, wli,n) = 0.
From Egs. (2.3.2), (2.3.3), and (2.3.5)), we obtain
([n,w]i,m) = 0.

From Eq. (2.2.3)), also using Egs. (2.3.3)) and ([2.3.6)) we have

201, 1) + (u, n)? }

(11, Cli ) = ([ o) {2 MY/ X e e Ry

similarly,

2n, ) + (u,m)* }

ol ) =l {2 e+ )

Adding the terms g,([n, ¢]i,w) and g,(¢, [, w](), we obtain

2(n,m) + (u,n)?

24

(2.3.4)

(2.3.5)

(2.3.6)

gn(ga [777(")](> + 977([77: C][,w) :{<C7 [anm + <[7l» C][a("))} {2 +

2(n,n) + (u,n)?
Vi m? =+ (u,m)(n,m)

Since, {2 + } # 0, we have

<C7 [777w][> + <[77> C][7W> = 0.

Hence, the Riemannian metric (G/H, &) is naturally reductive.

V2 + (u,n)2(n,m) } '

(2.3.7)
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On the other hand, let the Riemannian space (G/H, &) be naturally reductive. Thus,

by using Eq. (2.2.3), we can write

gn([f,C][,w):qg,g[,@{2+ 2(n,m) + (u,n)? }

V() + {u0)* ()
20, w) + (u, n) {4, w)

+ 2<[€a d[a 77> { \/<77777>2 + <U,7 77>2<77777> }

<[§7C][)77>

B = [4(n, ) (n, w) + 4(u, n)*(n, W
(<W=ﬁ>2+<u,n>2<n,n>)a[<n m)”(n,w) + 4w, n)"(n,n){n, w)

+ 2(u,m) (n, 1) (w, w) + (u, ) (0, 0) (w, w) + (u,n)*(n,w)], (2.3.8)

and similarly,

e 2(n,m) + (u,n)?
906 16l =(I&; ]’Q{2+\/<77,77>2+<u>77>2<n,77>}

) 2(n, ) + (u, n) (u, ¢)
+ 2<[§7 ][777> { \/<77777>2 + <u777>2<77777> }

_ <[§,UJ][,’I]> 4 9 Alu 9
(<77777>2+<u,n>2(n,n>)%[ (n,m)~(n, ) + 4w, )~ (n, n)(n, ¢)

+2(u, m) (n,0)*(w, €) + (w,m)* (i, m){u, ) + (u,m)*(n, C)]. (2.3.9)

By the fundamental Cartan tensor

CE,G,w) = 5 loenl& O]
we have,
20, ([€, 1), ¢, ) =2((€. ), >{j<” ) + ">>< e fﬁ}
{ 2(n u77 uC) }
Vs 2(n,m)
€11, €)

[4(n, m)*(n, w) + 4{u,n)*(n,n)(n,w)

(. > (u,m)2(n, 1))

+ 2(u, ) (0, n)* (u, w) + (u,n)* (n,n)(u, w) + (u, )" (n,w)]
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_ <[5777]r,w) 4 5 A
(<“’”>2+<Uan>2<n,n>)%[ (n,m)*(n, €) + 4w, n)*(n, n)(n, ¢)
+ 20w, ) (m)* w, €) + (uym)* (0, m) (u, €) + Cu,m) (n, C))- (2.3.10)

Since, (G/H, &) is naturally reductive, adding Eqs. (2.3.8)), (2.3.9) and (2.3.10)), we

obtain

9,([€, Cli, w) + gn([€, )i, €) + 20, ([€, 1)1, ¢, w) = 0.

Thus, the homogeneous Finsler space (G/H, F') is also naturally reductive. Hence the

proof. O

The next section deals with geodesic orbit of homogeneous Finsler space.

2.4 Existence of geodesic orbit on homogeneous Finsler
space

D. Latifi, Toomanian [44], and some other authors discussed the results of homogeneous
geodesics in a homogeneous Finsler manifold. In Finsler space, the basic formula charac-
terizing the geodesic vector was given in [41]. Let (G/H, g) be a homogeneous Riemannian
manifold with a fixed origin p, and g = [+ b a reductive decomposition.

The following theorem shows the existence of homogeneous geodesics.

Theorem 2.4.1. Let a homogeneous Finsler space (N, F') with F' = a++/a? + B2 defined
by the Riemannian metric a = a;;dz* @ dz’ and the vector field u corresponding to 1-
form B. Then the homogeneous Finsler space (N, F) with the origin p = {H} and with

an Ad(h)-invariant decomposition g = |+ b is naturally reductive with respect to this
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decomposition if and only if for any vector u € [\ {0}, the curve v(t) = exptu(p) is

geodesic of the homogeneous Finsler space (N, F).

Proof. Suppose that a homogeneous Finsler space (N, F) is naturally reductive, then the
Riemannian metric « is naturally reductive, and the connection of Finsler metric F' and
Riemannian metric « are coinciding. This means Finsler metric is of Berwald metric. Let

the decomposition g = [+ b be naturally reductive, thus

gn([% C][,W) + gﬁ([u7w][7 g) + QCTI([ua n]h va) = 07

where 1 # 0,u,(,w € [. Then for £ € [,

95([5777][75) - a(§7 [5777][) - O,VT] el

Thus, according to D. Latifi [41], each geodesic of (G/H, F') obtained from the fixed origin
p = {H} is nothing but exp(tu)p,u € [.

On the other hand, assume that for any vector u € ['\ {0}, the curve ~(¢) is a geodesic
of homogeneous Finsler space (G/H, F'), where v(t) = exptu(p). Here the first thing is
to prove the metric F' is a Berwald metric. The smooth mapping 7 : G — G/H is a
canonical projection that instigates an isomorphism between the tangent space Ty N and

the subspace I. In fact, the tangent space can be identified with [ by the correspondence

d
uel— pr exp(tu) - ¢ o

And then, due to the geodesics of (N, F), the exponential mapping Expl|; of (N, F) at ¢
is Fxp(u) = m(exp(u)), u € [, which is a smooth mapping everywhere. Therefore F' must
be a Berwald metric [6].

Since F'is of Berwald type, (G/H, F) and (G/H,«) have the same connection and

also have the same geodesic. Therefore, for any w € [, and the curve exp(tu)p is a
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homogeneous geodesic of (G/H, ), from the lemma [1.6.1} we conclude that, the vector
w € [is a geodesic vector, hence ([w,n],w) =0,V n € L.
Consider, any n,w,§ € [[set £ =&+n, 0 =n+ w.

Then, we have

0= (" 7u&) = (n, [§, wl)) + {[n, W], §)-
This implies that (G/H, «) is naturally reductive. So (G/H, F') is naturally reductive. [

Now, we can discuss the Flag curvature of naturally reductive homogeneous Finsler

space:

2.5 Flag curvature of naturally reductive homoge-

neous Finsler space

As per the study of Deng and Hou in [2I] authors found the formula for flag curvature
of naturally reductive homogeneous («, §)-metric spaces. In the sense of Deng and Hou,
for special («, §)-metric F' = a + /a? + 32, we derive the formulae for flag curvature of

naturally reductive homogeneous Finsler space.

Theorem 2.5.1. A naturally reductive homogeneous Finsler space G/H with (a, f3)-
metric F' = a++/a? + (2, defined by an invariant Riemannian metric & and an invariant
vector field . on G/H, suppose that iy = u. And (P,n) be a flag in Ty(G/H) such that

{¢,n} is an orthonormal basis of P with respect to (-,-). Then the flag curvature of the
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flag (P,n) is given by

«&mkﬂm+mmmm&+@&mKMm+WKMﬁ&

+ (n, [0, (¢, mldi + [0, (¢, mle] ) S

K(Pp) = 8 (w2 4 20w, ()2 1 Ay |

(2.5.1)

where Ay, S1, Sa, S3, Sy and Ss are as defined in Eq. (2.2.1)).

Proof. Since (N, F) is naturally reductive, and using proposition 3.4, from [3§], we have

RICnIn = 300, [+ [, [C ol ¥om e

Substitute the above equation in Eq. (2.2.1)) and after simplification, we get Eq. (2.5.1]).

[
If H={e}, then we have the following corollary:

Corollary 2.5.2. Let F = a++/a? + (B2 be defined by a bi-invariant Riemannian metric
a on a Lie group G and a left-invariant vector field uw on G such that the Chern connection
of F' and Riemannian connection of & coincides. Suppose that (P,n) be a flag in T.(G)

such that {¢,n} is an orthonormal basis of P with respect to (-,-). Then the flag curvature

of the flag (P,n) is given by

(€ 4l 16 )81+ (gl 6 aD)S2 + (o, 1. [Goml)Ss
Kb = 8+ 4(u, )2 + 2(u, €)% + A, ’

(2.5.2)

where Ay, S1, Sa, S3, Sy and Ss are as mentioned in Eq. (2.2.1]).

Proof. Since (-, -) is bi-invariant, we have

R(Gn)n = 4l )]
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Substituting the above term in Eq. (2.2.1) and after simplifying this, we get Eq. (2.5.2]).

[]

2.6 Conclusion

We have the following results:

e Let a compact Lie group G contains a closed subgroup H with Lie algebras g and § of
G and H respectively. Also an invariant Riemannian metric & on the homogeneous
space G/H such that (v, w) = ((¢(v),w)), where ¥ : g — g,Vv,w € g is a positive
definite endomorphism. Suppose that an invariant vector field @ on homogeneous
space G/ H is parallel with respect to Riemannian metric @ and @y = v and assume
that ' = a + \/m be a special (a, §)-metric arising from & and @ such that
its Chern connection of F' and the Riemannian connection of a are coincides, and a
flag {P,n} in Ty(G/H) such that {{,n} is an orthonormal basis of P with respect

to (-,-). Then the flag curvature of the flag { P,n} is given by

(G R mn) Sy A+ (u, ¢ (uy R(S,m)m)S2 + (1, R(C,m)n)Ss

K(P.n) = ,
(o) 8+ 4(u, ) + 2(u, ¢)* + A,
where
2+ (u,n)? (14 (u,m)?)2 +1 (u,m)*(u, C)
S1 =2 a—- 0 Sy = 3 Sz = 37
T T T W wn®E T Ut ()

Sy =8+ 8(u, ) + 2(u, O)2(1 + (u,n)?) + (u,n)*, S5 = 2(u,¢)
(u,¢

=
A = 51 + 2<U’C>2 + S - <U777>2 72>)3.

VIF wn?  1+wn)? 1+ (u,n)?)z 1+ (u,n)

e Let a homogeneous Finsler space (G/H, F') with («, 8)-metric F' = o + /a2 + 32

2— <U’v 77>2<u7 >27

be defined by an invariant Riemannian metric & and an invariant vector field v such
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that the Chern connection of F' coincides the Levi-Civita connection of &. Then
(G/H, F) is naturally reductive if and only if the underlying Riemannian space

(G/H, &) is naturally reductive.

e Let a homogeneous Finsler space (N, F') with F' = o + \/m defined by the
Riemannian metric o = a;;dz’ ® dz? and the vector field u corresponding to 1-form
B. Then the homogeneous Finsler space (NN, F') with the origin p = {H} and with
an Ad(H)-invariant decomposition g = [+ b is naturally reductive with respect to
this decomposition if and only if for any vector u € [\ {0}, the curve y(t) is geodesic

of homogeneous Finsler manifold, here ~(¢) is exp tu(p).

e A naturally reductive homogeneous Finsler space G/H with («, §)-metric F' = o+
\/m, defined by an invariant Riemannian metric @ and an invariant vector
field @ on G/H, suppose that iy = u. And (P,n) be a flag in Ty (G/H) such that
{¢,n} is an orthonormal basis of P with respect to (-,-). Then the flag curvature of

the flag (P, n) is given by

<Q£MJQUMV+MdcnhD5r+@%iMJQnMv+MJQnM>&

-+ (n, 20, (¢, mldi + [, (€, mle] ) Ss
8+4<u777>2+2<u7 C>2+A1 7

where Ay, Si, S, S3, Sy and S5 are as defined in Eq. (2.2.1)).



Chapter 3

Geodesic orbit of a homogeneous
Finsler space with («, §)-metric

In this chapter, we have studied the condition for a non-zero vector to be a geodesic
vector for Matsumoto and special metrics. We have discussed the existence of reductive
decomposition in homogeneous Finsler space. Later on, in the last sections, we have
proved the necessary and sufficient condition for a non-zero vector in a homogeneous
Finsler space to be a geodesic vector, and also we have studied the geodesic orbit of a
homogeneous Finsler spaces for invariant («, 5)-metrics on a simply connected nilpotent

Lie groups of dimension five.

3.1 Introduction

In Finsler spaces, the theory of Lie groups plays an important role. A geodesic vec-
tor is a non-zero vector of a geodesic curve. The non-zero vector of a geodesic orbit in
homogeneous Finsler space was first described by Dariush Latifi [41]. In homogeneous
Riemannian manifolds, the study of homogeneous geodesics is carried out by O. Kowalski,

S. Nikcevic and Z. Vlasek [37]. Furthermore, they have proved that for any homogeneous

32
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Riemannian manifolds, invariant metrics over Lie groups, there exists at least one homo-
geneous geodesic over the identity, through the origin, which is a generalized work of J.
Kajzer [35]. Later on, using an invariant Randers metric and a 3-dimensional connected
Lie group, Razavi [42], 43] studied homogeneous geodesics in collaboration with Latifi. In
2014 [82], Zaili Yan and S. Deng gave the conditions for Randers space to be a geodesic
orbit space. In 2019 [34], Hosseini and Moghaddam studied homogeneous geodesics in
homogeneous Kropina spaces.

When a Lie group N has a 2-step nilpotent Lie algebra g, it is said to be 2-step
nilpotent. If [z, [y, z]] = 0, for any z,y, z € g, the Lie algebra g is called a 2-step nilpotent
Lie algebra. Two-step homogeneous nilmanifolds with left-invariant metrics have been
studied in the last few years [20, 31],[58, [52]. All 2-step nilpotent Riemannian nilmanifolds
with five dimensions and their isometry groups have been classified by S. Homolya and
0. Kowalski.

The connected homogeneous Finsler space N = G/H, where G and H represent the
Lie group of isometries of N and the isotropy subgroup of a point in NN, respectively.
There exists g = [ @ b an Ad(h)-invariant decomposition is a reductive decomposition of
homogeneous Finsler space [39]. Lie algebras of H and G can be represented by h and g

respectively, also [ be the subspace of g.

Definition 3.1.1. Let g be a Lie algebra and N is a simply connected Lie group with

Lie algebra g. A Finsler metric F': TN — [0,00) is called left-invariant if

F((Ly)sez) = F(2), VYa€N,ze€g,

where L, is the left translation and e is the unit element of the Lie group.
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Theorem 3.1.1. [J1] If (N, F) is a Finsler geodesic orbit space, then it has vanishing
S-curvature.

Now, in the next section we discuss the geodesic orbit of homogeneous Finler space

with different metrics.

3.2 (Geodesic orbit of homogeneous Finsler space with

Matsumoto metric

Our study in this section explores the Finsler geodesic orbit for the Matsumoto metric.
2

o
a—p

a with a smooth G-invariant 1-form f.

On N, a metric F' = is constructed by combining a G-invariant Riemannian metric

Consider a homogeneous Finsler space (N, F'). Thus, a Minkowski norm is induced on

[ by the invariant metric F' such that

F(n) = (n’;’;’?(u’m Vel (3.2.1)

2

The geodesic vectors in homogeneous Finsler space (G/H, F) with F = can be

o —

described as follows:

Theorem 3.2.1. Let N be a homogeneous Finsler space with Matsumoto metric F' =

()é2

5 Then a vector n(# 0) € g is a geodesic vector if and only if
a —_

{[n, &1, [mdlme = 2w, ndyme + [m*u) = 0, (3.2.2)

holds for every & € L.
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Proof. From Eq. (3.2.1)), we can write

(n+ s¢ +tw,n + s¢ + tw)?
(\/<U+S(+tw,n+sg+tw>—(u,n+s§+tw>)2

F?(n+ s¢ +tw) =

From Eq. (2.2.2)), we ggt

i) =12 (1+ 3G+t + 56 + 1)
(G 2 0s0t <\/<n+sg+tw,n+sC+tw>—(U,n+sg+tw>>2

b

(t=5s=0)

differentiate F?(n + s¢ + tw) with respect to s and ¢ partially, we obtain

<nom,>+mmm@w»_ﬂnmw’><<”o mxﬁ

112

4y, Q) 3, m)? <n< B
p? pt AT

% (n, w) luw _( n)? (Cw (n, ¢ W)
{ (n,m) u: >} 13 [ o <’ >% ] (3.2.3)

where, ( (n,m) — <u,77>> = p.

gn(C,w) =

Taking ¢ = n in the above equation

gAn#@zzﬂnﬂﬁynw>_<nﬂD2{ @wa__@%w>}

Iz 1w (n,n

=T o) ) = 2. ) + (. )

1

%m«o:ighmm—2Wmm+mﬁww» (3.2.4)

From Eq. (3.2.4]), we obtain

F(n)
12

I (15 [0, €]1) = ([n, €], [mlme = 2(u, nyme + |mi|Puw) - (3.2.5)

From the lemma [1.6.1] we get

([, €l Imlne = 20w, nyne + |m*u) = 0.

2

Thus, when Eq. (3.2.2)) holds for the metric F' = , a vector n(# 0) € g is a geodesic

o —

vector, and conversely. O]
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o2
a—pf
(,) and u with u(H) = u, u is a vector field. A vector n(# 0) € g with (u,[n,&);) =0 is

Corollary 3.2.2. A homogeneous Finsler space (N, F') with F = characterized by

a geodesic vector for both (N, F) and (N, (-,-)) together.

Proof. Considering the above theorem the necessary and sufficient condition of a

geodesic vector n(#£ 0) € g is
(s € il — 2Cu, myng + [ *u) = 0.

Since <U, [777£]I> = 07 we get <77[7 [7775][> =0.

Thus, a geodesic vector n € g of (N, F) is also a geodesic vector of (N, (-, -)) and vice

versa. O

Theorem 3.2.3. For a homogeneous Finsler space (N, F'), there exists at least one ho-

0[2

a—f°

mogeneous geodesic, with metric F' =

Proof. Let (N, F) be a homogeneous Finsler space, and a connected isometry group
I(N,F) of G acts transitively on N, at fixed point p € N, an isotropy group of G is
H. For G and H, g and h be the respective Lie algebras. A Killing form of g can be
represented by K and its null space by rad K. According to Kowalski and Szenthe’s
study [40], in the case of a compact H; on b, K is nondegenerate. For K, let h and [ be

orthogonal to each other, which can be written as

[=b"={zecg:K(x¢ =0;¥ € b}.

As a result, the reductive decomposition is g = [+ h and rad K C [. Thus, from the

theorem 1.1 of [84], we get the result. O
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3.3 Geodesic orbit of homogeneous Finsler space with

. B 2
metric F' = aqea + %

s P

This section discusses the Finsler geodesic orbit for the special metric F' = aea + —,
a

established from a G-invariant Riemannian metric o and a smooth G-invariant 1-form

B on N. Let N be a homogeneous Finsler space. The invariant metric F' induces a

Minkowski norm on [ such that

F(n) =~/ (n,n) eXp( tw,7) ) L lwm , Vn el (3.3.1)
(n,m) (n,m)

2
The geodesic vectors in homogeneous Finsler space (N, F)) with F = aea + 6— can be
a

described as follows:

Theorem 3.3.1. Let (N, F) be a homogeneous Finsler space with special metric F =

2

8 . : . .

aea + —. Then a non-zero vector n € g is a geodesic vector if and only if
Q@

(i (o (5517 = oo () - 58 )
+ (!m\ exp (%) - 2<u,m>) u> =0, (3.3.2)

holds for every & € L.

2

Proof. From Eq. (3.3.1]) the Finsler metric F' = ace + i can be written as
a

_ e [ ) (u, )
F(n) =/ {n,n) p( <n,n>>+\/W’

thus

(u,n + s¢ + tw) )

2 _ X
F?(1+ 5 + tw) (\/<n+35+tw’"+sg+tw>e p(\/<77+sé+tw,77+sf+tw>

(u,n+ s + tw)? :
V{1 + sC+ tw, ) + sC + tw)



Chapter-3: Geodesic orbit of a homogeneous Finsler space with («, 5)-metric 38

Using Eq. (2.2.2)), we get

2

g77<C7 w) = !

1 (u,n + s¢ + tw)
2 0s0t

(\/<77+8C+tw’”+sg+m> exp(\/<n+sé‘+twan+3<+t“>

(u,n+s§+tw>2 ’
V(N + sC+ tw,n + sC + tw)

(t:s:())’

differentiate F?(n + s + tw) with respect to s and ¢ partially, we obtain

Vi) )
X{ (u, Q) (O f{u,m
)
(
)

9a(C,0) :<<,w>A1+2<n,<>A1{ ww) _ <”’“><“f">}+2<n,w>xl

+ {20 MM+ (u,m) Ao}

(

{ (uw)  (nw), n)}
Vi n):

3(n, ¢){n, uf)(u n)

(n,m)3

(u.1)
Vi (n,m)2 }

{ () n,<><u,n>}

Vi ()3

+ {{n, M1 + (u,n)* A}

Q) + () (. ¢) + <¢7“><“v”>}+2<u,g><u,w>A2
(n,m)>
+2<u,n><u7w>>\z{ YRR LY ”>}+2<u M (O
(n,m) (n,n)?

e o) | 6 ) e Qluw) ()’

(my  (n,m)2 (n,m) (n,m)?
A Q) (w,w) A, w) (), §) 4n, §) (n, w) (u, )

(n,m)* (n,m)* " {n,m)* - (3:33)

2(u, ) {u, )
where \; = ex and Ay = ex .
p<¢—<n,n>> p( <n,n>>

Taking ¢ = n in the above equation, we have

o (5 N (o () o (5
- <T;77|72>2) (|77| exp (< o >) + 2(u,n>) u,w> . (3.3.4)
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From Eq. (3.3.4]), we obtain

= {on (5«5 s o (52)
) e (<w>> _ <u,m>2) )

I || |72

+ <|n[| exp <<U|T:T>) + 2<u,m>) u> . (3.3.5)

From the lemma [1.6.1} the condition (2.2.2)) holds if and only if, the following equation

holds:

(s (oo ()~ 5o () - ) »

+ (!m\ exp (%) + 2<u,n[>) u> =0.

2
Thus, when Eq. (3.3.2) holds for the metric F' = aes + ﬁ—, a non-zero vector n € g is a
a

geodesic vector, and conversely. O

2
Corollary 3.3.2. A homogeneous Finsler space (N, F') with F' = aea + i characterised

a
by (-,-) and u with w(H) = u, u is vector field. A vector n(# 0) € g with (u,[n,&])) =0 is

a geodesic vector for both (N, F) and (N, (-,-)) together.

Proof. Considering the above theorem the necessary and sufficient condition of a

geodesic vector n(#£ 0) € g is

(e (o (1507) = s (40 = ) m

+ (|77[| exp (%]—Z[U + 2<u,77[>) u> =0,

Since (u, [, &])) = 0, we get (m, [, J) = 0.

Thus, a geodesic vector n € g of (N, F) is also a geodesic vector of (N, (-, -)) and vice

versa. O
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Theorem 3.3.3. For a homogeneous Finsler space (N, F), there exits at least one homo-

2

. . ‘ B8
geneous geodesic, with metric F' = aea + —.
Q@

Proof. Let (N, F) be a homogeneous Finsler space and a connected isometry group
I(N,F) of G acts transitively on N, at fixed point p € N, an isotropy group of G is
H. For G and H, g and b be the respective Lie algebras. A Killing forms of g can be
represented by K and its null space by rad K. According to Kowalski and Szenthe’s study
[40], in the case of a compact H; on b, K is nondegenerate. For K, let h and [ be the

orthogonal to each other, which can be written as

[=h" ={z€9: K(& =0;Y¢ €h}.

As a result, the reductive decomposition is g = [+ h and rad K C [. Thus, from the

theorem 1.1 of [84], we get the result. O

3.4 Geodesic vector of invariant («, f)-metrics on nilpo-

tent Lie groups of dimension five

Using lemma [1.6.1} and results of section 3.2 and 3.3 in a two-step nilpotent Lie group
of dimension five with left invariant Finsler («, §)-metrics, we prove the conditions for a

non-zero vector to be a geodesic vector.
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3.4.1 Geodesic vector of Matsumoto metrics on nilpotent Lie
groups of dimension five
Lie algebras with one-dimensional center

Here, we consider a simply connected nilpotent Lie groups of dimension five with left-
invariant Matsumoto metric and has a one-dimensional center. Let e5 be a unit vector in
b and let [ be the orthogonal complement of h in g, here g denoted as a five-dimensional
2-step nilpotent Lie algebra with 1-dimensional center . In [31], they have shown that

there exists an orthonormal basis {eq, s, €3, €4, €5} of g such that
[e1, 2] = Nes, les, eq] = pes, (3.4.1)

where {e5} is a basis for the center of g, A > > 0 and all other commutators are zero.
Riemannian metric & = (-,-) defines F as a left invariant (c, )-metric on a simply

connected two-step nilpotent Lie group N and the vector field u = Z?Zl Ui€;.

The following results can be obtained by using the relation (3.2.4)),

2
| E(n
a6 = " .61 (3.42)
where B = Tn. From the lemma|l.6.1|and Eq. (3.4.2), a vector n =), mie;
n

of g is a geodesic vector if and only if

5 5 5
<% Z i€ + Z Ui€;, [Z €4, ej] > = 0, (343)
=1 =1 =1
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for each j = 1,2,3,4,5. Therefore we obtain

\

A (Bns + us) = 0,

ATIQ(%TB + U5) - 07
(3.4.4)

N3 (B + uz) =0,

Ana(Bns + us) = 0, |

Thus, if u = Zg’zl uze; of g is a geodesic vector if and only if

®nE Span{€17627€3564}a or

e 1) = fes for B # 0.

2
Corollary 3.4.1. Let F =

be the Finsler («, B)-metric defined by an invariant
a —
Riemannian metric a and the left invariant vector field u = Z?Zl uze; on simply connected

two-step nilpotent Lie group of dimension five with one-dimensional center. Then geodesic

vectors depend only on us.

Theorem 3.4.2. Let F' be the Matsumoto metric defined by an invariant Riemannian
metric a and the left invariant vector field u = Z?Zl ue; on simply connected two-step
nilpotent Lie group of dimension five with one-dimensional center. Then n € g s a

geodesic vector of (N,a) if and only if n is a geodesic vector of (N, F).

Proof. By using theorem [3.2.1], completes the proof. O

Lie algebras with two-dimensional center

This section considers Lie algebra g having a two-dimensional center. In [31], they have

shown that there exists an orthonormal basis {ey, s, €3, 4, €5} of g such that

[e1, €2] = Ney, le1, e3] = ues, (3.4.5)
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where {e4, e5} is a basis for the center g, A > > 0 and all other commutators are zero.

From the lemma and Eq. (3.4.2)), a vector n = Zle n;e; of g is a geodesic vector

if and only if

for each 7 = 1,2,3,4,5. Therefore we obtain
Ao (B + ) + s (us + Brgs) =0, )

i (Bns + us) = 0. )

Corollary 3.4.3. Let F' be the Matsumoto metric defined by an invariant Riemannian
metric a and the left invariant vector field n = Z?Zl nie; on simply connected two-step
nilpotent Lie group of dimension five with two-dimensional center. Then the geodesics

depend only on \, j,uy and us.

Theorem 3.4.4. Let F' be the Matsumoto metric defined by an invariant Riemannian
metric a and the left invariant vector field n = Z?:l n;e; on simply connected two-step
nilpotent Lie group of dimension five with two-dimensional center. Then n € g is a

geodesic vector of (N,a) if and only if n is a geodesic vector of (N, F).

Proof. Using theorem [3.2.1], completes the proof. n

Lie algebras with three-dimensional center

This section considers simply connected nilpotent Lie groups of dimension five with left-
invariant Matsumoto metric and has a three-dimensional center. In [31], they have shown

that there exists an orthonormal basis {eq, es, 3, €4, €5} of g such that

[e1, €2] = Aes, (3.4.7)
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where {es, eq, e5} is a basis for the center of g, A > 0 and all other commutators are zero.
Let F' be a left invariant Matsumoto metric on simply connected two-step nilpotent
Lie groups of dimension five defined by the Riemannian metric @ and the vector field

u = 25:1 u;e;. From the lemma and Eq. (3.4.2)), a vector n = Z?Zl n;e; of g is a

geodesic vector if and only if

5 5 5
<% Zmei + Zuieia [Z Nici, ej] > =0,
i=1 i=1 i=1
for each 7 =1,2,3,4,5. Therefore we obtain
Ay (3B + uz) =0,
(3.4.8)
A3 (B + uz) = 0,
Corollary 3.4.5. Let F' be the Matsumoto metric defined by an invariant Riemannian
metric a and the left invariant vector field n = 2?21 nie; on simply connected two-step

nilpotent Lie group of dimension five with three-dimensional center. Then the geodesics

depend only on ug.

Theorem 3.4.6. Let F be the Matsumoto metric defined by an invariant Riemannian
metric a and the left invariant vector field n = Z?Zl nie; on simply connected two-step
nilpotent Lie group of dimension five with three-dimensional center. Then n € g is a

geodesic vector of (N,a) if and only if n is a geodesic vector of (N, F).

Proof. Using theorem [3.2.1], completes the proof. n
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. 5 2 . . .
3.4.2 Geodesic vectors of ' = aea + % metric on nilpotent Lie
groups of dimension five
Lie algebras with one-dimensional center

This section considers a simply connected nilpotent Lie groups of dimension five with
left-invariant special (o, §)-metric and has a one-dimensional center. Let es be a unit
vector in h and let [ be the orthogonal complement of § in g, here g is denoted as a
five-dimensional 2-step nilpotent Lie algebra with 1-dimensional center h. In [31], they
have shown that there exists an orthonormal basis {ey, ea, €3, €4, €5} of g as defined in Eq.
(13.4.1)).

Riemannian metric & = <,~) defines F' as a left invariant («, 5)-metric on a simply

5

connected two-step nilpotent Lie group N and the vector field u =Y., we;.

The following results is obtained from the relation (3.3.4)),

o (L), (wsm)?
G0 [n,ao:{ p( v )>+ Lk }<s8n[+u,[n,fh>. (3.4.9)
lesp (41 + 20w,
{ew (5) St e (5 |>> ( ) by
where B = .

0] exp ( )
From the lemma and Eq. - a vector n = Zle n;e; of g is a geodesic vector

if and only if

5 5 5
<% Z i€ + Z Ui€;, [Z €4, €j] > = 0, (3410)
i=1 i=1 i=1
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for each j = 1,2,3,4,5. Therefore we obtain

\

)\771 (%775 + U5) = 0,

A2 (Bns + us) =0,
(3.4.11)

N3 (B + uz) =0,

/\7]4(%7]5 -+ U5) = 0.)

Thus, if u = Zi’:l u;e; of g is a geodesic vector if and only if
e 1) € span{ey, e, e3,€4}, OF

e 1 = fes for § #£ 0.

Corollary 3.4.7. Let F = aes + ’%2 be the (a, B)-metric defined by an invariant Rie-
mannian metric a and the left invariant vector field u = Z?Zl uze; on simply connected
two-step nilpotent Lie group of dimension five with one-dimensional center. Then geodesic

vectors depend only on us.

Theorem 3.4.8. Let F = aes + ’%2 be the special (a, B)-metric defined by an invariant
Riemannian metric a and the left invariant vector field u = Z?:1 uze; on simply connected
two-step nilpotent Lie group of dimension five with one-dimensional center. Then n € g

is a geodesic vector of (N, a) if and only if n is a geodesic vector of (N, F).

Proof. Using Theorem [3.3.1] completes the proof. m

Lie algebras with two-dimensional center

This section considers Lie algebra g having a two-dimensional center. In [3I], they have

shown that there exists an orthonormal basis {ej, €2, €3, €4, 5} of g is as in Eq. (3.4.5))
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From the lemma and Eq. (3.4.9), a vector n = Zle n;e; of g is a geodesic vector

if and only if

5 5 5
<% Z nie; + Zuieu [Z 1i€, ej] > =0,
i=1 i=1 i=1
for each j = 1,2,3,4,5. Therefore we obtain
Ao (B + ) + s (us + Brgs) =0, )

A (B + wg) = 0, ’ (3.4.12)

pmn (Bns + us) = 0. )
Corollary 3.4.9. Let F' = aes + %2 be the (a, B)-metric defined by an invariant Rie-
mannian metric a and the left invariant vector field n = Z?Zl n;e; on simply connected
two-step nilpotent Lie group of dimension five with two-dimensional center. Then the

geodesics depend only on A, p, uy and us.

Theorem 3.4.10. Let F = ae« + %2 be the special (o, B)-metric defined by an invariant
Riemannian metric a and the left invariant vector field n = Z?:1 n;e; on simply connected
two-step nilpotent Lie group of dimension five with two-dimensional center. Then n € g

is a geodesic vector of (N, a) if and only if n is a geodesic vector of (N, F').

Proof. Using theorem [3.3.1] completes the proof. n

Lie algebras with three-dimensional center

This section considers simply connected nilpotent Lie groups of dimension five with left-

invariant metric F' = aes + 5&—2 and has a three-dimensional center. In [3I], they have

shown that there exists an orthonormal basis {ej, s, €3, €4, 5} of g is as in Eq. (3.4.7)).
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Let F be a left invariant metric F = ae= + %2 on simply connected two-step nilpotent
Lie groups of dimension five defined by the Riemannian metric a and the vector field
5
u=y  ue;.
From the lemma and Eq. (3.4.9), a vector n = Zle n;e; of g is a geodesic vector if

and only if

5 5 5
<% Z ni€; + Zuieia [Z ni€i, ej] > =0,
i=1 i=1 i=1
for each 7 = 1,2,3,4,5. Therefore we obtain
A (Bns + us) = 0,
(3.4.13)
)\773(%773 + Ug) = 0.
Corollary 3.4.11. Let F = aes + %2 be the («, B)-metric defined by an invariant Rie-
mannian metric a and the left invariant vector field n = Z?Zl nie; on simply connected

two-step nilpotent Lie group of dimension five with three-dimensional center. Then the

geodesics depend only on us.

Theorem 3.4.12. Let F = aex + %2 be the special (o, B)-metric defined by an invariant
Riemannian metric a and the left invariant vector field n = Zle nie; on simply connected
two-step nilpotent Lie group of dimension five with three-dimensional center. Then n € g

is a geodesic vector of (N, a) if and only if n is a geodesic vector of (N, F).

Proof. Using theorem [3.3.1] completes the proof. O

3.5 Conclusion

We have concluded this chapter by following results:
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e Let N be a homogeneous Finsler space with Matsumoto metric ' =

a vector 1(# 0) € g is a geodesic vector if and only if

([, €Jos il = 2w, nym + [Py = 0,
holds for every £ € [.

e In a homogeneous Finsler space (N, F'), there exists at least one homogeneous

052

a—p3

geodesic, with metric F' =

2

e Let (N, F) be a homogeneous Finsler space with special metric F' = aes +—. Then
o

a non-zero vector 7 € g is a geodesic vector if and only if

(e (e () = e () = )
 (iesn (22) + 20 m) ) =0

holds for every £ € I.

e For a homogeneous Finsler space (N, F'), there exists at least one homogeneous

2
geodesic, with metric F' = aes + B—

e Using above results, we discuss the geodesic vectors for a two-step nilpotent Lie

group of dimension five with left-invariant (v, 3)-metrics.



Chapter 4

The study of S-curvature of a
homogeneous Finsler space with
Randers-Matsumoto metric

o?
a—pf

study the S-curvature on homogeneous Finsler metric. It discusses the invariant vec-

In this chapter, we have considered the Randers-Matsumoto metric F' = + B to
tor fields, S-curvature and an isotropic S-curvature of homogeneous Finsler space with
Randers-Matsumoto metric. This presents a new approach to analyse the curvature prop-

erties of homogenous Finsler space using the concept of change of metrics.

4.1 Introduction

2

Matsumoto proposed («, 3)-metric of the form F = &a—_ﬁ, a = \/W, and f =
bi(x)n', is said to be a slope of a mountain metric as well as Matsumoto metric [48].
With the use of this metric, Finsler geometry has been enhanced, and researchers have
a useful working tool [7§]. Randers change of metric is a change of Finsler metric i.e.,

F(x,n) — F(x,n) = F(x,n) + bi(x)n". Matsumoto advanced the notion of a Randers

change, Hashiguchi and Ichijyo [29] named it and Shibata studied it from a detailed

20
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&2

a—pf

metric. The characteristics of a Finsler space with the Randers-Matsumoto metric were

perspective [71]. An (a, §)-metric F(z,n) = + [ is said to be Randers-Matsumoto
recently discussed by Nagaraja and Pradeep Kumar [53]. Matsumoto [46] presented the
theory of Finslerian hypersurface. The geometrical characteristics of hypersurfaces in a
few unique Finsler spaces have been studied by Gupta and Pandey [27, 28].

In Finsler geometry, S-curvature is one of the important non-Riemannian curvatures.
The structure of S-curvature was first initiated by Shen [73]. S-curvature measures the
rate of change of volume form of Finsler space and is subtly related to flag curvature of
Finsler metrics. In 2013, Shaoqgiang Deng and Zhiguang Hu [23], who have discussed the
curvatures of homogeneous Randers space and positive flag curvature. In 2017, Laurian-
Toan Piscoran and Vishnu Narayan Mishra [61] investigated the S-curvature, Landsberg
curvature, Cartan torsion and mean Cartan torsion and studied the classes of metrics
with bounded Cartan torsion, also obtained the condition for class of a Finsler metrics to
be Riemannian or locally Minkowskian. Recently so many authors have worked on this

S-curvature [15] 25, (56, 69], 80, 811 [83].

Definition 4.1.1. A smooth manifold G together with an abstract group structure is
said to be a Lie group if the mapping (g1, go) — glgé_l) from G x G — G is C*. Let G
be a Lie group and NN, a smooth manifold. If there exists a C"™° mapping ¥ : G x N — N
which satisfies,

1. ¥(e,g1) = g1, where e, the identity of G, Vg, € G,

2. U(g1,Y(go,x)) = ¥(g192,x),Vx € N and Vg1, g2 € G,

then G is said to act smoothly on N and G is a Lie transformation group of N.
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4.2 Invariant vector field on homogeneous Finsler space

Here we prove the theorem for the existence of an invariant vector field corresponding to

a2

the 1-form g for the homogeneous Finlser space with («, §)-metric F' = 3 + (. For
O{ —

that, we need the following lemmas:

Lemma 4.2.1. A Riemannian space (N, ) and 8 = bin' be a 1-form, with || ]| = Vbib' <

1. On N, corresponding to B 3 a smooth vector field u with a(ul,) < 1,V x € N such

that the metric F' of a Finsler space (N, F') can be described through « along with u as

a*(z,n)

Bl = S =l

+ (uls,m), 2 € Nynp € T, N, (4.2.1)

where (-,-) is the inner product extracted from the Riemannian metric c.

Proof. As we know, an inner product is used to constrain a Riemannian metric to a
tangent space. Therefore, the bilinear form (£,n) = a;;&'n?, V& n € T,N is an inner
product on T, N for z € N, and this inner product induces an inner product on 7N,
the cotangent space of N at x which gives us (dz;,dz;) = a". An existence of linear
isomorphism between 7 N and T, N, considering this inner product, is defined. It follows
that the 1-form [ corresponds to a smooth vector field © on N, which can be written as
- where b' = a"b;.

dai
Then, for n € T, N, we have (ul,,n) = <b

ul, =

0 0

i%’nj@> =b'na; = by’ = B(n). Also,

we have o?(x,n) = a;n'ny’,
— a®(ul,) = a;bV = ||8||> < 1, equivalent to a(ul,) < 1. O

Lemma 4.2.2. Let (N, F) be a Finsler space with the Randers-Matsumoto metric F =

@2

a—f
if (ulzym) = <u|90(x)7d90:v(77)>'

+ . Let ¢ be an isometry of (N, F). Then ¢ is an isometry of (N, «) if and only
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Proof. Let x € N and ¢ : (N, F) — (N, F) be an isometry. Consequently,
F(z,n) = F(e(x), dps(n)), Vn € T, N. (4.2.2)

By the lemma (4.2.1]), we get

o’ (z,n) B a2((), () )
Oz(x,n) — <U‘x,’r]> + <u‘x’ > - 04<90<x>7d80x(77)) _ <u|¢($)7d901(77)> + < ‘¢($)7d90x(77)>'

(4.2.3)

Replacing n by —n in Eq. (4.2.3)), we get

(o) a?(p(x), dp.(n)) o
o) o) = ST dpe ) + (e, Ay et B
(4.2.4)
Adding Eqs. ([£2.3) and ([I2.4),
a’(z,n) _ o’ ((), dpa (1))
a?(z,n) = (uls,m?  @(p(x), dpe(n) = (Ulp@), dpx(n))?’
a’(z,n) — a®(p(), dpa(n)) _ o*(x,m) = (ula,n)?* — ?((x), dipa(n)) + (ulp(), dips(1))?
a?(p(x), dps (1)) a?(p(x), dpa(n)) — (Ulp(), dpa(n))? '
If a(z,m) = a(e(z),dp.(n)), then we have
<u:1:777>2 = <u‘g0(m)ad90x(77)>25
implies (ula; n) = (Ulo@), deoa(n)), (4.2.5)

and thus do(uly) = ()

Now, subtracting Eq. (4.2.4)) from Eq. (4.2.3)),

o ) ) a?(p(x), dips (1)) (ul (@), AP (n))
a?(x,n) = (uz,m)* " a?(p(x), dipz(n)) = (Ulo(a), dipz(n))?

+ (Ul gy, dpz(n))-
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Again, if <Ux, 77> = <u|tp($)7 d@l(”))? then

a?(x,n) _ a?(p(x), dps(n))
a?(z,n) = (uls,n)*  a2(p(), dos(n)) — (uls,n)*

implies o (z,n)a”(p(x), dps(n)) — & (z,n)(ul., n)?

= o®(x,n)o?(p(x), dpa(n) — o*(p(x), des(n))  (4.2.6)

- <u|a:7 77>2a
thus a(e,m) = olp(e), dp(n)) (42.7)
Hence, we proved. ]
o?
Lemma 4.2.3. Let (N, F) be a Finsler space with the metric F' = ) + [. Let
a p—

I(N, F) be a group of isometries of (N, F') and I(N, «) be that of Riemannian space (N, «).

Then I(N, F) is a closed subgroup of I(N, «) if and only if (u|y,n) = (u|p@), dez(n)).

Proof. Let I(N, F) be a closed subgroup of I(N,«). Thus, if ¢ is an isometry of (N, F'), ¢
is an isometry of (IV, &). Then from the lemma (4.2.2)), we have (u|y, 1) = (u|p(), dp=(n))-

On the other hand, suppose ¢ is an isometry of the space (N, F') and satisfies (ul,,n) =
(U|p(@), dpz(n)), then from lemma ¢ is an isometry of (N, «). Thus I(N,F) is a

closed subgroup of I(N, «). Hence the proof. O]

From the above lemma, we determine that if (N, F) is a homogeneous Finsler space

042

(o= B)

Therefore, a homogeneous Finsler space with the Randers-Matsumoto metric can be

with the metric F' = + f3, then (N, ) is homogeneous.

stated as the coset space of a connected Lie group with metric F'. Considering the metric

Oé2

F= + [ as G-invariant Finsler metric on N.

G
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062

C)

G/H, u the vector field corresponding to B. Then « is a G-invariant Riemannian metric

Theorem 4.2.4. Let F =

+ B be a G-invariant Randers-Matsumoto metric on

if and only if the vector field u is also G-invariant.

Proof. As F is a G-invariant metric on G/H, we have

F(n) = F(Ad(h)y), Vhe H, e L.

By the lemma we get

o?(Ad(h)n)

a?(n) B
aln) = (um) (.1 a(Ad(R)n) — (u, Ad(Ryy) (u, Ad(h)n). (4.2.8)
Replacing 17 by —n in Eq. (4.2.8)), we get
o (n) a2(Ad(h)n)
o e " = STAG) T fu, AdGmyyy (A0 (4:2.9)

Adding Eqgs. (4.2.8) and (4.2.9)) , implies that

) o} (Ad(R)(n))

wn)? (AR () — (u, AdR) ()"

0 (n) — o (u, Ad(R)(n)) _ a2(e,n) — (u,n)? — a2(u, Ad()(n) + {u, Ad (1) ()’
() () o2 (Ad(M) () — {u, Ad()(n))? |

implies (u,m) = (u, Ad(h)(n)). (4.2.10)

Now, subtracting Eq. (4.2.9) from Eq. (4.2.8)), we get

)(1))
— (u, Ad(h)(n))?

o?(n) (u, ) a2<Ad<h><7)7>><u7Ad<h + (u, Ad(h) ().

2 — {2 = 3R ()
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Again, if (u,n) = (u, Ad(h)(n)), then

) a(wAd(R)()
a?(n) — (u,m)?  a*(u, Ad(h)(n)) — (u,n)*’
implies a’(n)a?(u, Ad(h)(n)) — o®(n)(u, n)*

= o’(n)a’(u, Ad(h)(n)) — o*(u, Ad(h)(n)){u, n)*,

thus a(n) = a(u, Ad(h)(n)). (4.2.11)

Therefore, « is a G-invariant Riemannian metric if and only if Ad(h)u = u. O

4.3 S-curvature of Randers-Matsumoto metric

Now, we derive the equation for the S-curvature of a homogeneous Finsler space with

a2

F=oyg

+ 8.

Theorem 4.3.1. [2]] Let F = a¢(s) be a G-invariant («, 8)-metric on the reductive
homogeneous manifold G/H with g = b+ 1. Then the S-curvature formula for F is of the

form

S(H.1) = o () + Q) ). (@3.1)

where u € | corresponds to the 1-form B and | is identified with the tangent space Ty (G/H)

of G/H at the origin H.

2

o}
a—f

Now, with metric F' = +/, we derive a formula for S-curvature of a homogeneous

Finsler spaces.

Theorem 4.3.2. Consider G/H as a reductive homogeneous Finsler space with Lie al-

052

gebra decomposition g = b+, and F' = + 8 be a G-invariant Randers-Matsumoto
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metric on G/H. Then S-curvature is written as,

6s* — (9n + 15)s® + (60?n + 27n + 21)s* — (160°n + 106* + 14n + 14)s
+ 4b%n + 1062 4 2n + 2

S(H,n) = 2(s% — 5 — 1)(2b2 — 3s + 1)2

(52—25—1—2

) + o)), (132)

where u € | corresponds to the 1-form B, [ is verified with the tangent space Ty(G/H) of

G/H at the origin H.

1
Proof. For a metric F' = ag¢(s), where ¢(s) = T + s, the components of Eq. (1.2.1)
— s

take the values as follows:

s 425—-2 =2 +2s4+2 . —10
C=01 o (2s—1)2 7 Q*(zs—l)?ﬂ
Ao (s —s—1)(20* —3s+ 1)
(25 —1)? ’
(25— 1) (654 —3(3n+5)s* + 3(2nb* + 9In + 7)s* — ((16n + 10)b? )
o +14(n+1))s + (4n + 10)b2 4+ 2(n + 1)
(25 — 1)* '

When these values are substituted in (4.3.1)), we obtain a required S-curvature formula

as shown in (4.3.2)). O

Corollary 4.3.3. Let G/H be reductive homogeneous Finsler space with Lie algebra de-
2

composition g = b + [ and F = + B be a G-invariant Randers-Matsumoto metric

on G/H. Then (G/H,F) has an isotropic S-curvature if and only if it has vanishing

S-curvature.

Proof. Consider G/H has an isotropic S-curvature, then S(z,n) = (n+ 1)c(z)F(n), = €

G/H, n € T,(G/H).
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Taking = H and n = u in Eq. (4.3.2), we get ¢(H) = 0. Consequently, S(H,n) =
0, Vn € Ty(G/H). Since F' is a homogeneous metric, we have S = 0 everywhere, and

sufficient condition is obvious. O

4.4 Mean Berwald Curvature

The mean Berwald curvature [76], a quantity associated with S-curvature, is given by

1 S(en) = 1 0’ G o)
/A 28772677-7 ZL',77 - 2877@8773 anm $a77 9

where G™ are the spray coefficients. On TN \ {0}, F := E;;dz' ® da7 is tensor, which is

E tensor. A group of symmetric forms of E tensor considered as E, : T,N x T,N — R

defined as E,(&,¢) = E;j(z,n)§'¢?, where § = ¢ , (= C’% € T,N. Then the

0
ozt
collection {E77 :n € TN\ {O}} is said to be E-curvature or mean Berwald curvature.

2

With F =

+ [, we determine the mean Berwald curvature of a homogeneous Finsler

space in this section. For this, the following is required:

At the origin, a;; = 5;, therefore, n; = a;;n’ = 5§nj =0, oy =—, By =10,

772
o, 9 (BY_bia—sn
" o \ a?

0 (b — sm; o [bl% - <bjaa#> i — 35;'] — (biov — s1;)21);

Snini = a_nj ( o2 ) - o ’
_ —(bin; + byn;)a + 3smin; — a285§-
ot '

In S(H,n), we are assuming

6s* — (9n + 15)s® + (6b*n + 27n + 21)s* — (16b%n + 106* + 14n + 14)s
+ 4b?n + 1062 + 2n + 2
2(s2 — s —1)(2b2 — 3s + 1)2 ’
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then

and

where,

% . k1$5 + k254 + k’353 + ]ﬂ482 + k58 + kG
oni 2(s? —s—1)2(202 —3s+ 1)3

Spi s

0?A 1157 + 1580 4+ 158° + 148* + 1583 + lgs® + l7s + Ig
oo (s2—s— 1)%(2b2 — 35 + 1)4 oS
k1s® + kos* + kss® + kys® + kss + kg

(s — s —1)2(202 —3s + 1)p "

ki = 24b* — 27n — 15, ko = (18n — 66)b> + 153n + 129,

ks = —((126n + 78)b* 4 216n + 228),

ks = 20(n + 1)b* + (182n + 266)b* + 122n + 146,

ks = —(40(n + 1)b* + (124n + 172)b* + 34n + 22),

ke = 40(n + 1)b* + (28n — 8)b* +4n +4, [ = 72b° — 81n — 45,

ly = 24b* + (54n — 300)b* + 675n + 573,

I3 = —(72b* 4 (702n + 288)b* — 15660 — 1584),

ly = 240(n + 1)b* + (1860n + 2220)b* + 1815n + 1995,

Is = —(40(n + 1)b° + (780n + 660)b* + (27300 + 3420)b* + 1175n + 1145),
le = 120(n + 1)b° + 1440(n + 1)b" + (18900 + 1674)b* + 438n + 330,
l; = —(240(n + 1)b° + (990n + 972)b* + (432n + 90)b* + 75n + 129),

Is = 120(n + 1)b° + (60n + 36)b* + (6n + 144)b? + 3n — 3.

Theorem 4.4.1. Let G/H be a reductive homogeneous Finsler space with Lie algebra

decomposition g = b + [, and a G-invariant metric F =

062

(o — B)

+ 08 on G/H. Then for
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the homogeneous Finsler space with Randers-Matsumoto metric, mean Berwald curvature

s given by
1 02 1 2 2y
B (H,p) = & 82'5':_ 3i¢1' 3i 1
2000y 2 \On'on? ~ Onton?
¢y v, , :
where d are as in Fgs. (4.4.1) and (4.4.2) respectively.

ontond an ontond

Proof. From the equation S(H,n), we can write S-curvature at the origin as follows:

S(Hﬂ?) :¢1+\I/17

A (s> —25+2)A

where ¢1 = E<[Ua77][777> and \Ijl - 1_ 25 ([u,n][,u>.

Therefore, mean Berwald curvature is

L PSP P
Y 20mions 2 \onioni  Onioni )’

oo 0*,
——— and —
ontonl ontonl

9o D (é<[u,n][,77>)

o ol

where are calculated as follows:

= (222 A (ot + 2 (o) + (o))

o D (222 ALY b + 2 o + st

1 0%A ; 0A C0A A . 3A
= ( 7 L Emﬁj) ([u,n]im)

5877"8773' a3 ol a3 ont a3t

104 A,
+ (aa_nj B ?> (L, wilt, m) + ([w, e, wi))
+ (355~ 2 Qo + Qo) + 5 (ol
([, wgli, uj))

(4.4.1)



Chapter-4: The study of S-curvature of a homogeneous Finsler space with... 61

and
oV, 9 [(s*—25+2)A
8_773_8_77] ( 1 —2s ([u,n][,u> 5
s2—25s+20A 252 — 25— 92 <32—28—|—2)A
( 1—-2s O (25 — 1)2 SW) ([ws )i, w) + 1—92s
X <[U,Uj][,u>.
920, 0 32_23+20A_282—28—2A AV
oniond o 1—2s Onp (25 —1)2 Spa | AL T, W
(s —2s+2)A
1 — 925 (lu, usli, u) |
P—25+2 OPA 22-25—2 0A (282—25—2) 0A
= " T S, i —— — 85—
1—-2s Onion (2s —1)2 " on 2s—1)2 "oy
104 252 — 25 — 2
- 5§ — ———— A5 i ;
BT~ g s (el
2 —25+20A4 252 —2s—2
1 9s a7 (2. 1z A J y Willy
( 1—2s 87]] (25_1)2 Sp > <[u U][ u)
$?—25+20A4 252 —25—2
125 ap (@s_1F O 11 ). 1.4.2
( 1—-2s on (25 —1)2 Sn ) ([u, U;][,U> ( )
Substituting Eqgs. (4.4.1) and (4.4.2) in E;;, we get the formula E;;(H,n). O

4.5 Conclusion

We have obtained the following results:

e Let G/H be reductive homogeneous Finsler space with a decomposition of the Lie

a2

algebra g =H+1, and F' = W + [ be a G-invariant Randers-Matsumoto metric
a JE—

on G/H. Then the S-curvature is given by
65* — (9n + 15)s® + (6b*n + 27n + 21)s? — (16b%n + 10b* + 14n

+ 14)s + 40?>n + 106 4 2n + 2
2(s? —s—1)(20%> — 3s + 1)?

S(H,n) =

Y (821__2—82:2@%77][,@ ; §<[u,nh,n>) , (15.1)
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where u € [ corresponds to the 1-form [, [ is verified with the tangent space

Ty(G/H) of G/H at the origin H.

e Let G/H be reductive homogeneous Finsler space with a decomposition of the Lie
2

«
(o= p)
on G/H. Then (G/H, F) has isotropic S-curvature if and only if it has vanishing

algebrag =H+land F' =

+ 3 be a G-invariant Randers-Matsumoto metric

S-curvature.

e Let G/H be a reductive homogeneous Finsler space with a decomposition of the Lie

a2

algebra g =h+ [, and F' = W + [ be a G-invariant special metric on G/H.
a J—

Then the mean Berwald curvature F;; of the homogeneous Finsler space with special

(e, B)-metric is also derived.



Chapter 5

Ricci curvature of a homogeneous
Finsler space with special
(ar, B)-metric

In this chapter, we have obtained the formula for the Ricci curvature of homogeneous
Finsler space with special metric, F' = a + \/a? + 2. We have discussed the conditions

for vanishing S-curvature for the space (G/H, F).

5.1 Introduction

For (a, f)-metric Riemannian and Ricci curvatures are given by Zhou [86]. The Ricci
curvature of a Finsler metric F' on a manifold is a scalar function Ric : TN — R with
the homogeneity Ric(Au) = A? Ric(u). A Finsler metric F on an n-dimensional manifold
N is called an Einstein metric if there is a scalar function p = p(z) on N such that
Ric = (n—1)uF? [85],[12]. In [I7], Cheng et al. have shown that the formulae given in [36]
are incorrect. Later, they have also given the corrected formulae for Ricci curvature and
Riemannian curvature for (a, §)-metrics. Curvature properties of homogeneous Finsler

spaces with («, §)-metrics are among the most significant topics in Finsler geometry.

63
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5.2 Ricci curvature of Finsler space

Theorem 5.2.1. [17] On Finsler space N, let F' be an («, )-metric. Then
Ric(Z) = Ric*(Z) + RT] (5.2.1)
is its given Ricci curvature and Ric® be Ricci curvature of o, where

1
RT?= —{(n— 1)K, + Ky} 3,

q 012

+ —[((n = DK + Ky)rooso + ((n — 1) K5 + Kg)rooro

Q|+

+ ((n = DE7 + Ks)rooo] + ((n — 1)Ky + Kuo)sg + (rroo — 75) K

~—~

+ ((n = 1) K12 + Ki3)roso + (roor? — rog7d + T00,gb” — Tog0b?) K1

+ ((n — 1) K15 + Kig)rogsh + ((n — 1) K17 4+ Kis) So,0 + Sog54 K19

+ ((n —1)Ky7 + Klg)SQ;O + SogSe K19 + a[rsngo + ((n — 1)Koy + Kgg)sqsg}
+ oz((3sq7"8 — 25078 + 27154 — 250,007 + 54:007) Koz + sg;qKM)

2 i.q
+ o (545" Kos + sts? Kog)
where

K, =2V0,(B — s*) — 2500 + 6% — 0,,
Ky =200, (B — s%)2 — (6500, + U,,)(B — s2) + 250,
K3 = —4(2Q0, + Q.0)¥ (B — s%) +4Q0, + 2Q,0 + 4QO(s¥ — O) — 203,
Ky = —40(2QUs + QU5 + Qs U2)(B — s%)2 + ( — 412(Q — sQ5)
F4Qu W +2Q,, + 4QU,, — 20,5 + 20sQUW,) (B — s%) + 2¥(Q — sQ,)

- 411]5 - st - 103Q\Ijsa
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Ks = 400 — 203, K¢ = 2290, — U 5)(B — s?) — 20,

K; = -0, Kg=—Uy(B - s,

Ko =8QU(QO, + Qs0)(B — 5%) +4Q*(6” — ©,) + 4Q(Op — Q)

Ko = (402 (2QQ4s — Q7) + 8QU(QV, + Q,V,) — 4Q°V2) (B — 5°)* + ( — 16sQU(QV,
+ Q) — 4V (2QQ — Q2) — 4Q(QW s + Q. V) + 4QV, 5 + 4Q, V) (B — s°)
— 482QW? + 4(2 4 35Q)(QV, + Q) — 8QW +2QQ,, — Q? + 4sQ U,

K11 = 40° + 4V, Ky = 4Q(—-2V0 + Op),

Kig = (8\1/(625\11 —QU,) +4QU, 5 + 4QS\IJB> (B — %) + 85QU2 + 4QW, — 4(1 — sQ) U,

Ky =2V, K5 = 4Q80,

K6 = 4(Q\Ils - Qs‘lj)(B - 82) + 2Qs - 2<1 + 23@)\117 K7 = QQGJ

K18 = Q(Q‘I]s + quj)(B - 52) + 2‘9@\1] - Qsa KIQ = 2<1 + SQ)QS - 2Q27
Ky = —8(‘112 +Up)Q, Ky = —4Q°0, B =10,
Ky =2Q0¥ — 4Q2\I’s(3 - 32)7 K3 =207, Ky = 20Q),
Koy = —4Q%T, Ko = —Q, Q= ﬁa
v ¢ o_ _ 90 = s(6¢"+8'9)
2(¢ — s¢/ + (B — s%)¢")’ 20(¢ — s¢/ + (B — s%)¢")’

5.3 Ricci curvature of special («, $)-metric on a ho-

mogeneous Finsler space

Now we calculate the Ricci curvature of a homogeneous Finsler space. Let us consider u to

be a G-invariant vector field in [ corresponding to 1-form [ of length ¢ and with respect to
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u
the restriction (-, -) of Riemannian metric « of an orthonormal basis {ul, Uy ooy Uy = —}.
c
0
Let I‘k be the Christoffel symbols given by V = Ff] p The structure constants

of g is Cf = ([us, usli, ug), (1 <4,j,k <n)where [u;, u;]; denotes the projection of [u;, u;]

to I, and f(k,i) can be defined by

‘ 1, k<i
f(k, 1) =
0, k>1.

As a prerequisite to the rest of the calculation, we need the following lemma:

Lemma 5.3.1. [23] At the origin o = eH, we have the following values:

2

.—_C”

njs

bi = caniv Sij Cn

K

Tij = _§<C£i +Cp), i = ¢(Sniy + C,ZFZ]) Tijk = Sijik + Djuiks
Sijik = g(%%(% +Cl + Cpy) + 5();;(% +Ck + L)+ CY, (qu)
%b"'?j?k - _Fﬁj (Vi i, thp) — Ffmp<vu7€dj7 Up) + C}{;)n<v1[pdj7 U;) + (Ve U5, ),
U = (i, 5)Cf + (Ve ),

o L

(Vi) |, = —§< ikt O+ C’fj),
1

<Vﬁi?’2j7 uAk>uAk|0 = 5 (Ci’faciaj + C]a ik T Cha kT Cp lel + Cf)kcg‘] + ka051>,

ary;

Sk = (Vytj, v )iin + f(h, §)CR (Vg tha, ) + f(h, 1) Cpi(V 5, )

0

- (rzp + (Vi 1, 1) )T P>

R

As a result of lemma [5.3.1] we calculate the quantities involved in the statement of
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theorem at the origin of homogeneous Finsler spaces.

2 2

C C
_ 0 _ n _ n
o0 = cClyp, So = EOnOJ To = _Ecnm
C2
— 0 0 P _ _ n 0
00,0 = _COOp(Cnp + CnO)’ r= O’ $0;0 = Ecnpc(]p’
02
q q q __ q 0 \2
Ty = _Cqu7 TogTo = _<Cn0 + qu) )
4
02 02
q __ n q 0 _ n \2
ToqSo = _ZCqO(CnO + qu)’ SogS0 = _Z(qu) )
3 3
Q_C_C«ncn Q__C_C«n(CO +CQ)
SqSo = 4 ™ q0» SqTo = 4 mavTng n0/>»
3 4
C C
9 _ _~ moom q _ n \2
TqSo = 4 qucq()? S¢S° = 4 (an) )

3

4

9}

C:p(ogo + CSL + Cgp)a

P

3
C
SO;qbq = ZCgp(an + Cgp + ng)a SQ;Obq =

2
c c ; c
Sg;q = 50000 + 70, <ng + ng + ng)’ Sflsi - _Z(O‘?DQ’

2p0 qp 4 ap

2
C
TOO;qbq = _§<C£0 + Cgpx_cﬁo + Cgp + C;Lp)a

2
1
Foqob? = 5 | Oy + 5 (Chy + Co,)(Chy 4+ Ci + Cp)

np~ p0

For special metric F' = a + y/a? + 32, K; to K can be calculated as follows:

S 1
p=1+vs*+1, ¢ = ¢ = —,
Vs?+1 (s241)2

(352((3 + 5)s* + (6B + 14)s* + 4B + 8)V/s> + 1 + (—s" + 25 + 4B + 8) )

X (2 +1)2
K =— ,
' 462V s% + 1(s2V/s® + 1 + B + ¢)3
3vVs2+1(s8 — (7B + 6)s* + (2B* — 3B — 6)s? + B>+ 2B)v/s%2 + 1 + 2s°
+56(—4B +1) — (12B +9)s* + (3B2 — 2B — 6)s? + B2 + 2B
KQ = )

2(s?V's? + 1+ B + ¢)*
(3B +19)s* + (20B + 52)s* + 16B + 32)v/s> + 1 + (s* + 1) 5
S
X (3s2+4)(—s*+ 352+ 4B +38)
K; =

Vs + 1(s>Vs* + 14 B + ) ’
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~1
K, = (((3514 — (101 4 72B)s"* — (683 + 12B?

(s24+1)2¢2(s2V/s2 + 1 + B + ¢)°
+ 458B)s' — 2(64B* + 676 B + 939)s® + 2(15B° — 127B% — 10328 — 1351)s°

+ (—2133 — 171B? + 74B* — 1664B)s* + (—672B — 876 — 29B” + 54B> — B*)s*

B4
+2(=72+15B% + 12B* + B® + 97 — 4SB)> V82 + 1465 — (7+24B)s™

—_

—2(151 + 116 B)s'* — (1378 + 52B* + 989B)s'Y — = (4478 B — 24B° + 418 B

[\)

1 1

+ 6005)s® — 5(7327 + 56788 — 90B* + 620B8%)s° + 5(—5106 — 359B% + 12B*
1

+164B* — 3994B)s* + 5(—144019 — 1896 — 25B% 4 138B* + 20B*)s* — 144

+30B° +24B% + B® + 9B* — 963) s> ,

253 o (s + 1)+ 2(B — s?)
¢(s2Vs2 + 1+ B + ¢)?’ © T B>V 1+ B+ o)
B —s3 o 35v/s2 + 1(B — s?)
C20(82Vs*+ 1+ B+ ) Y 20(2VS2 + 1+ B+ ¢)?

1
- ¢4\/82 + 1(82\/32 + 1+ B+ ¢)3 <8<(4510 — 257 4 245° + (3B + 17>57

K5 =

Ky

KQI

+4(6B + 20)s° + (18B + 52)s° + 4(3B* + 24B + 37)s" + 36(B + 2)232)

x V5241 —3s" + 85" + 257 +4(3B + 13)s® + (39 + 8B)s” +4(35 4 15B)s°
+4(17 + 6B)s° + 4(6B* + 39B + 53)s* — 2(B + 2)(B — 8)¢s®

+4(B +11)(B +2)?s* + 8(B + 2)%)) ,

1
PV + (25 + 1+ B+ ¢)?
— 3B%)s" + (215 + 88B — 17B%)s* + (24 — 12B — 9B* + B*)s*) + 2(s"

Ko

(((17510 + (142 4 56 B)s® + (1448 + 299

+12(B + 3)s® + (40B + 104)s° + (2B% + 41B + 97)s* + (—B* + 2B + 18)s?)

x Vs> +1— (B+3)(B+2)*(s*+ qb))),
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_ Al
Ky = ! : Ky = - )
(s2Vs?+1+ B+ ¢)? P (V2 + 1+ B+ ¢)?
K _25%(—3s"—14s* + 6B — 1)+ 2(B + 2)¢ o 1
" #(s2Vs2 + 1+ B + ¢)? ’ Y eI F1+B+e
251
K15 = )
P (s>Vs*+ 1+ B+ 9¢)
% V2 +1(s* +2) + 655 + (—6B + 7)s* + (5B + 3)s* + (B +2)¢
1 Vs + 1(s2Vs2 + 1+ B + ¢)? ’
4
S
Kl? = )
P2(s2V/s2+1+ B+ ¢)
. (5" +25*)Vst+1— (B+2)¢+35° 4+ (—3B +2)s* — (4B + 3)s>
' V52 +1(s2y/s2 + 1+ B + ¢)? ’
—2(s*Vs*+1—s*—¢) 25
K19 = ) KZO = )
$*V/s2 + 1 #(52v/52 + 1+ B + ¢)?
—2s°
K21 = )
3 (s2V/s2+1+ B+ ¢)
s —6s*Vs2+1+6Bs*/s2+1+st+s%/s2+ 1+ Bys?2+ 1+ 2s?
S
+B+2Vs2+1+2
Koy = :
“ d(Vst+1(s2+ 1)+ B+ 1)?
S 25
K23 = 3 9 J K24 =
p(Vs+1(s2+1)+B+1) ¢
—2s? — 52 S
K = , K = —F, = —,
2 24+ 1(s2+1)+B+1) 0T g2 @ ¢
Q.= 1 0 (Vs 14 9)s
S ¢ 82—"_17 S8 (82+1)%¢2 Y
T— 1 T — —3sv/s?+1
2(s2Vs2 +1+ B +¢)’ * 222+ 1+ B+ ¢)?
v C3((4s* +3s* —1)Vs2+1—3(B+1)) S -1
T WEHUVE AL+ B+ 0 2AVE 1+ B+ o)
T 3svs?+1 o_ 53
PPV R 1+ B+ ¢y 20V + 1(s2Vs2+ 1+ B+ ¢)’
2(s?Vs2+1— 5% —0) o —s?
B pumy

O T PVETIE )1 B LR
(—s*(4s* + 1)+ 3(B+2))Vs>+ 1)
20252 + 1((s2Vs2 + 14+ B+ ¢)3)

20(s2v/s2+ 1+ B + ¢)?’

GsB:_

Using the above computation, we obtain the following result:
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Theorem 5.3.2. A compact homogeneous Finsler space G/H with G-invariant special

metric ' = o+ \/a? + B2. Then the Ricci curvature is given by

Ric(Z) = Ric*(Z) + %{(n — 1K) + K} + %{ﬁo{(n ~1)(Ks — Ks)
cC8 (CO + CY, A(Cm )2
+K4_K6}_ (Oz(Z—)i_ ){(n—l)K7+K8}+%

2
C
X {(n — 1)(K9 — K12) + KIO — K11 — KlS} — Z{4anc,gq -+ (Cgo -+ ng)

ng~'q0

2
X (205, + Cgy + 2C4,) +2C3,Con | Kua + T Ca(Clo + Co){ (n = 1) Kg

c2 3

02 n n C n ,m
+ K16} ¥ 5cnqogq{(n 1)K+ Klg} — (O Krg + Tl Z2)CC,

3
X {(n — 1)Ko + Kzz} + CZOC(Z>{4CZOOZ(; - C’Zq(lngq - qu)}KB

+fa(2){2m C1 om0 }K +C—2a2(Z){02(C" V2K s — (C)2K. }
4 m0™~'qgm 24 4 ngq 25 qi 26 (>

gm —qm

(5.3.1)

where Z(# 0) € L.

5.4 Ricci curvature and vanishing S-curvature

In this section we discuss the conditions for vanishing S-curvature for the space (G/H, F).

For that we need the following lemma

Lemma 5.4.1. [83] Suppose F' = ap(B/a) is an invariant metric on the compact con-
nected coset space G/H. Then F has vanishing S-curvature if and only if ([u, z];, z) =

0, Ve el

Theorem 5.4.2. Let (N = G/H, F) be a compact connected homogeneous Finsler space

with G-invariant special metric ' = o + \/a? + %2 on G/H. Suppose that (N, F) has
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vanishing S-curvature. Then Ricci curvature is given by
Ric(Z) =Ric*(Z) = 7 (Cjp) Ky + (2 )(20 ce. +Cqmcgm)K24
— —a*(Z2)(C)* K,
where Z(# 0) € [ and K9, Koy, Kog are already defined.

Proof. Assume that (N = G/H, F) has vanishing S-curvature, using lemma [5.4.1|

([u, Z),, Z) = 0,VZ € L.

Therefore, an =(Z, [un, Z]1)
B <Z’ [%’Z}) =9,
and C’f;j + CZ”- =(Us, [Un, wjlr) + (U, [tn, wil)
= Qo [Zo] )+ (o [T
1

also

CZZ :<[un7 ui][: un>

(el %)
=t ) - o}
612 oty s + [, il + ;)
:Cl2 oty -+ il [+ wi])

71
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From [5.3.2}, hence the required result is obtained. O

5.5 Conclusion

We have obtained the following results:

e A compact homogeneous Finsler space G/H with G-invariant special metric F' =

a+ /a2 + B2. Then the Ricci curvature is given in Eq. (5.3.1)).

e Let (N = G/H,F) be a compact connected homogeneous Finsler space with G-
invariant special metric F' = a + y/a?+ 2 on G/H. Suppose that (N, F') has
vanishing S-curvature. Then Ricci curvature is given by

2
Ric(2) =Ric®(Z) = 7 (Cip)* Ko + 50(2) (2C30Cln + CpouChy ) K

02

- ZOZQ(Z)( ) Ko,

—2(s*Vs*+1—s*—¢) 2s —s?
, Koy=—, Kyp=—5.
¢2 g2 +1

where, Z(# 0) € [ and K9 = 3 e



Chapter 6

Properties of Finsler space with
(o, B)-metric

In this chapter, we have discussed the nonholonomic frames, hypersurface of a Finsler
space and projective flatness of Finsler space. We have constructed the non-holonomic
Finsler frames for the two types of deformed Finsler metrics. We have obtained the some
results for the hypersurface of a Finsler space with generalized Matsumoto metric. And we

have proved the necessary and sufficient condition for Finsler metric F' = a + /a2 + (2.

6.1 Introduction

The theory of gauge transformation has been established in the context of Finsler space
by G. S. Asanov and his co-researchers (1985-1989) [8], here interesting thing is that the
theory of gauge transformation the Finsler tangent vectors are considered as independent
variables are attached to points in space-time. The homogeneous transformations of the
tangent space are called gauge transformations. In 1982, P. R. Holland worked on a unified
(formalism) field theory that uses a nonholonomic Finsler frame on space-time as a sort of
plastic deformation by considering the motion of charged particles in an electromagnetic

field [13] 32, 33].

73
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Nonholonomic frames have been studied by so many physicists and geometricians
about the motion of charged particles in electromagnetic field theory. In 1951, Y. Kat-
surada [36] introduced the theory of a nonholonomic system in Finsler geometry. In 1995,
R. G. Beil [10, O] worked on a gauge transformation considered a nonholonomic frame on
the tangent bundle of a four-dimensional base manifold. This introduces that there is a
unified approach to gravitation and gauge symmetries. I. Bucataru [13], in his research,
discussed how the Beil metric is used in the deformation of the Riemannian metric and
also in the nonholonomic frame. For finding the nonholonomic frame he considered the
most general case of the Beil metric. In this case, the Generalized Lagrange metric (in
short, GL-metric) is known as the Beil metric.

The systematic theory of the hypersurface of a Finsler space was built by Matsumoto in
1985, along with this he explained the hyperplane of the first kind, second kind and third
kind are the classification of hypersurfaces. Further, many researchers considered these
three kinds of hyperplanes in different types of («, 8)-metrics of Finsler spaces and they
came to various conclusions. In recent years, H. G. Nagaraja, S. K. Narasimhamurthy,
Pradeep Kumar and S. T. Aveesh obtained some results on geometrical properties of
Finslerian hypersurfaces with (o, 8)-metrics in 2009 [51, B4, [62]. In 2018, K. Vineet
and R. K. Gupta worked on some special («, 5)-metrics and in 2020, Brijesh Kumar
Tripathi introduced the same aspect with the deformed Berwald-infinite series metric.
Projectively flat Finsler spaces with special (o, 5)-metric. The condition for a Finsler
space to be projectively flat was studies by L. Berwald and this work was completed by

M. Matsumoto. Later on many authors worked on projectively flat Finsler spaces [35] [60].
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6.2 Nonholonomic frames of Finsler space with («a, 5)-

metric

Definition 6.2.1. [I3] A generalized Lagrange metric is a metric g on the vertical
subbundle VT'N of the tangent space TN. This means that for every u € TN, g, :
V. TN x V,TN — R is bilinear, symmetric, of rank n and of constant signature. A
pair GL" = (N,g), with g a GL-metric is called a Generalized Lagrange space. If

(771 (U), ¢ = (z',n%)) is an induced local chart at v = (z,n) € TN, we denote by
(2] 2
Gij = Gu 87’]1 Y 877]

tions g;;(x,n) such that we have: rank(g;;) = n, g;;(x,n) = g;(x,n); the quadratic form

). Then a GL-metric may be given by a collection of func-

o Rt

gij(x,m)E'E has a constant signature on T'N; if another local chart (7=1(V'), ¢ = (2", 7"))

0 0
at u € TN is given and ggi(x,n) = gu | =—=| , = then g;; and are related by
87]k u 8771 u
L oz* 03t _
9ij = 6772 677] Gkl-
, 1 9*F?
Further consider g;; = 29man the fundamental tensor of the Randers space (N, F').
n'on
Taking into account the homogeneity of a and F' we have the following formulae:
1 Oa - O . 1 . Ol Y
P — —_nt = ZJ—' R: i = —, lZ:—Z: U—"
==ty ai;p’ o7 =95
- OF 1 . ,
li = gijl) = — = p; + bl' = =p', I'; = p'p; = 1, 6.2.1
gl = 5 =P+ Fald p'p (6.2.1)
[’ i = Zli = bZPZ = bllz = T
b F b o} « F J

with respect to these notations, the metric tensors a;; and g;; are related by [47],

F 3 F
gij (x,m) = - i + bipj + pibj + bib; — Sbipi = — (a;; — pipj) + lil;. (6.2.2)

Theorem 6.2.1. [1j] For a Finsler space (N, F) consider the metric with the entries:

i a g i a
Yj:1/F<5j—llj+,/Fppj); (6.2.3)
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(0
defined on TN. Then Y; =Y} (8_>’ 7 €1, 2, 3,...,n is a nonholonomic frame.
/]7’L

Theorem 6.2.2. [2] With respect to frame the holonomic components of the Finsler

metric tensor aqg are the Randers metric g;;, i.e.,
9i; =YY ang. (6.2.4)

Throughout this section we shall rise and lower indices only with the Riemannian
metric a;; (z) that is n; = a;7’, * = a”b;, and so on. For a Finsler space with («, 8)-

metric F? (z,n) = F {a(z,n), B(x,n)} we have the Finsler invariants [47].

1 0F _1O°F
"7 200’ SEEE (6.2.5)
1 9*F 1 ?F 10F o
T e v (W‘E%)

where subscripts 1, 0, -1, -2 give us the degree of homogeneity of these invariants.

For a Finsler space with («, #)-metric we have,
P18+ p_oa’® =0, (6.2.6)

with respect to the notations we have that the metric tensor g;; of a Finsler space with

(o, B)-metric is given by [47].
9ij (x,1) = pa; (x) + pobi () + p—1 {bi () n; + b; (x) mi} + p-anin;. (6.2.7)
From Eq. (6.2.7) we can see that g;; is the result of two Finsler deformations:

1
L. aij = hij = pa;; + . (p—1bi + p—omi) (p-1b; + p_2m;)

1
2. hij = gij = hij + P (pop—1 — p1) bib;.
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The nonholonomic Finsler frame that corresponds to the theorem (7.9.1) in [14], given

. | | B2 . 4
X; = /pd; — o {\/ﬁ+ p+ Z} (P10 + p-an’) (p-1b; + p_omy) , (6.2.8)

where B? = ay (pib + p_atf) (p1b; + p_a 1;) = P28 + Bp_1ps.

by,

This metric tensor a;; and h;; are related by,
hij = XF X ap. (6.2.9)
Again the frame that corresponds to the /1 deformation of the Eq. (6.2.8) is given by,

, , 1 p_QCQ ,
YIi=6 ——<1+/1+——— 7 0'b; 6.2.10
J j Cz{ \/ +pop_2—p2_1} 5 ( )

. 1
where C2 = h;bib/ = pb* + E(p_lb2 + p_aB).

The metric tensor h;; and g;; are related by the formula;
G = Y, YT Ry (6.2.11)

Theorem 6.2.3. Let F? (z,n) = F (a(z,n), B (z,n)) be the metric function of a Finsler

space with («, 8)-metric for which the condition (6.2.6)) is true. Then
i _ yiyk
Vi =X,

is a nonholonomic Finsler frame with X} and Y]"“ are given by Eqs. (6.2.9) and (6.2.11)

respectively.

Here we have two kinds of metrics combinations, such as the product of Randers and
Matsumoto metric, another one is the product of Randers and the first approximate of

Matsumoto metric.
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2
6.2.1 Nonholonomic frame for F(«, ) = (a + () ( a )

a—p
2
In the first case, for a Finsler space with the fundamental function F' = (a + ) (aoi 5)
the Finsler invariants Eq. (6.2.5]) are given by
) a? —af — 32 ) 203 ) a(a—30)
= 9 00— 7 99 -1 = 3 >
(Ol—ﬂ)2 (O{_B)Q (O[—/B)?) (6212)
L _BBI—a) (=39 —p)
a(a - p)’ (o= B)°

i [a?2—aB =P, a? a? —aff — 32
A W—ﬁ?( (a—p)°

. \/ (02 —af — ) (0f — %) + (35 — ) (a?F? ~ B“’)) (bi . ﬁnz) <bj _ %m) _

Bla—p)’ a?
(6.2.13)
Again using Eq. (6.2.12) in Eq. (6.2.11) we have,
i i 1 Blo— 5)202 ;
szdj_@ 1j:\/1—l—T b'b;, (6.2.14)

. Thus we state:

where C? = <M> o (0= 35) (07 — 5’

(@ — B) af(a—p)’

Theorem 6.2.4. Let F = (a+ ) (aofﬁ> = a:(éaf—;ﬁ)

Finsler space with (o, B)-metric for which the condition (6.2.6)) is true. Then

be the metric function of a

i _ yviyvk
Vi =X,

is a nonholonomic Finsler frame with X} and Y;’“ are given by Eqs. (6.2.13)) and (6.2.14)

respectively.

2
6.2.2 Nonholonomic frame for F = (a + 3) <a + 5+ —)
a

In the second case, for a Finsler space with the fundamental function F' = («a + f3)

2
X <a + 5+ B—) be the product of Randers metric and first approximate Matsumoto
«
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metric the Finsler invariants Eq. (6.2.5)) are given by

3 3 1 332
3 2 2 2\2 (272 2 (6'2'15)
U380 2%, (207 36Y)" (a2 — 0%
p-2 200 ’ 4a8 ’

Using Eq. (6.2.15]) in Eq. (6.2.9) we have,

g B o? B
a_2a36j a2b? — 32 I+ ===

a  2a3
i¢®w—%mm%tﬂw“”mﬁ+gﬁ>X@“fgi(@‘gmy

Xi=/1+

J

20303
(6.2.16)
again using Eq. (6.2.12) in Eq. (6.2.11)) we have,
, 1 20C? ,
Y!i=0 ——=[1£4/1 b'b;
b C’2< \/ +2a2+4a5+352> 7
203 4 2028 — 33 36% — 202 2

where C? = ( 5o ) b2 + T(Q%Z - 5" (6.2.17)

Thus we state:

2
Theorem 6.2.5. Let F = (a+ () (a+ﬁ+ B—) be the metric function of a Finsler
o

space with («, 5)-metric for which the condition (6.2.6)) is true. Then

i __ yvivk
Vi = X,

is a nonholonomic Finsler frame with X and Y} are given by Egs. (6.2.16) and (6.2.17)

respectively.

6.3 Hypersurface of Finsler space with generalized

Matsumoto metric

In this section, we have expressed certain geometrical properties of the hypersurface of

Finsler spaces and we have discussed the different kinds of hyperplanes with generalized
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am+1

(a—p)m

dition for the hypersurface of generalized Matsumoto metric satisfies the conditions of

Matsumoto metric, F' = . We have derived the necessary and sufficient con-

hyperplane of first, second and but not third kind for the above metric. We have con-
sidered an n-dimensional Finsler space with smooth manifold N™ assigned with F' i.e.,

F"=(N", F(a, 3)), where a-Riemannian metric and S-differential 1-form. Here
F=-—" (6.3.1)

Now, differentiate Eq. (6.3.1)) partially with respect to a and 3, we get,

B O{m(Oé_mﬂ_ﬁ) B mam+1 )
R e T T
am Oém_l am+1
(o (6.3.2)
(6%
FBB = m(m + 1>—(O[ — B)m_,’_Qa
am am+1
Fa,ﬁ = m(m+ 1) ((a — /B)m+1 o (a _ 5)m+2) ’ J
OF OF OF, OF, OF,
WhereFa—%, Fﬁ_a_ﬁ’ Faa_%a Fﬁﬁ_867 Faﬂ_aﬁ‘

The normalized element with supporting element ; = ;F and angular metric tensor
hij = F_laiajF are giVGH by,
li = a ' FLY; 4 Fpb;,

(6.3.3)
hij = Paij + Qobib; + Q1(b:;Y; + b;Y;) + Q2YiY),

and

here Y; = a1, O = =~
where a;;n oy

P=FF, o', Q)= FFgs, @1 = FFaﬁofl, Qo = FOFQ(FM — Faofl). (6.3.4)

The constant quantities of fundamental function Eq. (6.3.1)) are given below by using Eq.
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(6.3.4]), we get
p_oMm+1)  mat N
- (a—pB)m 2(a - B)2mi1’
m-+
Qo = m(m + 1)(af’m7
a2m Q2m+l
Q1 =m(m+1) ((a e 6)2m+2) ’
_ m(m+ Da2m  (m? —1)a?™2  2m(m+ %)aszl
QQ - (a — ﬁ>2m+2 + (a _ ﬁ)Qm - (a — 5)2m+1 g

1. .
Now the fundamental metric tensor g;; = éaﬁjF 2 is defined as,

9ij = Paij + Pobibj + P1(b;Y; + b;Y;) + Q2Y3Y7,

where, Py=Qo+ Fj3, Py =Q, + F 'PFg, Py =Qy+ P?F2.

In addition, the reciprocal of tensor g;; is g given by
gij = P’laij — Sobzb] — Sl(bln] -+ b‘]nl) — Sgninj,

where,

_PPO+(POP2_P12)052 )

b = aivb S
a VE 0 ,UzP )
PP, + (PP, — Pf)ﬁ PPy + (PP — P12)1)2
Sl = ) S2 = )
wP uP

j=P(P+ Pb? + PiB) + (PyPy — P?) (0 — B2).

The Cartan tensor is given by,
2PCji = Pi(hiymu, + hjmi + hyim;) + yymgmgmy,

where,

1. 0P,
Cijk = iakgij: n=>"r (3_50) — 3P1Qo,

m; = bz — 01_2ﬁ}/;.
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(6.3.5)

(6.3.6)

(6.3.7)

(6.3.8)

(6.3.9)

(6.3.10)

(6.3.11)
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The associated Riemannian space contains the components of Christoffel’s symbol
{jk} and the covariant derivative V;, with respect to 2* corresponding to this Christoffel’s
symbols.

We have the following components of the symmetric and skew-symmetric tensors re-

spectively,

_ iy = b (6.3.12)

where bij = ijz
The difference tensor D;k = F;‘fc — F;k of the special Finsler space F'™ is given by
D;k = BiEjk + F,iBj + F;Bk + B]i-b()k + B}ibOj — bgmgimBjk — C;mAZL — LA™

km*=j

+Cikm AT 9" + X°(C},,Ch + C, Ol — CRCL),

jm~'sk m ' sj
(6.3.13)
where,
By, = Pob, + P1Yy, B! = giij Fik = gkijia By = bm",\
0P,
{Pi(ay; — a72Y3Y;) + —mm; )

B 9p

N 2 ’ (6.3.14)

A = BMEo, + B™Eyy + By ™ + BoF™,

sz = gijji’ AT = BmEOO + 2B()F6n

/

Here and also for the following, we denote 0 as contraction with 1’ except for the quantities

P()7 QO and S().

6.3.1 Hypersurface F"~! of Finsler space

aerl

(= p)m

— , ob
Vaij(x)n'n? is a Riemannian metric, 8 = b;(z)n* is 1-form metric and b;(z) = pye is a
:B'L

Let us consider a Finsler space F" with the (a, §)- metric F' = , where, a =
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gradient of scalar function b(z). In this section, we prove the necessary and sufficient
condition of the hypersurface of a Finsler space to be a hyperplane which satisfies the 1%,

2% and but not the 37 kind. We have,
b;B. =0, bin' =B =0. (6.3.15)

Accordingly, the induced metric F(u,v) of hypersurface F"'is Riemannian metric given

by

F(u,v) = \/aap(u)v*vs, Aap = aijB(iBé. (6.3.16)

Thus for F"~!(c), from the Eqgs. (6.3.5), (6.3.7) and (6.3.9), we have
1

P:17 Q0:m<m+1)7 leov QQZ_EJ Pozm(2m+1>7
p="" p—o0 1+ (m? + m)b?, S e+ m 6.3.17
_ — = = m m = 0.
1 a’ 2 y M ) 0 1+ (mg + m>b27 ( )
m m2b?
Sl - 5 SQ - — .
a(l+ (m? +m)b?) a?(1 4+ (m? +m)b?) )
wherefore ([6.3.8)) yields,
] — 1] _ 7 _ b'l J b] 7
g = 1L+ (m2+ m)b? a(l+ (m? + m)b2)( V)
m2b? o
i 6.3.18
tear " (6.3.18)
Operating b;b; and using Eqs. (6.3.15]) and (6.3.18) we get
- b2
Yh;b; = . 6.3.19
900 =T (m?2 4 m)b? ( )
Therefore, we obtain
b? ) g
b; = N;, b* = a’b;b;, 6.3.20
(JZ(U)) 1 + (mg + m)bg a J ( )
where b is the length of vector b°. From Eqgs. (6.3.18) and (6.3.20]), we get
( ij 2 2 2 i mb’ i
b = ab; = /0% ((m2 +m)b2 + 1)N +—" (6.3.21)

Thus we state:
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Theorem 6.3.1. Let F" ! be a hypersurface of Finsler space F™ with metric F =
am—i—l

g with scalar function by(x) = 0;b(x) given by (6.3.19) and (6.3.20) and a hy-

persurface ™% of F™. Then the induced Riemannian metric is lead by (6.3.15)).

Further, h;; and g;; are identified by (§6.3.3) and (6.3.6) into (6.3.17]),

1
hij =ai; +m(m + 1)bib; — —YiY; (6.3.22)
Gij =a;; +m(2m + 1)b;b; + %(biﬁj +b;m), (6.3.23)

where, h;; is an angular metric tensor and g;; is a metric tensor.

Along hypersurface F"~!(c) with hglﬁ) which represents the angular metric tensor of

a : 0F,
Riemannian a;;(x), then ho,g = hgﬂ) Accordingly from (6.3.7), as well as F""(c), 3_50 =
2m+42
1 2
Therefore, (6.3.11)) yields v; = m(m + 1)(m + ),mi = 0.
a
Now from ([6.3.10)), we get
m m(m+ 1)(m + 2)
Using (6.3.14) and (6.3.4]) and (6.3.24)), we obtain
b2
My =2 hag, My = 0. (6.3.25)

77 2 1+ (m? +m)b?

Thus from Eqs. (6.3.25)) and (1.4.12)) thereby H,s = Hpa.

Thus, we state

Theorem 6.3.2. The second fundamental v-tensor of the hypersurface of a Finsler space

am—l—l
with the metric F = ———— vanishes, and the second fundamental h-tensor is symmet-

(a—pB)m

TiC.
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Proof. Subsequently, from Eq. (6.3.15) we get

by By, + biBlys = 0. (6.3.26)

Therefore from Eqs. (1.4.15)) and (1.4.16)), we get

il BLBY + by BLN' Hg + b;HogN' = 0. (6.3.27)
" 7 o
Along bi|j = —bsCj;, becomes bi‘jBéNj =13 CEEETE M, = 0. Including by; is
symmetric, from Eq. (6.3.27) we obtain
b? b BB
H, i1 B By = 0. 6.3.28
1+ (m2? 4 m)b? o+ DiiPaly ( )

Now, contracting the Eq. (6.3.28)) with v” and again that with v®, yields

b2 .
\/]_ + (mQ + m)bZ HC“ + bi|jBan] = 07 (6329)
b2 .
T+ (mz = e o+ baan'r = 0. (6.3.30)

In the context of lemma (1.4.1]), the hypersurface F"~1(c) is a hyperplane of the first kind
if and only if Hy = 0 and also on the other hand b;;n'n’ = 0. The covariant derivative

bij; depends on 7". O

Thus Eq. (6.3.12) becomes Ey; = b;;, F;; =0 and F} = 0.

Hence Eq. (6.3.13]) reduces to

D3y = B'bjx + Bibok + Biboj — bomg™ By — Cn AR — Cn AT + Ciim ALg™

km~*j

(6.3.31)

HX(C, O+ CinCF — CCL)-
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In the context of Eqgs. (6.3.17) and (|6.3.18]), the relations in Eq. (6.3.14]) consists of

m . m? +m : m )

B; = 2 )b + =Y, B = b ’
m(2m + 1)b; + a 1L+ (m? +m)b? * 04(14—(m2—1—m)b?)77
m m m(m+1)(2m + 1)

B = 5%~ g o ¥ « b5

m(m + 1)(3m + 2)

2a(1 + (m? +m)b?)
m? + 2m?*(m + 1)(2m + 1)v? ih

T 221+ (mErmr)

Bi= ¢*By; = g(é; —a*n'Y;) +

bib,

AZI - Blrcnb(]o + meko, )\m == meoo.

(6.3.32)
and
P m2 4 m o m AW (6.3.33)
00 = =0 T + (m2 + m)b? a(l+ (m2?+ m)b2)n 00"
By the relation (6.3.15)), we obtain
- (m? + m)b? m + 3m(m + 1)%b? (m? 4+ m)b™ ,
b; D, = b, biboo — b;C". boo-
0T+ (m2+m)p2 * 20(1+ (m2+m)b?) »° 1+ m2+m)p2 "I
(6.3.34)
: (m? + m)b?
b;D{y = boo- 3.
0 T (m2 + m)i (6.3.35)
Hence b;); = b;; — b, D;; with Egs. (6.3.34) and (6.3.35) yields
bin'n’ = ! boo- (6.3.36)
i 1+ (m? + m)b?
Subsequently Eqgs. (6.3.29)) and (6.3.30) are expressed as
b H, +byB, =0 (6.3.37)
VIt m2rmpe © e -
b 1
Hy+ boo = 0. 6.3.38
V14 (m2 +m)b? "1 m2+m)pr ( )

As consequence of that the condition Hy = 0 for an induced metric which is equivalent to

boo = 0, using Eq. (6.3.15)) which can be written as b;n'n’ = (bin')(c;n’) for some ¢;(x),
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therefore

biC' + b'Ci
=g (6.3.39)

Thus, we state

Theorem 6.3.3. The necessary and sufficient condition for a hypersurface F" *(c) of a

m+1
Finsler space with the generalized Matsumoto metric F' = (a—ﬁ) to be a hyperplane of
o — m
bz‘Cj + bjCl'

first kind b;; = holds.

And also byy = 0, bingBg =0, b;;Bin’ = 0. Here Eq. (6.3.38)) gives H, = 0, and

from Eqs. (6.3.32)) and (|6.3.39)) we obtain

i b, i i i i
biob = T, AT = O, AJBé =0 and BijBaBZ'? = 0.

With the help of Eqgs. (1.4.14)), (6.3.18)), (6.3.21]), (6.3.25)) and (6.3.31), we get

cob®m 4
4a(1 + (m2 + m)b2) 7

henceforth, Eq. (6.3.28) reduces to

by D5 BB = —

b oot cob®m
V14 (m?+m)b? T da(1+ (m2 + m)?)

has = 0. (6.3.40)

From egs. (1.4.13),(6.3:24), (6.3.32)) and (6.3.30)) and the theorem [6.3.2] Hence the result.

Theorem 6.3.4. The necessary and sufficient condition for the hypersurface F"1(c) of

m+1
(a—m, to be hyperplane of the 1% kind
a - m

is (6.3.39) and in this case the 2™ fundamental h-tensor of hypersurface F"1(c), is

Finslerian space equipped with metric F' =

proportional to its angular metric tensor.

By lemma |1.4.2] the hypersurface F"~1(c) is a hyperplane of the 2"¢ kind if and only

if Hys = 0. Thus from (6.3.40) wet ¢o = ¢;(z)y" = 0. Therefore Je(z) > ¢;(z) = e(z)bi(x).
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Hence eq. ([6.3.39)) gives

Theorem 6.3.5. The necessary and sufficient condition for the hypersurface F"~'(c) of

m—+1
Finslerian space equipped with metric F' =

(6.3-41)).

—, to be hyperplane of the 2" Lind is

(@=p)

In view of Eq. (6.3.25) and lemma [1.4.3] we have

Theorem 6.3.6. The hypersurface F"(c) of Finslerian space equipped with metric F =

am+1

———— s not hyperplane of the 3" kind.
(a—p)m

6.4 Projectively flat Finsler space with special («, 3)-

metric

F' is a positively homogeneous function of a Riemannian metric a = \/W and a
differential 1-form 3 = b;n" of degree one. The interesting examples of (c, §)-metric are
the Randers metric and Kropina metric.

The condition for a Randers space to be projectively flat was given by Hashiguchi-
Ichijyo [29] and Matsumoto [49]. The projective flatness of Kropina space was investigated
by Matsumoto and Matsumoto space was studied by Aikou-Hashiguchi-Yamauchi [IJ.
The condition for a Finsler space with a generalized Randers metric F satisfying F? =
cro? +2coa8+c3 8%, where ¢;’s are constants, to be projectively flat was given by Park and
Choi [59]. Recently, the projective flatness of Finsler spaces with some special metrics

have been studied by G. Shanker and R. Yadav [70]. A locally Minkowski space with
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(cv, B)-metric is called flat-parallel [3] if « is locally flat and § is parallel with respect to
a.

In this section, we have considered the projective flatness of Finsler spaces with a
special («, B)-metric F' = a + /a2 + (2.

In a Finsler space F* = (N", ') with an (o, #)-metric, let 7% () be Christoffel symbols
constructed from a;j, the Riemannian metric. We denote ‘;’ by the covariant differentiation

with respect to 77, (). In a Finsler space F™ with (a, §)-metric, we define
Vibk = QhrYjg, b* = a"*b,bs. (6.4.1)

We shall denote the homogeneous polynomials in (%) of degree r by hp(r) for brevity.

Now the following Matsumoto’s theorem [49] is well-known.

Theorem 6.4.1. A Finsler space F™ with an («, 8)-metric is projectively flat if and only

if the space is covered by coordinate neighbourhoods on which ij satisfies

1 ; 700077i aly i Floa QTop b’ ;
— | v = ! — -] = 4.2
5 ('}/00 o2 ) + ( Fa S + Fa C + 2ﬁ B n 0, (6 )

where the subscript 0 means a contraction by 0, and C is given by

C+ (Oé?ﬁ) S0+ (gf;a> (o%" = ) (C i Ogﬁoo) - (049

By the homogeneity of F, we know o?F,, = [?Fpg, so the formula (6.4.3) can be

rewritten in the following form:

{1 + (j_lii) (022 — 52)} (C + %)O) - (%) {roo . (2‘;?) so} . (6.4.4)

F
It 1+ <%) (a®b® — B%) # 0, then we can eliminate (C + %ﬁoo) in Eq. (6.4.2) and
aF,
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it is written as the form:

Fas (0?0 —82)) (1 [, i Fp\ Fra
oo B 1 ) () ) )
X {Too — (26;?}75) 80} (Oé;bl — 771) = U. (645)

Thus, we have

F,
Theorem 6.4.2. If 1 + (%) (a?b? — 3%) # 0, then a Finsler space F™ with an
arly

(cv, B)-metric is projectively flat if and only if (6.4.5)) is satisfied.
It is known [4] that if o contains (3 as a factor, then the dimension is equal to two,

and b? = 0. Throughout this paper, we assume that the dimension is more than two and

b # 0, that is, o® Z 0 (mod B).

6.4.1 Projectively flat space

Let F™ be a Finsler space with an («, ()-metric given by
F=a++a?>+ p2 (6.4.6)

It is known that [50] a Finsler space with (o, B)-metric Eq.(6.4.6) is flat-parallel if it is
locally Minkowski.

In this section, we find the condition for a Finsler space F™ with Eq. to be
projectively flat.

The partial derivatives with respect to o and ( of a metric Eq. (6.4.6)) are given by

R VA s s W S
@ /o2 + B2 ’ B /o2 _,_62’
62 &2
Foo=—"—"=, Ipp=—"3
(a2+52)2 (a2_|_62)2

(6.4.7)
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F
If 1+ (%ﬁ) (a?b? — 3?) = 0, then we have 3% — 3a?3% + 20%a® + 6b%*a* = 0, which
o

67

leads a contradiction. Thus the theorem [6.4.2] can be applied.

Substituting Eq. (6.4.7)) into Eq. (6.4.5)), we get
<a3b2 + o +a?\/a? + B2+ 2/ a2 + 62> (2a3ﬂsf) +7iea /a2 + B2+
Yoo — Yoo’ v a® + B2 — 700077i04> + o (‘204550 +roov/a? + 5%+ Tooa>
2% i) _
(' —n'B) = 0. (6.4.8)
Then the above Eq. (6.4.8)) can be rewritten as a polynomial in « as follows:
pe0’+ pia’+ pra®+ pota (p5a4+p3a2+p1) Var+p? =0,
where, pe = (2b°s), — 2b"sg + 2s)) B+ b* g + roob’ + 274,
ps = (b*v000 + 2Bsh + rood’ + 27)
D4 = (25077i + 2%0) B% = rooBn" — Yooo (b2 +2 ) ',
ps = 2558 + 7508> — Broon’ — (> + 2) Yo0on',
P2 = ’76054 - 2’70005277i7 = —70005277i, Po = —70005477i-

Since pga® + piat + paa® + po and psa? + psa® 4 pp are rational and « is irrational

in 7', thus we have

Pea’+ pac+paa®+ po= 0, (6.4.9)

psa 4 psa® +pp = 0. (6.4.10)

We observe in Eq. ([6.4.10) that the term —vp003?n" must have a factor a?. Hence, we

have 1-form pg = p; (z) 1" such that

Yooo = ,uoOé2. (6411)
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Now, considering Eq. (6.4.10) and using Eq. (6.4.11]), we have

i 2 % %

2503° + 008 — oo’ — pofn’ = —vpa®, vy = Vi
Transvecting above term by 7;,
(Yoo — Hom'mi) B — roon’n: = —vpans,

which implies

(’Yooo - MoOé2) B —rooe® = —vpan;,

we get .

To0 = V7i- (6.4.12)
We have

(bzfyéo + 288k + Toob" + 2760) o — (b2 + 2) poc®n’ — vhaB = 0,

then we get,

. 1 .

Sp — 51}6 =0. (6.4.13)

Now, using (6.4.11)) in (6.4.9)), we obtain

((2b%s5 — 2b'so + 2s5) 3 + b0 + T00b + 2750) @ + (250" + 2950) 52
—ro03n" — poc’® (b2 + 2) ni) o® + o Bt — 2p0a”® B — poBtn' = 0.

Thus, the term (75, — pon’) must contain o?.

Hence, we have u' = u' (z) satisfying

i

Yoo — Hon' = p'a’, (6.4.14)

Transvecting (6.4.14)) by 1;, and from (6.4.11]), we have, p;n* = 0, which implies p? = 0.

Thus, we have
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Voo = Hom's

that is, . : .
275k = ,kasj + 1450,

which shows that the associated Riemannian space is projectively flat.

Next, substituting (6.4.11)) and (6.4.15)) into (6.4.9)), we get
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(6.4.15)

(6.4.16)

( (2b236 — 2bisy + 236) b+ 62760 + roob® + 2780> a? + (230ni + 2760) 62 — rooﬁni

— poc® (0 +2) ' + poB'n’ — 2p00” By — o'y’ = 0.

Transvecting (6.4.17)) by b;, we obtain

= (b27”00 — 2805) 062 = (’1“00 — 2806) Bz.

Therefore, there exists a function k = k(z), such that
roo — 2508 = ka®,  b*rog — 25083 = kf3?,
eliminating rqoy from (6.4.19)), we have

2 (b2 — 1) sof8 =k (52 — anQ) ,

that is, (b* — 1) (sibj + s;b;) =k (bib; — bay;) -

Transvecting (6.4.21)) by a;;, we have (1 — n)b*k = 0, which implies k = 0.

Assume that b? # 1, then from (6.4.20)), so = 0 and from ([6.4.19) we obtain

Too = 0, i.e., Ty = 0.

On the other hand, from s; = 0 and ([6.4.11]) we have s;; = 0. So, we get b;.; = 0.

(6.4.17)

(6.4.18)

(6.4.19)

(6.4.20)

(6.4.21)

Conversely, it is easy to see that (6.4.8) is a consequence of (6.4.15) and b;,; = 0. Thus,

we have
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Theorem 6.4.3. A Finsler space F™ (n > 2) with an (o, 8)-metric (6.4.6) provided v* # 1
is projectively flat if and only if the associated Riemannian space (N™, «) is projectively

flat and b;; = 0.

6.5 Conclusion

We have the following results:

062

a—pf

invariants p, pg, p—1, p—z which satisfies the condition, p_13 + p_oa® = 0. Then we

e For the deformed Finsler metric F' = (a + f3) ( ), we have obtained Finsler

have constructed a nonholonomic Finsler frames, which is given by,
where X} and YJ"C are given by Eqs. (6.2.13) and (6.2.14]) respectively.

2
e For the deformed Finsler metric F' = (a+ f) (a + 56+ 6—), we have obtained
o

Finsler invariants p, pg, p—1, p—» which satisfies the condition, p_i3 + p_sa® = 0.

Then we have constructed a nonholonomic Finsler frames, which are given by,
AR

where X} and ij are given by Fqgs. (6.2.16]) and (6.2.17)) respectively.

e By considering the hypersurface of a Finsler space with generalized Matsumoto

metric, we have obtained the following results:

(a) The induced metric structure of the generalized Matsumoto metric on the

hypersurface F"~! and obtained the scalar function b(z) given by b;(z(u)) =
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b* : o omb?
N {— 2 2 2 1 N? 7 B
\/1+ (m2 +m)2 and b = /02 ((m? +m)b? + )N' + - where N; is

a unit normal vector.

(b) For the generalized Matsumoto metric on the Finsler hypersurface F"~! the

m b?

5 ha7
20\[ T+ (m2 + m)p2"”

second fundamental tensor is given M,3 = M, =0.

(c) Further, using Matsumoto’s results, we have discussed the properties of hyper-
surface F™!(c) that it is a hyperplane of a first and second kind but not of

third kind.

e A Finsler space F™ with an (o, §)-metric F' = a+ +/a? + 32 provided b? # 1 is pro-
jectively flat if and only if the associated Riemannian space (N™, «) is projectively

flat and bi;j = 0.
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Abstract The computation of flag curvature of Finsler metrics is very difficult, therefore it
is important to find an explicit formula for the flag curvature. In this paper, we have studied
the existence of homogeneous geodesics for a naturally reductive homogeneous Finsler space M
with metric F = o + /a2 + 32. We have discussed the necessary and sufficient condition for
(M, F) to be naturally reductive. Further, by using Puttmann’s formula we give the formula for
flag curvature of naturally reductive homogeneous Finsler space with («, 8)-metric.

1 Introduction and Definitions

Flag curvature is considered a generalization of sectional curvature from Riemannian manifolds
in Finsler geometry. Flag curvature was first introduced by Berwald (1926). It has an important
role in characterizing Finsler spaces. The notion of naturally reductive Riemannian metrics was
first introduced by Kobayashi and Nomizu [7]. It is well-known that the geodesics of a naturally
reductive homogeneous space are the orbits of one-parameter subgroups of isometries [1]. In the
field of mechanics homogeneous geodesics has important applications.

In 1979, the naturally reductive metrics and Einstien metrics on compact Lie groups were
studied by D. Atri and Ziller [3]. H. R. Salimi Moghaddam gives the formula for flag curvature

2
of invariant metrics of form F' = % such that « is induced by an invariant Riemannian metric

g on the homogeneous space and the Chern connection of F' coincides with the Levi-Civita
connection of g [14]. In recent years, many authors have given the formula for flag curvature
of a naturally reductive homogeneous Finsler space with («, 8)-metrics [3, 11, 10, 12], and also
discussed the naturally reductiveness of homogeneous Finsler space. We studied the existence of
homogeneous geodesics for the homogeneous Finsler space with metric, F = a++/a? + 32. In
this paper, first, we revive some basic concepts related to the homogeneous Finsler space. Next,
we deduce the formula for flag curvature of Finsler space (M, F') with metric F' and studied the
condition for naturally reductiveness of homogeneous space (M, F'). Further, we discussed the
existence of homogeneous geodesics for the space (M, F'). In the last part, we have obtained the
formula for flag curvature of naturally reductive homogeneous Finsler space (M, F').

Definition 1.1. A connected Finsler space (M, F') is called a homogeneous Finsler space if
I(M, F), the group of isometries of (M, F), acts transitively on M.

The connected homogeneous Finsler space M can be written in the form of M = G/H,
where G and H are the Lie group of isometries of M and isotropy subgroup of G a point in
M respectively. Here homogeneous Finsler space is reductive decomposition if there exists an
Ad(H)- invariant decomposition g = m @ b, here h and g represents the Lie algebras of H and
G, respectively and m be the subspace of g [9].

Definition 1.2. Let G be a Lie group and M a smooth manifold. If G has a smooth action on M,
then G is called a Lie transformation group of M.

Definition 1.3. [7] A homogeneous space G/H of a connected Lie group G is called reductive
if the following conditions are satisfied:
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Abstract

In this article, we have focused on the study of S-curvature of Randers-Matsumoto metric on a
homogeneous Finsler space. We have deduced the condition for an isometry of Finsler
homogeneous space with Randers-Matsumoto metric to be an isometry of Riemannian
homogeneous space and proved that the group of isometries of Finsler space are closed subgroups
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for the homogenous space by using S-curvature formula.

Author Biographies

Narasimhamurthy, Kuvempu University, Shimoga.
Kuvempu University, Shimoga, Karnataka.

Surekha Desai, Kuvempu University, Shimoga.
Kuvempu University, Shimoga, Karnataka.

Raghavendra, Kuvempu University, Shimoga.
Kuvempu University, Shimoga, Karnataka.


https://journals.christuniversity.in/index.php/mapana/index
https://journals.christuniversity.in/index.php/mapana/index
https://journals.christuniversity.in/index.php/mapana/issue/archive
https://journals.christuniversity.in/index.php/mapana/issue/view/348

JNNCE Journal of Engineering & Management, Volume 5, No.2, July-December 2021

ISSN 2582-0079

Available online @ https://jjem.jnnce.ac.in
https:www.doi.org/10.37314/JJEM.2021.050211
Indexed in International Scientific Indiexing (ISI)
Impact factor: 1.395 for 2021-22

Published on: 31 January 2022

Nonholonomic Frames for Finsler space with Special (&, 8)-metrics

Surekha Desai', Narasimhamurthy S K?*, Ramesha M?

1’Z*Department of P.G. Studies and Research in Mathematics, Kuvempu University,
Shankaraghatta-577 451, Shivamogga, Karnataka, INDIA.
3Department of Mathematics, Jain Institute, Bengaluru, Karnataka, INDIA.

surekhad90@gmail.com, sknmurthy@kuvempu.ac.in, ramfins@gmail.com

Abstract

In the present paper, we determine the nonholonomic Frames for Finsler space with special (a, 8)-metrics of type
L(a,B) = (a +B) (%) and L(a,B) = (a+pB) (a +8+ %2) and also we observed the nonholonomic frames

expesses as a Guage Transformation of Finsler metric.

Keywords: (a, 8)-metrics, Nonholonomic frames, Guage transformations, Beil metric, Finsler space.

1. Introduction

The concept of theory of gauge transformation
has been established in the context of Finsler
space by G. S. Asanov and his co-researchers
(1985-1989) [1], here interesting thing is that
the theory of guage transformation the Finsler
tangent vectors are considered as independent
variables are attached to points in space-time.
The homogeneous transformations of the
tangent space are called guage transformations.
In 1982, P. R. Holland worked on a unified
(formalism) field theory that uses a
nonholonomic Finsler frame on space-time is a
sort of plastic deformation by considering the
motion of charged particles in an
electromagnetic field[2,3,4]. Nonholonomic
frames have studied by so many physicists and
geometricians about the motion of charged
particles in electromagnetic field theory. In
1951, Y. Katsurada [7] introduced the theory
of nonholonomic system in Finsler geometry.
In 1995, R. G. Beil [5,6] have worked on a
guage transformation considered as a

nonholonomic frame on the tangent bundle of
a four-dimensional base manifold. This
introduces that there is unified approach to

gravitation and guage symmetries. I
Bucataru[2], in his research he discussed
about the how Beil metric is used in

deformation of Riemannian metric and also in
nonholonomic frame. For finding the
nonholonomic frame he consider the most
general case of Beil’s metric. In this case, the
Generalized Lagrange metric (in short, GL-
metric) is known as Beil metric. In this article,
evaluated the nonholonomic  finslerian
deformation with the some distinct special
(a, p)-metrics are as follows:

1. La,B) = (a +8) (%) i.e., product of
Randers metric and Matsumoto metric.
2. L(a,B) = (a+p) (a +B+ %2) i.e., product

of Randers metric and first approximate
Matsumoto metric.
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On the Hypersurface of a Finsler space with
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Abstract

In this paper, we study some geometrical properties of a Finsler space with the generalized Matsumoto metric

L= Further, we prove the necessary and sufficient condition for Finsler Hypersurface satisfies the

am+1
(a=pym’
condition of hyperplanes of first, second kinds and but not the hyperplane of the third kind with respect to the
above metric.

Keywords: Finsler space, Generalized Matsumoto metric, Hyperplanes, Induced Cartan’s connection, (a, 8)-

metric.

1. Introduction

In 1992,[1] the notion of Finsler spaces with an (a, 8)-metric was first proposed by M. Matsumoto named as
function of L(a, 8). After the Matsumoto's accomplishment in the development of Finsler geometry there are lot of
contributions were given by several authors they have studied a special form of (a, 8)-metrics like Rander's metric,
Kropina metric, generalized Kropina metric, Shen's square metric etc. The systematic theory of the hypersurface of a
Finsler space was built by Matsumoto in 1985, along with this he explained the hyperplane of the first kind, second
kind and third kind are the classification of hypersurfaces. Further, many researchers were considered these three
kinds of hyperplanes in different types of (a, 5)-metrics of Finsler spaces and they came with various conclusions.
Recent years, in 2009, H. G. Nagaraja, S. K. Narasimhamurthy, Pradeep Kumar and S. T. Aveesh obtained some
results on geometrical properties of Finslerian hypersurfaces with (a, 8)-metrics [3, 4]. In 2018, K. Vineet and R. K.
Gupta worked on some special («, 8)-metric. In 2020, Brijesh kumar Tripathi introduced same aspect with deformed
Berwald-infinite series metric.

In this paper, our aim is to express certain geometrical properties of hypersurface of a Finsler spaces, and we

discussed the different kinds of hyperplanes with generalized Matsumoto metric, L = We have derived that

B)"‘
the necessary and sufficient condition for hypersurface of generalized Matsumoto metric satisfies the conditions of

hyperplane of first, second and but not third kind for above metric.
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RICCI CURVATURE FORMULA FOR A HOMOGENEOUS FINSLER
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Abstract: Curvature properties of homogeneous Finsler spaces with (a,f) -
metrics are among the most significant topics in Finsler geometry. In this article,
first we will discuss Ricci curvatures in Finsler geometry. We have obtained the
formula for the Ricci curvature of homogeneous Finsler space with special metric,

F=a+.a%+ p%. We have discussed the conditions to have vanishing S -
curvature for the space (G / H, F).

Keywords: Finsler space, Ricci curvature, special (a, 8)-metric, vanishing S-
curvature, Homogeneous Finsler space.

Mathematics Subject Classification: 53C60, 53C30, 22E60.

1. Introduction

M. Matsumoto introduced the concept of (a, 8)-metric in Finsler geometry in 1972 [9]. This
is the generalization of Randers metric, introduced by G. Randers [11]. So many authors have
worked on this concept [7, 8, 13]. In physics and biology, (a, ) -metrics have several
applications. For (a, 8)-metrics Riemannian and Ricci curvatures are given by Zhou [15]. A
Finsler space (M, F) whose Ricci curvature is written as Ric(x,y) = A(x)F?(x,y), where A-
smooth function on M, is called an Einstein metric [1]. In [4], Cheng et al. have shown that the
formulae given in [15] are incorrect. Later, they have also given the corrected formulae for Ricci
curvature and Riemannian curvature for (a, 8)-metrics.

Aim of this article is to compute the explicit and applicable formula for the Ricci curvature

of homogeneous Finsler space with of special (a, B)-metric F = a + \/a? + B2. This paper is
described as in the following manner: In first part, we recall some basic definitions related to the
Finsler space and homogeneous Finsler space. along with this we have discussed the condition
for positive definiteness of Finsler metric F. In part 2 and part 3, we talk over the definition of
Ricci curvature, theorems and calculated some quantities related to the Ricci curvature formulae.
At last, we established the explicit formula for Ricci curvature of homogeneous Finsler space
with special metric, F = a +/a? + % as well as we have shown that (G/H,F) having
vanishing S-curvature.

Definition 1.1. Let M be a connected smooth manifold. If 3 a continuous function F: TM —
[0, 00) such that F is smooth on tangent bundle TM\{0} and is restricted to the tangent space is
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Preface

Geometry is a part of Mathematics concerned with questions of size, shape and relative
position of figures and with properties of space. Initially a body of practical knowledge
concerning lengths, areas and volumes in the third century B.C., geometry was put into a
axiomatic form by Euclid, whose treatment is known as Euclidean Geometry. Differential
geometry has a long history as a field of Mathematics. The authors Schouten and Van
Dantzing in 1930, first tried to transfer the results of differential geometry of spaces with
Riemannian metric with affine connection to the case of spaces with complex structure.

The theory of spaces with a generalized metric was initiated by Finsler in 1918 under
the influence of geometrization of variation calculus and was developed independently by
Synge, Taylor and in particular, Berwald in the middle of 1920’s as a generalization of
Riemannian geometry. The study of Finsler spaces has important significance in physics.
The concept of homogeneity is one of the fundamental notions in geometry although
its means must be specified for the concrete situations. Homogeneous Finsler spaces
emphasizes the relationship between Lie group and Finsler geometry. Let (N, F') be a
connected Finsler space. The group of isometries of (IV, F'), denoted by I(N, F') is a Lie
transformation of N. We say that (IV, F') is homogeneous Finsler space if the action of
I(N, F)on N is transitive. A homogeneous Finsler space emphasizes the relation between
Lie groups and Finsler geometry. A geodesic vector is a non-zero vector that generates
a geodesic curve. The non-zero vector of a geodesic orbit in homogeneous Finsler space
was first described by Dariush Latifi.

This thesis comprises of six chapters commencing with introduction as Chapter 1,

which consists of concise history of Finsler geometry, homogeneous Finsler spaces and
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its applications, definitions and description of significant terms involving formulae. It
includes various types of curvatures such as Riemannian curvature, Flag curvature, S-
curvature, Ricci curvature etc., and also geodesic orbit spaces, invariant Finsler metric,
Projective change, Non-holonomic frames, and hypersurfaces.

Chapter 2 is devoted to study of the explicit formulae for the flag curvature of
homogeneous Finsler spaces with some special («, 5)-metrics. First, we discusses a brief
review of literature of Flag curvature. Further, by using Puttmann’s formula we give the
formula for flag curvature of naturally reductive homogeneous Finsler space with (a, 3)-
metric. Also, we have discussed the existence of homogeneous geodesics for the space

(N, F') and obtained the following results:

e Let a compact Lie group G contains a closed subgroup H with Lie algebras g and § of
G and H respectively. Also an invariant Riemannian metric & on the homogeneous
space G/H such that (v, w) = (((v),w)), where ¥ : g — g,Vv,w € g is a positive
definite endomorphism. Suppose that an invariant vector field @ on homogeneous
space G/ H is parallel with respect to Riemannian metric @ and @y = v and assume
that ' = a + \/m be a special (a, §)-metric arising from & and @ such that
its Chern connection of F' and the Riemannian connection of a are coincides, and a
flag {P,n} in Ty (G/H) such that {{,n} is an orthonormal basis of P with respect

to (-,-). Then the flag curvature of the flag { P,n} is given by

(¢ R(¢,mn) St + (u, ¢){u, R(C,m)n)S2 + (n, R(¢,m)n)Ss

KB = 8+ 4(u,n)” +2(u, ¢)° + A ’
where
6oy 2 o il o ()
1+ (u,n)? (1+ (u,m)?)2 (1+ (u,m)?)2
Sa =8+ 8(u,m)* + 2{(u, O)*(1 + (u,m)*) + (u, )", = 2(u, ()* — (u,m)*(u, (),
Sy 2(u, ¢)* Ss < )2 (u, ¢)?

A =

“‘3

N

T+ (u,m)?2 T+ um? (14 (u,n)?) (L4 (u, )%

e Let a homogeneous Finsler space (G/H, F') with («, 8)-metric F' = o + /a2 + 32

be defined by an invariant Riemannian metric & and an invariant vector field v such
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that the Chern connection of F' coincides the Levi-Civita connection of &. Then
(G/H, F) is naturally reductive if and only if the underlying Riemannian space

(G/H,@&) is naturally reductive.

e Let a homogeneous Finsler space (N, F) with F' = o + \/m defined by the
Riemannian metric a = a;;dz’ ® da? and the vector field u corresponding to 1-form
B. Then the homogeneous Finsler space (NN, F') with the origin p = {H} and with
an Ad(H )-invariant decomposition g = [+ b is naturally reductive with respect to
this decomposition if and only if for any vector u € [\ {0}, the curve (t) is geodesic

of homogeneous Finsler manifold, here ~(¢) is exp tu(p).

Chapter 3 deals with the study of the existence of invariant vector fields of homo-
geneous Finsler spaces with (o, 5)-metrics. The formula for S-curvature of homogeneous
Finsler spaces with an (o, §)-metric is obtained. Further, using it, it is shown that these
homogeneous Finsler spaces have isotropic S-curvature if and only if they have vanishing
S-curvature. In the last section, the formulae for mean Berwald curvature of homogeneous

Finsler spaces with («, f)-metrics are obtained. We have proved the following results:

e Let G/H be reductive homogeneous Finsler space with a decomposition of the Lie

Oé2

algebra g =bH+1, and F' = W + [ be a G-invariant Randers-Matsumoto metric
a JR—
on G/H. Then the S-curvature is given by

6s* — (9n + 15)s® + (6b*n + 27n + 21)s? — (16b%n + 10b* + 14n
+ 14)s + 40?n + 1062 4 2n + 2

S(H,n) = 2(s2 — s — 1)(202 — 35 +1)2

(S o+ ).

where u € [ corresponds to the 1-form 3, [ is verified with the tangent space
Ty(G/H) of G/H at the origin H.

e Let G/H be reductive homogeneous Finsler space with a decomposition of the Lie
2

algebrag=H+land F = —
(= B)

+ [ be a G-invariant Randers-Matsumoto metric
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on G/H. Then (G/H, F) has isotropic S-curvature if and only if it has vanishing

S-curvature.

e Let G/H be a reductive homogeneous Finsler space with a decomposition of the Lie

052

(o= p)

Then the mean Berwald curvature F;; of the homogeneous Finsler space with special

algebra g = h+ [, and F' =

+ (8 be a G-invariant special metric on G/H.

(e, B)-metric is also derived.

In Chapter 4, we discuss the geodesic orbit of homogenous Finsler spaces and we have
proved the necessary and sufficient conditions for a non-zero vector in these homogeneous
spaces to be a geodesic vector with two different (o, 3)-metrics. We have obtained the

following results:

2

e Let N be a homogeneous Finsler space with Matsumoto metric F' = a 5 Then
a —_
a vector 1(# 0) € g is a geodesic vector if and only if
([, €l Il = 2{w, mym+ | *u) = 0,
holds for every £ € I.
. B2
e Let (N, F) be a homogeneous Finsler space with special metric F' = ae« +—. Then

!
a non-zero vector n € g is a geodesic vector if and only if

(v oo (52) oo (5) 58
+ (!m| exp (%) + 2<u,n[>) u> —0,

holds for every & € [.

e For a homogeneous Finsler space (N, F), there exists at least one homogeneous
2

a—f

e For a homogeneous Finsler space (N, F'), there exists at least one homogeneous

2
geodesic, with metric F' = aes + B—
o

geodesic, with Matsumoto metric F' =
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e Using above results, we discuss the geodesic vectors for a two-step nilpotent Lie

group of dimension five with left-invariant (o, §)-metrics.

In Chapter 5, the concept of Ricci curvature in Finsler geometry is discussed. Cur-
vature properties of homogeneous Finsler spaces with (o, 5)-metrics are among the most
significant topics in Finsler geometry. Here, we have obtained the formulae for Ricci cur-
vature of homogeneous Finsler spaces with special («, §)-metrics. Based on this formula,
we have discussed the condition for vanishing S-curvature for the space (G/H, F). We

have obtained the following results:

e A compact homogeneous Finsler space G/H with G-invariant special metric F' =

a+ +/a? + B2. Then the Ricci curvature is given by Eq. (5.3.1)).

e Let (N = G/H,F) be a compact connected homogeneous Finsler space with G-
invariant special metric F' = a + y/a?+ 2 on G/H. Suppose that (N, F) has
vanishing S-curvature. Then Ricci curvature is given by
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Ric(Z) =Ric*(Z) — —(Cly)* K19 + Ea(Z) (20;003m +Cn CY >K24
2

4 qm = qm
C

- ZQQ(Z)( 1)? Ko,

—2(s*Vs?+1—s*—¢) 2s —s?
, Koy=—, Ky=—5.
P*/s? + 1 ¢ ¢

Chapter 6 focuses on some properties of Finsler space with («, 5)-metrics. In this

where, Z(# 0) € l and K9 =

chapter we discuss the nonholonomic Finsler frames, hypersurface and projective flatness
of Finsler space with («, 5)-metrics. Nonholonomic frames have been studied by many ge-
ometers and the concept of nonholonomic Finsler frames was introduced by P. R. Holland
in 1982, when he studied electromagnetism by considering the charged particles moving
in an external electromagnetic field. Many researchers have worked on this concept with
different (v, f)-metrics. In 1985, M. Matsumoto studied the theory of Finslerian hyper-
surfaces, a hyperplane of the first kind, a hyperplane of the second kind, and a hyperplane
of the third kind are three different forms of Finslerian hypersurfaces that he investigated.

Next we have discussed the projectively flat Finsler spaces with special («, 5)-metric. The
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condition for a Finsler space to be projectively flat was studies by L. Berwald and this

work was completed by M. Matsumoto. We have discussed the following results:

042

a—pf

invariants p, pg, p—1, p—z which satisfies the condition, p_13 + p_oa® = 0. Then we

e For the deformed Finsler metric F' = (a + f3) ( ), we have obtained Finsler

have constructed a nonholonomic Finsler frames, which are given by,
i = Ak

where X} and Y]"“‘ are given by Eqgs. (6.2.13)) and (6.2.14)) respectively.

2
e For the deformed Finsler metric F' = («a + f) (a + 38+ ﬁ—), we have obtained
o

Finsler invariants p, pg, p_1, p—2 which satisfies the condition, p_i8 + p_sa® = 0.

Then we have constructed a nonholonomic Finsler frames, which are given by,
i yivyk
Vi =Xk
where X} and ij are given by Fqgs. (6.2.16)) and (6.2.17)) respectively.

e By considering the hypersurface of a Finsler space with generalized Matsumoto

metric, we have obtained the following results:

(a) The induced metric structure of the generalized Matsumoto metric on the

hypersurface F"~! and obtained the scalar function b(z) given by b;(z(u)) =

b2 A - omb? .
T N; and b = /b2 ((m2 +m)b® + 1)N* + ——n', where N; is
a

m? 4+ m)b?

a unit normal vector.

(b) For the generalized Matsumoto metric on the Finsler hypersurface F™~! the sec-

b2
ond fundamental tensor is given by M,z = 2—\/ 5 (mZ £ )l
o m?+m

(¢) Further, using Matsumoto’s results, we have discussed the properties of hyper-

m

hag, My = 0.

surface F™~!(c) that it is a hyperplane of a first and second kind but not of
third kind.

e A Finsler space F™ with an (a, 8)-metric F' = o+ +/a? + 32 provided b? # 1 is pro-
jectively flat if and only if the associated Riemannian space (N™, «) is projectively

flat and b;,; = 0.
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